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Abstract

We investigate the integrable structure and soliton dynamics of a coupled modified
Korteweg–de Vries (cmKdV) system with a real symmetric coupling matrix. We intro-
duce a vector reformulation of Hirota’s bilinear formalism in which both the bilinear
equations and their solutions are expressed directly at the vector level, rather than
through a component-wise construction. This formulation preserves the intrinsic struc-
ture of the coupled system and provides a compact framework for multi-component
nonlinear wave dynamics. Within this approach, we construct explicit one-, two-, and
three-soliton solutions in closed vector form and recover the three-soliton condition
directly at the vector level, confirming consistency with integrability. The method
enables a unified treatment of focusing, defocusing, and mixed-sign regimes. In par-
ticular, for indefinite coupling, it reveals the existence of nontrivial vector ground
states, leading to soliton solutions on non-zero backgrounds. These results highlight
the structural advantages of the vector bilinear approach and open perspectives for the
study of more general nonlinear excitations in multi-component integrable systems.
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1 Introduction

Integrable nonlinear evolution equations have attracted sustainable interest in mathemat-
ical physics due to their rich analytical structure and the existence of exact solutions.
Among these, soliton solutions constitute a remarkable class of nonlinear waves that pre-
serve their shape, amplitude, and velocity after interactions. Traveling wave or one-soliton
solutions arise in a wide range of integrable and non-integrable systems, while two-soliton
solutions describe nonlinear interaction processes. The existence of exact three-soliton
solutions is a much stronger property and is typically regarded as a hallmark of complete
integrability. Over the years, several powerful analytical techniques have been developed
to construct such solutions, including Bäcklund transformations [1], Darboux transfor-
mations [2, 3], the inverse scattering transform (IST) [4, 5, 6, 7], and Hirota’s bilinear
formalism [8]. The latter provides a direct and constructive method based on rewriting
nonlinear equations in bilinear form using Hirota derivatives, allowing systematic deriva-
tion of multi-soliton solutions through finite expansions. In particular, Hietarinta estab-
lished that the existence of a three-soliton solution is equivalent to satisfying a strong
integrability condition, and classified bilinear equations fulfilling this property for several
important models [9, 10, 11, 12].

Soliton solutions are not only of theoretical interest but also arise in a wide range of
physical applications. Modified Korteweg–de Vries (mKdV)-type equations describe non-
linear wave propagation in nonlinear optics, including ultra-short pulse dynamics beyond
the slowly varying envelope approximation [13, 14]. They also appear in fluid dynamics
and rogue wave generation [15], plasma and solid-state physics [16, 17, 18], and traffic-
flow models [19, 20]. In multi-component media, vector solitons exhibit richer interac-
tion dynamics due to the coupling between components, leading to complex behaviors
such as energy exchange, symmetry-driven dynamics, and mixed bright-dark structures
[21, 22, 23, 24, 25, 26]. Such effects are particularly relevant in Bose–Einstein condensates
and reduced-dimensional quantum systems, where interactions and external potentials
can be tuned experimentally. In this context, recent works have demonstrated analyti-
cal control of solitons’ collisions [27], symmetry-driven multi-soliton dynamics in reduced
dimensions [28], optically tuned soliton behavior in trapped condensates [29], and appli-
cations in econophysics [30]. These developments highlight the importance of analytical
approaches capable of capturing the collective dynamics of coupled nonlinear systems.

The coupled modified Korteweg–de Vries (cmKdV) system provides a natural frame-
work to investigate such multi-component nonlinear wave phenomena. Its complete inte-
grability has been established using the inverse scattering transform [7], and multi-soliton
solutions have been constructed using Hirota-type methods [31, 32]. However, in most
existing approaches, the bilinearization procedure and the construction of solutions are
carried out component-wise, treating each component of the vector solution separately.
While this strategy yields explicit expressions, it tends to obscure the intrinsic vector
structure of the system and the role of the coupling matrix in governing the collective
nonlinear dynamics.

In this work, we introduce a vector reformulation of Hirota’s bilinear formalism for the
cmKdV system, in which both the bilinear equations and their soliton solutions are con-
structed directly in vector form. This approach can be viewed as a basis-independent ex-
tension of the standard Hirota method, where nonlinear interactions are encoded through
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quadratic forms involving the coupling matrix. As a result, the formulation preserves the
native structure of the coupled system and provides a compact and structurally consistent
framework for the analysis of multi-component soliton dynamics. In particular, it en-
ables a unified treatment of focusing, defocusing, and mixed-sign regimes within a single
formalism.

A key outcome of this vector framework is the natural emergence of nontrivial ground
state solutions in the case of indefinite coupling matrices. This feature, which has no direct
analogue in the scalar setting, leads to the construction of soliton solutions on non-zero
backgrounds and reveals new classes of nonlinear excitations in multi-component systems.
Within this formulation, we construct explicit one-, two-, and three-soliton solutions in
closed vector form, and recover the three-soliton integrability condition directly at the
vector level, thereby confirming that the proposed approach fully captures the integrable
structure of the cmKdV system.

