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Abstract

Here, a novel 2+1-dimensional nonlinear evolution equation with temporal modulation
is introduced which admits integrable Ermakov-Painlevé II symmetry reduction. Ap-
plication is made to obtain exact solution to a class of Stefan-type moving boundary
problems for this 2+1-dimensional nonlinear evolution equation. Involutory trans-
formations with origin in autonomisation of certain Ermakov-type coupled systems
are extended to 2+41-dimensions and applied to derive a wide 2+1-dimensional class
with temporal modulation and which inherits the property of admittance of such hy-
brid Ermakov-Painlevé IT symmetry reduction applicable to certain moving boundary
problems.

1 Introduction

Hybrid Ermakov-Painlevé II systems were originally derived in [1] via wave packet rep-
resentations admitted by multi-dimensional coupled nonlinear Schrodinger systems incor-
porating de Broglie-Bohm potential terms. Therein, in particular, the canonical single
component Ermakov-Painlevé II equation was shown to occur notably in the analysis of
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transverse wave propagation in a generalised Mooney-Rivlin hyperelastic material. It has
subsequently been derived in such diverse physical applications as cold plasma physics [2],
Korteweg capillarity theory [3] and in the analysis of Dirichlet boundary value problems
which arise out of the classical Nernst-Planck electrolytic system [4]. Underlying inte-
grable structure in multi-component Ermakov-Painlevé II systems has been delimited in
[5] wherein an admitted Ermakov system invariant was applied to construct an algorith-
mic solution procedure involving a Painlevé II connection. A Bécklund transformation
admitted by Painlevé II was applied iteratively therein and the important link between
the Ermakov-Painlevé I and integrable Painlevé XXXIV equation set down.

The application of the inverse scattering transform and its developments to solve ini-
tial/boundary problems in modern soliton theory has an extensive literature (qv [6, 7, 8]
and work cited therein). However, the analysis of moving boundary problems of Stefan-
type for solitonic equations has but a recent origin with motivation in the classical Saffman-
Taylor model of [9]. The latter was concerned with description of the percolation of a liquid
into a porous medium or Hele-Shaw cell. In a remarkable later development in [10], the
canonical Dym equation of soliton theory [11] was derived in a related analysis of the
motion of the interface between a viscous and non-viscous liquid. In [12], a Painlevé II
symmetry reduction was applied to derive exact solutions to a class of moving boundary
problems of generalised Stefan-type for the Dym equation and its reciprocal associates.
This type of reduction had its origin in an analysis of the evolution of the interface in a
Hele-Shaw cell [13]. In [14], an extended S-integrable version of the Dym equation was
derived in the geometric context of binormal motion of inextensible curves. In terms
of physical application, this generalisation occurs in the hydrodynamics of unidirectional
dispersive shallow water propagation with novel peaked soliton phenomena (Camassa and
Holm [15]). Iterated action of a classical Bécklund transformation admitted by Painlevé
IT was applied to this extended Dym equation in [16] to generate exact solution to a novel
class of Stefan-type moving boundary problems in terms of Yablonski-Vorob’ev polynomi-
als.

In modern soliton theory, reciprocal transformations associated with admitted conser-
vation laws were introduced in [17] and subsequently applied in [18] in the linkage of the
canonical AKNS and WKI inverse scattering schemes of [19] and [20] respectively. Re-
ciprocal transformations likewise, importantly, connect certain classes of 14+1-dimensional
solitonic hierarchies [21]. In 2+1-dimensional systems, reciprocal-type transformations
were constructed in [22] and subsequently applied in soliton theory in the linkage of the
triad of canonical Kadomtsev-Petviashvili, Dym and modified Kadomtsev-Petviashvili hi-
erarchies [23].

Moving boundary problems in 1+1-dimensional soliton theory of Stefan-type and their
reciprocal associates which are amenable to exact solution via Painlevé II symmetry reduc-
tion have been detailed in [24, 25, 26, 27]. In [28], a reciprocal transformation allied with
a Mobius-type mapping was applied to a class of Stefan-type moving boundary problems
for the solitonic Dym equation to generate exact parametric solution to a class for a base
member of the WKI inverse scattering scheme. It is remarked that conjugation of recipro-
cal transformations and involutory-type transformations with origin in the autonomisation
of Ermakov systems [29] has application in soliton theory.

A novel variant with temporal modulation of the modified Kadomtsev—Petviashvili
equation of 241-dimensional soliton theory is presented here which admits Ermakov-



]OC nm p[ An extended modified Kadomtsov-Petviashvili equation 49

Painlevé II symmetry reduction. The latter is applied to obtain exact solution to a class
of nonlinear moving boundary problems of Stefan-type associated. A 2+1-dimensional
generalisation of involutory-type transformations with origin in autonomisation of the
canonical Ermakov-Ray-Reid system in [29] is applied to embed the extended mKP equa-
tion in a wide associated class with temporal modulation which inherits admittance of
Ermakov-Painlevé II symmetry reduction.

