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Abstract

In the present paper we derive a further extension of the results contained in two
recent articles, both published in Open Communications in Nonlinear Mathematical
Physics, where it was shown that the integrable version of the N—species Volterra
model, introduced by V. Volterra in 1937, is in fact maximally superintegrable. Here
we point out that the superintegrability property applies as well to the case of infinitely
many competing species, either countable or uncountable. Analytical and numerical
results are given.
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1 Introduction

The interest on dynamical systems of Lotka-Volterra type has been constantly growing
all over the last century, starting from the pioneering results contained in the original
articles [12,/1323,24]. Among the extremely rich literature on the subject (see for instance
[2H8L11}/150/18,121,122]), one paper deserves in our opinion a very special attention. It is
the long essay published by Vito Volterra in 1937 [24], where some results of capital
importance have been achieved: first, the original predator-prey model has been extended
to an arbitrary number of species; second, the N —species model has been framed within the
context of Lagrangian and Hamiltonian mechanics; finally, a completely integrable subcase
has been identified. Relying on these outstanding results, the authors of the present
paper performed some further hopefully non-trivial steps: namely, they discovered that
the integrable version introduced in [24] was in fact maximally superintegrable [16}/17],
and as such reducible to a Hamiltonian system with only one degree of freedom. Here
we make yet a further step, investigating the extension to infinitely many competing
species, either countable or uncountable, always staying within the integrable Hamiltonian
framework, and discover that the maximal superintegrability property is preserved by such
generalization. Various different cases of the interaction operator are discussed, and a few
periodic numerical examples are displayed. We may thus assert that Infinity collapses to
One. Let us anticipate that, with a suitable choice of the interaction parameters, the one
dimensional system becomes the classical one body Hamiltonian # = %2 +V(Q).

To this aim, in Section 2 we briefly recall the results obtained in [16], [17] for the
integrable Volterra model in the case of a finite number of species. The new developments
are contained in Sections 3 and 4. In particular, in Section 3 we consider the case of
a denumerable collection of species, and in Section 4 we grapple with the problem of
uncountable many species. Both Sections consist of different subsections, where we give
first a general outlook and then face two different cases, concerning respectively even
and odd kernel of the interaction operators. In section 5 we first present and analyze
some analytical examples and then discuss numerical implementations. In Section 6 we
recapitulate and critically analyze the results obtained and point out some affordable ways
to improve the description of the system.

2 The case of a finite number N of species

The equations for the integrable N-species Volterra system have been introduced by
V.Volterra in [24], and thoroughly investigated in [16,/17]:

dN,
dt

N
=&N.+ > AWN.N,  r=1,...,N. (1)
s#r=1

In the equation , N, is the numerosity of the 7" species, €, are the natural growth
coeflicients of each species and A, are interaction coefficients between species r and species
s that account for the effects of encountering between two individuals. In the integrable
N —species case, the N x N interaction matrix A has the form [17]:

Ays = €r€5(By — By), (2)
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where all the ¢, and the B, are real non-zero numbers, and moreover B, # By if r # s.
The matrix A has always rank 2, so J, the Image of A, is 2-dimensional and K, its Kernel,
is (N — 2)-dimensional. Moreover J and K are two orthogonal subspaces with respect to
the inner product (u,v) = Zj ujv; and the N-dimensional Euclidean space Ey can be
written as the direct sum of them:

Evy=9do XK.

Also, it has been shown in [17] that J is the linear span of two vectors, which are linearly
independent because the coefficients B, are all distinct, namely € and 7, of components ¢,
and 7, = Bre,. The Kernel K is naturally defined as the (N — 2)-dimensional subspace
of En orthogonal to J and is such that its generic vector k fulfils the linear conditions

(k,€) = (k,n) = 0. (3)

On the other hand, the affine variety of equilibrium configurations & is the set of elements
z fulfilling

(Z> 6) =0, (277]) =1 (4)

It is convenient to rewrite the evolution equations In terms of the logarithmic variables
defined by y; := log IV}, getting:

N
g =i+ Y Ajexply) = ¢ + (1 Z €& — € Zm exp(y1) (5)
=1

It is possible to represent any vector € Ex as a linear combination of a vector € ¢ and a
vector € K as follows:

Yn = P6n+an+kna (6)

where in @ ky is a generic element k € K E| The evolution equations take the form:

N N
Pep + Qnn + kn = €n +1n Z €k eXp<yk) — €n Z Nk eXp(yk) (7)
k=1 =1
entailing:
N
P=1 Zn exp(Pe, + Qnpn + ky), (8)
n=1
N
Q= Zenexp Pey, 4+ Qnn + kn), 9)
n=1
k=0, n=1.N—-2 (10)

!To be precise, with the term k, we mean Zg;f Rkﬂ(f), i.e. the decomposition of k, along a given
orthonormal basis. We adopt here this shorter symbol for easiness of notation.



18 Jocnmp| O Ragnisco and F Zullo

we can rewrite the Hamilton equations in the canonical form:

. oH . OH
P=———:; = — 11
o Y~ op (11)
with the Hamiltonian explicitly given by:
N
H = Z exp(Pe, + Qnn + kn) — Q. (12)
n=1

For other properties of this dynamical system, like its Poisson structure, the corresponding
associated NV —2 Casimirs, existence of equilibrium positions, nature of the orbits and some
numerical examples we refer the reader to [17]. In the next Section we are going to extend
the above construction to the infinite chain, i.e. we let the numerosity of the species to be
infinite.

3 About the discrete infinite case

3.1 General outlook

In the discrete infinite case we extend the involved summation to the whole discrete line,
taking care of convergence properties. Here we have to point out that, on one hand,
we can look at the operator iA as a self-adjoint separable Hilbert-Schmidt operator [10]
mapping the Hilbert space ¢? of square summable sequences into itself, thanks to the
the inner product (z,y) = ZnEZ TnYn- As such, its spectrum consists of two opposite
real eigenvalues, say +w, and a null eigenvalue of infinite multiplicity, the Hilbert space £?
being spanned by the two orthonormal eigenvectors associated to +w and by the orthogonal
subspace Ker(A) of codimension 2. On the other hand, A acts nonlinearly on the space
of sequences, according to the law ¢ = Aexp(y), mapping £> into ¢2. To be on the safe
side, from now on we will assume that e belongs to ¢2, while 1 and « belong to the dense
open subset S C 2 of rapidly decreasing sequences s,, that vanish at oo faster than any
power of 1/n, i.e. such that lim, _, nPs, = 0,Vp; this condition is quite natural for 7,
whose elements are defined by 71, = Bpé€,, and simply amounts to require that B,, itself
shares the same properties; its extension to k ensures that the whole quantity Qn, + xn
enjoys the same regularity properties. Anyway, the possibility for  and k to belong to
other spaces will be also discussed in the next Sections.

The solution procedure is much the same as the one holding for finite N. We report
the main formulas. The image of the summation operator

(Af)n = Z (€mNn — €nlim) fm

meZ

is the linear span of {e,}, {n,}, to be considered as ¢? sequences; as previously mentioned,
fn = exp(yn) belong to £°°. In terms of the logarithmic variable y,,, the integrable Volterra
system takes the following form:

Un = € + Z (emnn - 77m€n) eXp(ym)' (13)
meZ
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The sequence y,, can be projected on the two complementary subspaces Im(A) and Ker(A)
in the form:

Yn = Pep + Qnp + Ky (14)

where k, just depends on the initial conditions, belonging to the infinite dimensional
subspace K of codimension 2 defined by the linear equations:

Z knen =0, Z KnMn = 0. (15)

nez ne”L

Since €y, n, and K, both converge to zero as |n| — oo, the numerosity N,, — 1 as |n| — co.
The equations split in the following 3 equations:

P=1- Z Nim exXp(Pém + QN + Kim) (16)
meEZ

Q= Z €m eXp(Péem, + QN + Km) (17)
meZ

fon = 0 (18)

As stated before the sequences 7, k, are assumed to vanish at infinity faster than any
power of 1/n. As we shall see, in view of some concrete examples that we will consider,
one can also just assume that 7,, Kk, vanish at infinity exponentially or faster.

The equilibrium position, if any, is a pair PY, Q% such that:

0=1- Z Nm eXp(POGm + Qonm + /{m) (19)
meZ

0= Z €m exp(Poem + Qonm + Km) (20)
meZ

The sequence z, = exp(P%%, +Q, +k,) = 2,(P°, Q) is the equilibrium sequence. Under
the previous conditions imposed to €,, n,, k, the equilibrium sequence will belong to £°°.