The paper is organized as follows. In Sec. II, we introduce the coupled mKdV sys-
tem and present its diagonalization. In Sec. III, we develop the vector Hirota bilinear
representation. In Sec. IV, we construct vector multi-soliton solutions, including the ex-
plicit three-soliton case. In Sec. V, we investigate one-soliton solutions on a nontrivial
background. Finally, Sec. VI contains concluding remarks and perspectives.

2 The coupled modified Korteweg-de Vries system

To illustrate the vector generalization of the Hirota’s bilinear formalism and its vector
multi-soliton solution construction, we consider the cmKdV system. These systems have
been shown to be completely integrable using the IST [5, 7]. Explicitly, the cmKdV
systems reads as [7]:

ut + uxxx + 6(utAu)ux = 0, (1)

where A is a N ×N real symmetric matrix and u = u(x, t) is a real-valued N−component
vector. Subscripts means partial derivation with respect to the variable in question. For
N = 1, the cmKdV equations (1) is a completely integrable generalization of the well
known modified Korteweg-de Vries (mKdV) equation:

ut + uxxx + 6Au2ux = 0, (2)

which is known to possess, in particular, multi-soliton solutions. Using the fact that the
matrix A is symmetric, we may write it as A = P tDP for P ∈ O(N) an orthogonal matrix
constructed from the eigenvectors of the matrix A and D is the diagonal matrix with
diagonal entries corresponding to the eigenvalues of A. We assume, in this paper, that
the eigenvalues are non zero which was assume to show the integrability of the cmKdV
equations (1) using the inverse scattering transform (IST). Setting v = Pu, the cmKdV
system (1) reduces to

vt + vxxx + 6(vtDv)vx = 0. (3)

The assumption det(D) ̸= 0 allows a rescaling of the system (3). Indeed, if

D = diag(λ1, λ2, · · · , λN ) and vt = (v1 v2 · · · vN ), (4)
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we may make the following substitutions:

vk =
wk√
|λk|

, (5)

for k = 1, 2, · · · , N in order to transform the coupled system of equations (3) into :

wt + wxxx + 6(wtEw)wx = 0, (6)

where E is a diagonal N × N matrix with diagonal entries equal ±1 depending on the
sign of each eigenvalues. In particular, the focusing and defocusing cases correspond,
respectively, to E = IN and E = −IN in equation (6). The matrix IN representing the
N ×N identity matrix. The focusing case may occur when the matrix A in equation (1)
is positive-definite.

3 Hirota’s bilinear vector representation

We may obtain a Hirota bilinear representation of the cmKdV system (6) using the trans-
formation:

w =
F

G
, (7)

where G = G(x, t) is a real-valued scalar function and F = F (x, t) is a real-valued
N−component vector. In order to do so, we need to define the Hirota derivative D:

Dm
x Dn

t (F · G) = (∂x1 − ∂x2)
m(∂t1 − ∂t2)

nF(x1, t1)G(x2, t2)|t1=t2=t
x1=x2=x, (8)

for F and G scalar functions. We need to generalize this Hirota derivative to vector
functions. Let ej be the jth column of the unit N ×N matrix and write

F (x, t) =

N∑
k=1

fk(x, t)ek, (9)

then we define

P(Dx,Dt)(F ·G) =

N∑
k=1

P(Dx,Dt)(fk ·G)ek, (10)

where P = P(X,T ) is a polynomial. The components P(Dx,Dt)(fk ·G) are calculated us-
ing definition (8). The mathematic foundation and properties of the vector Hirota deriva-
tive (10) are discussed in appendix A. Here are some relevant examples using substitution
(7):

wt =
Dt(F ·G)

G2
, wx =

Dx(F ·G)

G2
, (11)

wxxx =
D3

x(F ·G)

G2
− 3

D2
x(G ·G)Dx(F ·G)

G4
. (12)
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Introducing these examples in the cmKdV equations (6), we get a set of two vector Hirota
bilinear equations:

(Dt +D3
x)(F ·G) = 0, (13)

D2
x(G ·G)− 2F tEF = 0. (14)

It is important to emphasize that, in contrast with standard component-wise ap-
proaches, the present formulation preserves the vector structure throughout the bilin-
earization procedure and is basis independent (see appendix A). In particular, the non-
linear coupling term F tEF appears naturally as a quadratic form, highlighting the role
of the coupling matrix in the interaction dynamics. This provides a more compact and
structurally consistent framework for the analysis of multi-component soliton solutions.

4 Vector Multi-Soliton Solutions

To find soliton solutions of the system of bilinear equations (13) and (14), one needs to
find the constant solutions of these equations F0 and G0. Once these solutions are found,
we expand the unknown functions F and G around F0 and G0. These expansions are
called ϵ-expansions and we note

F = F0 + ϵF1 + ϵ2F2 + · · · and G = G0 + ϵG1 + ϵ2G2 + · · · . (15)

Here we will assume without any lost of generality that the ground state solution for G
is given by G0 ≡ 1. Furthermore, in soliton theory, these seemingly infinite expansions
are actually finite assuming that each soliton be modeled by an independent exponential
function. As a consequence, no convergence problem arises and the obtained solutions are
exact and not approximations.