2 Ermakov-Painlevé II Symmetry Reduction

The canonical solitonic modified Kadomtsev-Petviashvili (mKP) equation is given by [7]
Vi + Vige — 3V2Vy — 3V,0, 'V, + 3020, 1V, =0, o =+1 (1)

and, in particular, is amenable to the O-dressing procedure of soliton theory [30]. Here,
a novel real variant of the preceding is introduced which admits Ermakov-Painlevé II
symmetry reduction, namely

Ui + Uy — 3U2U, — 3U,0; U, + 6*UI; U, )
+A(t+ a)*U U, = 0.

Here, an ansatz similarity reduction with

T+ a*y
(t+a)

U=(t+a)™¥ ( (3)

is postulated. Under the latter

071U, = a*(t+ )™ = a*U , 9;'Uyy, = a™(t +a)" "W = o'V, = 0™V, (4)
whence with 6* = 3/a*, (2) reduces to

Uy + U — 3UU, + At + a)'U U, = 0. (5)

The latter constitutes an extension of the solitonic mKdV equation in U(z,y,t) wherein
y occurs implicitly.
Insertion of the similarity representation (3) into (5) yields

m(t+ a)mflqj + (t_i_a)mfl(_nf)\pl 4 (t+ a)m73n\Ij///
=3(t + a)* WA 4 \(t + a) P = 0,

wherein ¥ =¥ (§), &= (z+a*y)/(t+a)"
Thus,

mU — (n€W) + nW¥ + (t + a) 370" — 3(t + a)?m 1020/
—|—)\(t 4 a);L—4m—n+1\I]—4\IJ/ =0
whence, with m = —1/3, n=1/3 and u = —2 there results

U — 3020 — (1/3)(0) + AU~ = 0. (8)
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On integration, the latter yields
WP — (1/3)W — (A/3)07° =(, ¢ €R 9)

which, on appropriate scalings ¥ = ~w*, and £ = ez and with {( = 0 reduces to the
canonical Ermakov-Painlevé IT equation [1] for w*(z):

(w*)// — 2w*3 + 2wt + Xw*—S (10)
with x = (\/3)y~%€2 upon choosing the scaling parameters so that e3/3 = 1 and €272 = 2,
namely e = 3/3, v = 21/2 /¢,
3 A Class of Stefan-Type Moving Boundary Problems

Here, moving boundary problems associated with U(z,y,t) are introduced governed by
the nonlinear system

Us + Upze — 3UU, + Nt +a)2U U, =0

Upe —U? — (V\/3)(t +a)2U 3 = L,,,5'S
, onz+a*y=2S(t), t>0 (11)
U=PFP,5
(Uze = U3 = (A/3)(t + @) 2U )|z 1ary=0 = Ho(t + a)F, > 0.
wherein S(t) = v(t + a)'/3.

Boundary Conditions

L U — U — (\/3)(t +0a)"2U3 = L,,8°S on = + oy = S(t) = y(t + a)'/3, ¢t > 0.

Insertion of the similarity representation (3) with m = —1/3, n = 1/3 into the preced-
ing yields
V() = U(y) = (A/3)T (1) = Lin(t + a)S"S. (12)

On application of the Ermakov-Painlevé II reduction corresponding to ¢ = 0 the relation
Ly =7Y(v) (13)
results together with ¢ = —1.

I. U=P,57 on z+a'y=5(t)=~t+a)/3 t>0.

Here, the relation
P =7¥(7) (14)
is derived along with j = —1.

UL (Uype — U3 — (V/3)(t + a)2U ) |stary—0 = Ho(t + a)*.
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This yields
(0) — ¥3(0) — (A/3)¥3(0) = Ho(t + a)**! (15)

whence, by virtue of the Ermakov-Painlevé II reduction in W(£) at £ = 0 it is required
that Hy = 0.