In this case, the ground state solutions F0 and G0 ≡ 1 satisfy the constraint:

F t
0EF0 = 0. (16)

In the focusing and defocusing cases, where E = ±IN , the ground state constraint
reduces to |F0|2 = F t

0F0 = 0 which admits the unique trivial solution F0 = 0. In this
particular case, the soliton solutions are represented as depressions or lumps on a uniform
zero background. In general, this is not the case. Indeed, for N ≥ 2 and E ̸= ±IN , we
may assume, without loss of generality, that there exist two integers n1 ≥ 1 and n2 ≥ 1
such that n1 + n2 = N and E = diag(In1 ,−In2). In this general case, the ground state
constraint (16) still admits the trivial solution F0, but also admits non-zero vector solution.
The latter case will be exploited in a later section as an opening for future perspectives
and will demonstrate the existence of kink-like solutions of the cmKdV system.

In what follows, we will assume F0 = 0 and the ϵ−expansions for the unknown functions
F and G:

F = ϵF1 + ϵ3F3 + ϵ5F5 + · · · and G = 1 + ϵ2G2 + ϵ4G4 + · · · , (17)

where F2k−1 = F2k−1(x, t) are real N−components vector functions and G2k = G2k(x, t)
are real-valued scalar functions for all integer k ≥ 1.
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Figure 1. One-soliton vector solution illustrating the component structure of the wave profile for

u1 and u2 given in equations (26).

4.1 The vector one-soliton solution

For the traveling wave or, equivalently, the one-soliton solution, we assume the finite
ϵ-expansions for the functions F and G:

F = ϵF1 and G = 1 + ϵ2G2. (18)

Introducing these functional expansions in equations (13) and (14), we obtain a system of
four partial differential equations (PDEs) to solve by equating to zero each power of ϵ:

F1,t + F1,xxx = 0, G2,xx − F t
1EF1 = 0, (19)

(Dt +D3
x)(F1 ·G2) = 0, D2

x(G2 ·G2) = 0. (20)

For the traveling wave solution, we take

F1 = ζ eη and G2 = α e2η, (21)

where ζ is an arbitrary vector of RN and η = κx+ ω t+ φ. Upon substitution, we get

ω + κ3 = 0 and α =
ζtEζ
4κ2

. (22)

For example, let us consider the focusing case (E = IN ), N = 2 and assume that the
matrix A in equation (1) is positive-definite. Let us say

A =

(
2 1
1 2

)
(23)

The eigenvalues of A are given by λ1 = 1 and λ2 = 3. The orthogonal matrix P is given
by

P =
1√
2

(
1 1
−1 1

)
. (24)

So, considering ut = (u1 u2) and wt = (w1 w2), we get

u1 =
1√
2

(
w1 −

w2√
3

)
and u2 =

1√
2

(
w1 +

w2√
3

)
. (25)
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In Figure 1, we give the functions u1 and u2 for the one-soliton solution and the following

choices of parameters: ζt = (1 2), κ =
√
5
2 , ϵ = 1 and φ = 0. In this particular case, we

get explicitly

u1 =
1

2
√
2

(
1− 2√

3

)
sech(η) and u2 =

1

2
√
2

(
1 +

2√
3

)
sech(η), (26)

for η =
√
5
2 (x− 5

4 t).
Figure 1 illustrates the vector one-soliton solution through its component profiles u1 and

u2. Although the solution retains the characteristic sech profile of the scalar mKdV soliton,
the amplitudes of the individual components are modulated by the coupling structure
encoded in the matrix A.

In particular, the transformation from the diagonalized variables to the physical com-
ponents induces an asymmetry between u1 and u2, reflecting the underlying coupling
between modes. This highlights a key feature of the vector formulation: even in the sim-
plest one-soliton regime, the wave profile is not a trivial duplication of scalar solutions
but rather a coupled structure determined by the eigenvalues and eigenvectors of the
interaction matrix.

This demonstrates that the vector approach naturally incorporates mode mixing effects
at the level of exact solutions.

4.2 The vector two-soliton solution

For the two soliton solution, we assume the following ϵ-expansions for the functions F and
G:

F = ϵF1 + ϵ3F3 and G = 1 + ϵ2G2 + ϵ4G4. (27)

Using a similar procedure as for the traveling wave solution, we get a set of PDEs to solve
for the component functions of F and G. For a two-soliton solution, we assume

F1 = ζ1e
η1 + ζ2e

η2 , (28)

where ζ1 and ζ2 are arbitrary constant vectors of RN , and ηj = κj x + ωj t + φj for
j = 1, 2. The PDE for F1 being linear, we get, from the superposition principle, the
dispersion relations:

ωj + κ3j = 0. (29)

The function G2 is obtained from the equation associated to ϵ2. We get

G2 = α11e
2η1 + 2α12e

η1+η2 + α22e
2η2 (30)

where

αmn = αnm =
ζtmEζn

(κm + κn)2
. (31)

For F3, we make the ansatz

F3 = χ22
1 eη1+2η2 + χ11

2 eη2+2η1 . (32)
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We find

χnn
m = ζmαnnβ

2
12, β12 =

κ1 − κ2
κ1 + κ2

. (33)

For G4, the ϵ4 equation yields

G4 = A12 e
2η1+2η2 , A12 = α11α22β

4
12. (34)

The above components are sufficient to solve the set of bilinear equations (13) and (14),
thus obtaining an exact two-soliton solution. In appendix B, we show that our proposed
two-soliton solution is obtained for the integrability condition (63). This integrability
condition holds under the dispersion relations (29) which is coherent with partial Hirota
integrability.

We consider the same example as for the one-soliton solution where the component
functions u1 and u2 are given by equation (25).

In Figure 2, we show the components u1 and u2 for a vector two-soliton solution and
for the following choice of parameters : ϵ = 1, φ1 = φ2 = 0, κ1 = 0.8, κ2 = 1, ζt1 = (−1 1)
and ζt2 = (1 1).

Figure 2. Two-soliton interaction showing a mixed bright-dark structure and elastic collision

behavior. The left-hand side is for the component u1 and the right-hand figure is for u2 given in

equations (25) for the parameter choices: ϵ = 1, φ1 = φ2 = 0, κ1 = 0.8, κ2 = 1, ζt1 = (−1 1) and

ζt2 = (1 1).

The collisions exhibit a mixed bright-dark structure, where different components display
distinct localized behaviors during the interaction process.

This feature is a direct consequence of the vector coupling, which allows energy redistri-
bution between components during the collision. Despite this complex internal structure,
the interaction remains elastic: the solitons recover their original shapes and velocities
after collision, which is a hallmark of integrable soliton dynamics.

Compared to the scalar case, where soliton interactions are purely scalar and symmetric,
the vector formulation reveals additional interaction channels governed by the coupling
matrix. This leads to richer dynamical patterns while preserving integrability.
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4.3 The vector three-soliton solution

As mentioned in the introduction, the existence of a three-soliton solution was considered
to be a condition for complete integrability of systems. It was already shown that the
system of coupled mKdV equations (1) is completely integrable using the inverse scattering
transform method. It should then be expected that a three soliton solution should exist
for this system.

We assume these ϵ−expansions for the unknown functions F and G:

F = ϵF1 + ϵ3F3 + ϵ5F5 and G = 1 + ϵ2G2 + ϵ4G4 + ϵ6G6. (35)

For the three-soliton solution, we take

F1 = ζ1e
η1 + ζ2e

η2 + ζ3e
η3 , (36)

where ζj are arbitrary constant vectors of RN and ηj = κjx+ωjt+φj for j = 1, 2, 3. The
constant κj and ωj satisfy the usual dispersion relation (29). The other components are
given explicitly by

G2 = α11e
2η1 + α22e

2η2 + α33e
2η3 + 2α12e

η1+η2 + 2α13e
η1+η3 + 2α23e

η2+η3 , (37)

F3 = χ22
1 eη1+2η2 + χ33

1 eη1+2η3 + χ11
2 eη2+2η1 + χ33

2 eη2+2η3

+ χ11
3 eη3+2η1 + χ22

3 eη3+2η2 + 2(χ23
1 + χ13

2 + χ12
3 )eη1+η2+η3 , (38)

G4 = A12e
2η1+2η2 +A13e

2η1+2η3 +A23e
2η2+2η3 + 2C23

1 e2η1+η2+η3

+ 2C13
2 eη1+2η2+η3 + 2C12

3 eη1+η2+2η3 , (39)

F5 = ζ231 eη1+2η2+2η3 + ζ132 e2η1+η2+2η3 + ζ123 e2η1+2η2+η3 , (40)

G6 = C123e
2η1+2η2+2η3 , (41)

where the constants αmn are defined in equation (31) and are such that αmn = αnm. For
the other constants, we get explicitly

χmn
j = ζjαmnβmjβnj , βmj =

κm − κj
κm + κj

, (42)

Cmn
j = αjjαmnβ

2
mjβ

2
nj , Ajm = Cmm

j , (43)

ζmn
j = ζjαmmαnnβ

2
mjβ

2
njβ

4
mn, (44)

C123 = α11α22α33β
4
12β

4
13β

4
23. (45)

We have constructed all the components of the unknown functions F and G. We have
shown the existence of a three-soliton solution for the coupled system of mKdV equations
(1). This result is consistent with the integrability of the cmKdV system established
through the inverse scattering transform and confirms that the vector bilinear formulation
correctly reproduces the three-soliton structure.