4 An Airy Reduction

The Ermakov-Painlevé II equation (10) with w* = p'/2,

yields

p > 0 on appropriate scaling

pr = ()220 + 20" + 2p+20/p, G€ER (16)

which is equivalent to the classical integrable Painlevé XXXIV equation (qv [3], [5]). In
particular, it admits the solution

p(z) = w: +w’ + (1/2)z (17)

wherein w(z) is governed by the canonical Painlevé II equation [3]. Thus, the Ermakov-
Painlevé II equation in turn admits a class of exact solutions

U =yw* =~[ w, +w? + (1/2)z /2. (18)

Painlevé II admits an important subclass of exact solutions when the PII parameter
a = 1/2, namely, that with

w=—¢'(2)/¢(2) (19)
with ¢(z) governed by the classical Airy equation
¢" + (1/2)z¢ = 0. (20)

Accordingly (18) shows that the Ermakov-Painlevé II in ¥ admits a particular class of
solutions

U=q[2(¢/¢)° + 2] z=¢/e (21)
wherein
¢ = aAi(27V32) +bBi(27Y32), a,beR. (22)

Ermakov-Painlevé II solutions of the preceding Airy-type have physical application in [3]
to the classical Korteweg capillarity system. Therein, the linked Painlevé XXXIV equation
arises as a symmetry reduction of a Bernoulli integral of motion. It is remarked that in [31],
the Airy-type solution (19) of Painlevé II with o = 1/2 and the subsequent class of exact
solutions as generated via the iterated action of an admitted Backlund transformation has
been applied in the analysis of certain boundary value problems for the Nernst-Planck
electrolytic system.



52 ]OCI’] m p[ C Rogers and P Amster

In the present context of the class of moving boundary problems determined by the
nonlinear system (11) with the preceding class of exact solutions of Airy-type for the
Ermakov-Painlevé II equation, the parameters L,, and P,, in the moving boundary con-
ditions are determined by

Ly = Py = 7Y(y) (23)
with
U(y) =7 2(¢'/0)? + 2 2. (24)

and ¢ determined in terms of Ai(—z~Y3z), Bi(—2"1/3z) by (22).

It is remarked that the iterative action of the Backlund transformation admitted by
Painlevé II as applied in the analysis of boundary problems for the Nernst-Planck system in
[31] may be used to generate, with (21) as seed solution, a wide class of associated solutions
U of the Ermakov-Painlevé I equation and thereby of moving boundary problems of which
the latter constitutes a symmetry reduction.

5 Temporal Modulation via a Class of Involutory Transfor-

mations

Under the action on (5) of the class of transformations

dt* = p2(t)dt , dr* =dv, dy*=dy
U= U/plt) 5= 1/p(0)

there results a diverse range of associated nonlinear evolution equations which incorporate
temporal modulation, namely

(")

p*28/8t*(p*_1U*) + p*—lU*

rrr*r*

— 3p*3UU

(25)
+A(t + a)lp3U* U =0
wherein dt = p*~2dt*. Under I*,
dt*™ = p*2dt* =dt , dx** =dr, dy*™* = dy,
(26)

so that the involutory property I** = I holds. Thereby, application of I* to the subclass of
U determined by (3) which admits Ermakov-Painlevé II symmetry reduction generates a
wide associated class with temporal modulation which inherits this property. Application
of the involutory transformations I'* to the moving boundary problems determined by the
system (11) embeds them in a wide class which admits exact solution via Ermakov-Painlevé
II symmetry reduction.

Involutory transformations [* of the type applied here have their genesis in a geo-
metric analysis of coupled two-component Ermakov-Ray-Reid systems. The latter have
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application notably in nonlinear optics [31, 32] and 2+1-dimensional shallow water hydro-
dynamics [33]. They may be set in the context of generalised nonlinear coupled Ermakov
systems which have extensive applications in both physics and continuum mechanics [34].

Ermakov-type modulation of physical systems has been detailed in [35, 36, 37, 38]
notably in connection with nonlinear Schrédinger models and Kepler triads. In [39],
spatially modulated coupled systems of sine-Gordon, Demoulin and Manakov NLS type
were reduced to their unmodulated solitonic counterparts via involutory transformations.
Thereby canonical solitonic properties were inherited by the modulated systems.

In the present context, a wide range of temporal modulation of (5) is generated if p*(t*)
in the class of involutory transformations I* is governed by the classical Ermakov equation

Prp +w(t)p* =E/p*, £ €R. (27)

Application may then be made of its nonlinear superposition principle [34]. The latter
has physical application, in particular, in the analysis of initial-boundary value problems
descriptive of the large amplitude radial oscillations of thin shells composed of hyperelastic
materials of Mooney-Rivlin type and subject to a range of boundary loadings [40]. The
nonlinear superposition principle may be derived via a Lie group procedure as in [41]. Lie
theoretical generalisation and discretisation of Ermakov-type equations which preserve
admittance of nonlinear superposition principles have been detailed in [42].

6 Conclusion

Here, moving boundary problems of Stefan-type have been shown to be amenable to exact
solution via Ermakov-Painlevé Il symmetry reduction of a novel class of 2+1-dimensional
nonlinear evolution equations. It is remarked that the reduction procedure and application
of involutory transformations to incorporate temporal modulation may likewise be adapted
to certain variants of the 241-dimensional Bogoyavlensky-Konopelchenko equation with
its diverse physical applications.
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