To formally link our paper to the outstanding work of Hietarinta [9, 10, 11, 12], we
need to establish the three-soliton Hirota integrability condition. We show, in appendix B,
that the three-soliton Hirota integrability condition is given by equation (67) which holds
whenever the dispersion relations (29) are satisfied. Showing formally that the cmKdV
(1) is integrable in the Hirota sense.
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We consider the same example as for the vector one and two-soliton solutions where
the components of the vector solution u1 and u2 are given in equation (25). In Figure 3,
we give a representation of the functions u1 and u2 for a three-soliton solution and for the
following choice of parameters: ϵ = 1, κ1 = 1, κ2 = 0.7, κ3 = 1.3, φ1 = φ2 = φ3 = 0,
ζt1 = ζt3 = (1 1) and ζt2 = (1 − 1).

Figure 3. Three-soliton interaction illustrating complex vector coupling dynamics and multi-

channel interactions. The left-hand side is for the component u1 and the right-hand figure is

for u2 given in equations (25) for the parameter choices: ϵ = 1, κ1 = 1, κ2 = 0.7, κ3 = 1.3,

φ1 = φ2 = φ3 = 0, ζt1 = ζt3 = (1 1) and ζt2 = (1 − 1).

The three-soliton configuration illustrates the complex interaction patterns arising in
the vector case. The interaction pattern displays multiple overlapping collision events,
corresponding to different pairwise and collective interaction channels between the solitons.

The persistence of well-defined soliton structures after these interactions confirms the
elastic nature of collisions and is consistent with the existence of a three-soliton solution.
In the context of Hirota’s method, this provides a direct manifestation of the integrability
of the system at the vector level.

Moreover, the vector formulation reveals that these interactions are not merely super-
positions of scalar processes, but involve coupled dynamics across components, leading to
a richer structure of multi-soliton interactions.

5 The one-soliton solution for non-trivial background

In the previous section, the soliton solutions were constructed from ϵ−expansions around
the ground state solutions (F0, G0) = (0, 1). Indeed, we have taken the trivial solution
of the ground state constraint (16). However, as discussed previously, for N ≥ 2 and
E ̸= ±IN , the ground state equation (16) admits non-trivial solution F0. As a simple
example, if E = diag(1,−1), then F t

0 = (1 1) is a solution of the constraint yielding
soliton solution on a non-zero background. For E ̸= ±IN and for future considerations,
we may thus find at least two non-trivial vectors v1 ̸= v2 solutions to the equation

vtEv = 0. (46)
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Taking the previous example, vt1 = (1 1) and vt2 = (1 − 1) are two distinct solutions of
the ground state constraint for E = diag(1,−1).

To construct a vector one-soliton solution, we assume that the unknown functions F
and G in the bilinear equations (13) and (14) have the forms:

F = F0 + ϵF1 and G = 1 + ϵG1. (47)

We find that

F1 = v eη and G1 = β eη, (48)

where η = κx+ ωt+ φ, v ̸= F0 is a non-trivial vector solution of equation (46) and β is a
real constant. We get the usual dispersion relation ω + κ3 = 0 and

β =
2F t

0Ev
κ2

. (49)

Figure 4. One-soliton vector solution on a non-zero background for the component structures u1

and u2 given in Equation (53).

This construction provides a first step toward the analysis of vector solitons on non-
trivial backgrounds, which are known to exhibit richer dynamics than standard zero-
background solitons.

Let us consider an example. Suppose that N = 2 and that the matrix A of the original
system (1) is given by

A =

(
1 2
2 1

)
. (50)

In this case, we get the eigenvalues λ1 = 3 and λ2 = −1. The matrix P constructed from
the eigenvectors is

P =
1√
2

(
1 1
1 −1

)
. (51)

The vector solution ut = (u1 u2) is obtained from the vector wt = (w1 w2). We get

u1 =
1√
2

(
w1√
3
+ w2

)
and u2 =

1√
2

(
w1√
3
− w2

)
. (52)
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One can take F t
0 = (1 1), vt = (1 − 1), ϵ = 1, κ = 2 and φ = 0. In this special case, we

get

u1 =
1√
2

(
1√
3
− tanh

(η
2

))
and u2 =

1√
2

(
1√
3
+ tanh

(η
2

))
. (53)

In Figure 4, we give the functions u1 and u2 for the one-soliton solution on a non-zero
background described by Equation (53).

Figure 4 presents a one-soliton solution on a non-zero background arising from a non-
trivial vector ground state. In contrast to the standard sech-type solitons obtained in the
zero-background case, the solution exhibits a tanh-type profile, characteristic of dark or
kink-like structures.

This behavior originates from the existence of nontrivial solutions to the constraint
F t
0EF0 = 0 in the case of indefinite coupling. Such solutions have no analogue in the

scalar mKdV equation and are a direct consequence of the vector nature of the system.
Indeed, in the scalar case, we distinguish only two cases: focusing and defocusing.

The result highlights a fundamental advantage of the vector bilinear formulation: it
naturally captures nonlinear excitations on nontrivial backgrounds, opening the way to
the study of more complex structures such as dark solitons, domain walls, and mixed
bright–dark configurations in multi-component systems.

These examples illustrate that the vector bilinear formulation not only reproduces
known integrable features but also reveals new structural properties of multi-component
soliton dynamics, including component-dependent profiles, energy redistribution during
interactions, and the emergence of nontrivial background states.

6 Conclusion

In this work, we have developed a vector reformulation of Hirota’s bilinear formalism for
the coupled modified Korteweg–de Vries (cmKdV) system with a real symmetric coupling
matrix. By expressing both the bilinear equations and their solutions directly at the
vector level, the proposed approach preserves the intrinsic structure of the coupled model
and provides a compact, structurally consistent alternative to standard component-wise
formulations. Within this framework, we have constructed explicit one-, two-, and three-
soliton solutions in closed vector form. The recovery of the three-soliton solution confirms
that the vector bilinear formulation fully captures the integrable structure of the cmKdV
system, in agreement with results obtained from the inverse scattering transform. More
generally, the approach provides a unified description of focusing, defocusing, and mixed-
sign regimes, where the role of the coupling matrix appears explicitly through quadratic
forms governing the nonlinear interactions.

A key feature of the present formulation is the natural emergence of nontrivial vector
ground states in the case of indefinite coupling. This property leads to the existence
of soliton solutions on non-zero backgrounds, which have no direct analogue in the scalar
mKdV equation. This result highlights the structural richness of multi-component systems
and demonstrates that the vector bilinear approach is not only a reformulation, but also
a framework capable of revealing new classes of nonlinear excitations.
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Beyond the explicit constructions presented here, the vector bilinear formalism offers
a promising foundation for the systematic study of multi-component integrable systems.
In particular, it would be of interest to extend this approach to multi-soliton solutions on
nontrivial backgrounds, as well as to other classes of exact solutions such as rogue waves,
rational solutions, and periodic structures. More broadly, the methodology developed in
this work may be applied to other coupled integrable models, providing a unified and
structure-preserving framework for the analysis of vector nonlinear wave dynamics.

Acknowledgements

We thank the reviewer for their insightful comments and constructive suggestions, which
have significantly improved the quality of our manuscript.

References

[1] J. Schiff (1994) Backlund transformations of MKdV and Painleve equations. Nonlin-
earity 7, 305.

[2] W.-X. Ma (2021) Binary Darboux transformation for general matrix mKdV equations
and reduced counterparts. Chaos, Solitons & Fractals 146, 110824

[3] C. Gu, H. Hu and Z. Zhou Darboux transformations in integrable systems (Springer
Dordrecht,2005)

[4] Ablowitz, M.; Segur, H. Solitons and the Inverse Scattering Transform (SIAM, 1981)

[5] S. Tanaka (1972) Modified Korteweg-de Vries equation and scattering theory. Proc.
Japan Acad. 48, 466-469

[6] M. Wadati (1972) The exact solution of the modified Korteweg-de Vries equation. J.
Phys. Soc. Japan 32, 1681

[7] T. Tsuchida and M. Wadati (1998) The coupled Modified Korteweg-de Vries Equa-
tions. Journal of the Physical Society of Japan 67, 1175-1187.

[8] R. Hirota, The Direct Method in Soliton Theory (Cambridge University Press, 2004).

[9] J. Hietarinta (1987) A search for bilinear equations passing Hirota’s three soliton
condition. I. KdV-type bilinear equations. J. Math. Phys. 28, 1732-1742.

[10] J. Hietarinta (1987) A search for bilinear equations passing Hirota’s three soliton
condition. II. mKdV-type bilinear equations. J. Math. Phys. 28, 2094-2101.

[11] J. Hietarinta (1987) A search for bilinear equations passing Hirota’s three-soliton
condition. III. Sine-Gordon-type bilinear equations. J. Math. Phys. 28, 2586-2592.

[12] J.Hietarinta (1988) A search for bilinear equations Hirota’s three-soliton condition.
IV. Complex bilinear equations. J. Math. Phys. 29, 628-635.



48 ]ocnmp[ Laurent Delisle and Amine Jaouadi

[13] H. Leblond and D. Mihalache (2009) Few-optical-cycle solitons: Modified
Korteweg-de Vries sine-Gordon equation versus other non-slowly-varying-envelope-
approximation models. Phys. Rev. A 79, 063835.

[14] Y.-L. Ma and B.-Q. Li (2022) Hybrid rogue wave and breather solutions for a complex
mKdV equation in few-cycle ultra-short pulse optics. The European Physical Journal
Plus 137, 861.

[15] A. V. Slunyaev and E. N. Pelinovsky (2016) Role of Multiple Soliton Interactions in
the Generation of Rogue Waves: The Modified Korteweg-de Vries Framework. Phys.
Rev. Lett. 117, 214501.

[16] M. M. A. Khater (2022) Analytical and numerical-simulation studies on a combined
mKdV-KdV system in the plasma and solid physics. The European Physical Journal
Plus 137, 1078.

[17] D. K. Singh and H. K. Malik (2007) Reflection of nonlinear solitary waves (mKdV
solitons) at critical density of negative ions in a magnetized cold plasma. Plasma
Phys. Control. Fusion 49, 1551.

[18] F. Verheest, C. P. Olivier and W. A. Hereman (2016) Modified Korteweg-de Vries
solitons at supercritical densities in two-electron temperature plasmas. Journal of
Plasma Physics 82(2), 905820208.

[19] H. X. Ge, S. Q. Dai, Y. Xue and L. Y. Dong (2005) Stabilization analysis and modified
Korteweg-de Vries equation in a cooperative driving system. Phys. Rev. E 71, 066119.

[20] H. Song, H. Ge, F. Chen and R. Cheng (2017) TDGL and mKdV equations for car-
following model considering traffic jerk and velocity difference. Nonlinear Dynamics
87, 1809-1817.

[21] Y. Ohta et al., “General N -Dark-Dark Solitons in the Coupled Nonlinear Schrödinger
Equations,” Studies in Applied Mathematics 127, 345–371 (2011).

[22] M. Vijayajayanthi et al., “Bright-dark solitons and their collisions in mixedN -coupled
nonlinear Schrödinger equations,” Phys. Rev. A 77, 013820 (2008).

[23] R. Radhakrishnan and K. Aravinthan, “A dark-bright optical soliton solution to the
coupled nonlinear Schrödinger equation,” J. Phys. A: Math. Theor. 40, 13023–13030
(2007).

[24] R. Radhakrishnan and M. Lakshmanan, “Bright and dark solitons to coupled non-
linear Schrödinger equations,” J. Phys. A: Math. Gen. 28, 2683–2692 (1995).

[25] T. Kanna and M. Lakshmanan, “Exact soliton solutions, shape changing collisions,
and partially coherent solitons in coupled nonlinear Schrödinger equations,” Phys.
Rev. Lett. 86, 5043 (2001).

[26] X.-F. Zhang et al., “Vector solitons in two-component Bose–Einstein condensates
with tunable interactions and harmonic potential,” Phys. Rev. A 79, 033630 (2009).



]ocnmp[ A vector bilinear framework for soliton dynamics 49

[27] L.Delisle and A. Jaouadi (2025) Analytical control of multidark soliton collisions and
dynamics with tunable properties. AVS Quantum Sci. 7, 041402.

[28] L. Delisle and A. Jaouadi (2025) Symmetry-Driven Multi-Soliton Dynamics in Bose-
Einstein Condensates in Reduced Dimensions. Symmetry 17(4), 582.
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A Mathematic foundation of the vector Hirota derivative

In this appendix, we discuss the mathematical foundation and properties of vector Hirota
derivative definition (10).

(1) The vector Hirota derivative (10) is a bilinear form. For all λ ∈ R, real- valued
vector functions F1 and F2, and real-valued scalar functions G1 and G2, we have

• P((F1 + λF2) ·G) = P(F1 ·G) + λP(F2 ·G)

• P(F · (G1 + λG2)) = P(F ·G1) + λP(F ·G2)

Proof: Let us write the vector functions F1 and F2 in component form:

F1(x, t) =
N∑
k=1

f1,k(x, t)ek and F2(x, t) =
N∑
k=1

f2,k(x, t)ek. (54)

We have

P((F1 + λF2) ·G) =
N∑
k=1

P((f1,k + λf2,k) ·G)ek

=

N∑
k=1

(P(f1,k ·G) + λP(f2,k ·G)) ek

=
N∑
k=1

P(f1,k ·G)ek + λ
N∑
k=1

P(f2,k ·G)ek

= P(F1 ·G) + λP(F2 ·G).



50 ]ocnmp[ Laurent Delisle and Amine Jaouadi

The second equality is obtained using the bilinear property of the classical Hirota
derivative (8). This shows the first property. For the second one, we write, as for F1

and F2, the vector function F in components. We have

P(F · (G1 + λG2)) =

N∑
k=1

P(fk · (G1 + λG2))ek (55)

=
N∑
k=1

(P (fk ·G1) + λP (fk ·G2)) ek (56)

=

N∑
k=1

P (fk ·G1)ek + λ

N∑
k=1

P (fk ·G2)ek (57)

= P(F ·G1) + λP(F ·G2) (58)

The second equality is obtained from the bilinear property of the classical Hirota
derivative (8).

(2) The vector Hirota derivative (10) is basis-independent.
Let us consider B1 = {e1, e2, · · · , eN} and B2 = {ẽ1, ẽ2, · · · , ẽN} two basis of RN .
For all k, we have

ẽk =
N∑
j=1

ajkej , (59)

for unique real constants ajk. We may thus write the N -component vector function
F using these two basis. We have

F (x, t) =
N∑
j=1

fj(x, t)ei =
N∑
k=1

f̃k(x, t)ẽk

=

N∑
k=1

f̃k(x, t)

N∑
j=1

ajkej

=

N∑
j=1

(
N∑
k=1

ajkf̃k(x, t)

)
ej

By uniqueness of basis representation, we deduce that

fj(x, t) =
N∑
k=1

ajkf̃k(x, t), (60)

for all integer 1 ≤ j ≤ N . We deduce, using the bilinear properties of the Hirota
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derivative (8) and the definition of the vector Hirota derivative (10), that

P(F ·G) =
N∑
j=1

P(fj ·G)ej

=
N∑
j=1

P

((
N∑
k=1

ajkf̃k

)
·G

)
ej

=
N∑
j=1

N∑
k=1

ajkP(f̃k ·G)ej

=
N∑
k=1

P(f̃k ·G)
N∑
j=1

ajkej

=

N∑
k=1

P(f̃k ·G)ẽk

Showing that the definition of the vector Hirota derivative (10) is independent of
the chosen RN basis.

B The soliton integrability condition

In this appendix, we establish the three-soliton Hirota integrability conditions. To obtain
these conditions, let us write the bilinear equations (13) and (14) as

P1(Dx,Dt)(F ·G) = 0 and P2(Dx,Dt)(G ·G) = 2F tEF, (61)

where P1(X,T ) = T +X3 and P2(X,T ) = X2. For convenience, we consider the vector
η⃗j = (κj , ωj) to refer to the exponential arguments ηj = κjx + ωjt + φj = η⃗j · x⃗ + φj for
x⃗ = (x, t).

(1) The one-soliton solution condition.
The system of bilinear equations (13) and (14) admits a vector one-soliton solution
for the functions F and G constructed in Section IV.A if the dispersion relation:

P1(η⃗) = 0 ⇐⇒ ω + κ3 = 0 (62)

is satisfied.

(2) The two-soliton conditions.
The system of bilinear equations (13) and (14) admits a vector two-soliton solution
for the functions F and G given in Section IV.B if we have the dispersion relations
P1(η⃗1) = P1(η⃗2) = 0 and

P2(η⃗p + η⃗q)P1(2η⃗p − η⃗q)− P2(η⃗p − η⃗q)P1(2η⃗p + η⃗q) = 0, (63)

which holds on the two-soliton dispersion manifold M2 = {(η⃗1, η⃗2) : P1(η⃗1) =
P1(η⃗2) = 0}. This last condition shows that the system is partially integrable in the
Hirota sense. Under these conditions, we have

P1(2η⃗p − η⃗q)

P1(2η⃗p + η⃗q)
=

P2(η⃗p − η⃗q)

P2(η⃗p + η⃗q)
=

(
κp − κq
κp + κq

)2

= β2
pq.. (64)
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(3) The three-soliton Hirota integrability conditions.
In Section IV.C, we have constructed a three-soliton solution showing implicitly the
three-soliton integrability condition. To link this paper to the work of Hietarinta,
we need to establish the Hirota integrability conditions which should hold on the
three-soliton dispersion manifold M3 = {(η⃗1, η⃗2, η⃗3) : P(η⃗j) = 0, j = 1, 2, 3}.
On the two-soliton solution level, we find a first condition:

P2(η⃗m + η⃗q)P1(η⃗p + η⃗q − η⃗m) + P2(η⃗p + η⃗q)P1(η⃗m + η⃗q − η⃗p)

P1(η⃗m + η⃗p + η⃗q)
= P2(η⃗m− η⃗p), (65)

which holds on M3. This condition generalizes the two-soliton condition (63). In-
deed, we retrieve the condition (63) by taking η⃗p = η⃗q. We deduce, from condition
(65), the following identities:

P1(η⃗m + η⃗p − η⃗q)

P1(η⃗m + η⃗p + η⃗q)
= βqmβqp. (66)

From the ϵ5 and ϵ6 equations (the three-soliton solution levels), we deduce the three-
soliton Hirota integrability condition:

β2
mq

P1(2η⃗p − 2η⃗q − η⃗m)

P1(η⃗m + 2η⃗p + 2η⃗q)
+ β2

mp

P1(2η⃗q − 2η⃗p − η⃗m)

P1(η⃗m + 2η⃗p + 2η⃗q)
+ β4

pq

P1(2η⃗p + 2η⃗q − η⃗m)

P1(η⃗m + 2η⃗p + 2η⃗q)

= β2
mpβ

2
mqβ

4
pq,(67)

which holds on the three-soliton dispersion manifold M3. The three-soliton Hirota
integrability condition (67) generalizes the two-soliton partial integrability condition
(63). Indeed, projecting the manifold M3 onto the plane η⃗p = η⃗m allows one to re-
trieve the manifold M2 and we can directly verify that the three-soliton integrability
condition reduces to (63).