Should we follow the alternative way of the spectral decomposition of the operator A
and apply the Hilbert-Schmidt machinery, as we did in |16}/17] for the case of finite species,
we had to assume that both the sequences ¢, and 7, belong to £2. We would have to look
at the roots of the secular equation:

)\ivi(n) = ainn — Bre, (21)

As a matter of fact, the non-zero eigenvalues read:

Me = i = %iy/[ePIP — (6,1)2 (22)
where we used the shorthand notations:

FP=D"0 (F.9)=) fagn

nez nez
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Notice that w, i.e. the expression under the square root, is strictly positive because of
Cauchy-Schwartz inequality. The equations for the eigenfunctions are given by:

nl*a—(n,€)8 = A8 (23)
(e;ma — [e[*8 = A (24)

By solving for «, 3 the system and in terms of variables €, we get for the
eigenfunctions v = u,, + iw,, the following expressions:

1 2
Up = ? Wp = m ((67 77)€n - ’€| nn) (25)

The sequences u,, w, are £? sequences with norm 1 and are mutually orthogonal, namely
ZneZ upwy = 0. The interaction matrix A, ,, now takes the form

Ap = 1w(Wm Uy — Wy ly,). (26)
The projection of y,, equivalent to , now reads
Yn = PUp — qWp + Kp, (27)

whereas the equations of motion ((13)) reduce to

p=lef+w Z Wiy €XP(PUsn — qQWm + K, (28)
meZ

= —w Z Uy, €XP (DU, — QWi + Kim), (29)
meZ

ke = 0, (30)

The corresponding Hamiltonian is then given by

H=w <—|€|q + Z exp(pum, — qWm, + Hm)> (31)

meZ

In the next Section we will show how it is possible to give some very general expressions
for the equations of motion in the infinite discrete case. This is somewhat surprising since
in the case of finite species we have not been able to achieve such general results. In the
infinite case we have been constrained to choose suitable parameters in order to achieve
the convergence and this constraint led to the general expressions that we will give. In
the Conclusions these aspects will be further commented. By looking at equations , in
order to be operative it is natural to assume that the sequences ¢, and n,, have an opposite
parity with respect to the Kernel sequence k,. So, in the following two subsections, we
will consider the case of a Kernel given by an even sequence (and hence 7, and €, odd
sequences), and the case of a Kernel given by an odd sequence (and hence 7, and €, even
sequences). From our point of view this is not restrictive: indeed we will show that it is
possible to consider a mixed Hamiltonian flow that contains both the even functions and
the odd ones. The conditions to get the convergence will be specified in the corresponding
subsections.
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3.2 The case of an even Kernel

We define the following sequences for €, 7, and k,:

h= — |EaP=1 fn = —&n,
V2N
(32)
nn _77—m
Kn = K_n

In the previous it is assumed that €, has compact support in [—N, N], so it is an odd
function of n assuming the values +1 on the interval [—-N, N]. The sequence 7, is also
odd, whereas k,, is even since it must be orthogonal to the sequences ¢, and 7,. Notice
that €, is normalized in ¢? to 1, and the same normalization can be chosen for Nn. As
previously mentioned, both 7, and k, are assumed to belong to the dense open subset
S of ¢2 consisting in rapidly decreasing sequences. We start with the equation for Q:

Q = Z €n eXp(an + an + Kn)- (33)
nel

In order to deal with equation , we make use of the following

Proposition 3.1. Let s, be a sequence in S and consider the following expression:

N

S(Pa,N)= Y enexp(Pen)f(wsn), (34)
n=—N

where f(x) is a continuous function of x and €, is given in (@) Then, for any finite
values of x one has

lim S(P,z,N) = Pf(0). (35)

N—o0
Proof. By taking the Taylor expansion of the exponential we get

N P2
S(Pa,N)= > en(l+ Pen+ 763 + .. f(@sy). (36)
n=—N

Let us analyze the term proportional to 2. It is given by

N

N

1

P Y aflasn)=Pge Y flasa). (37)
n=—N n=—N

The previous is the arithmetic mean of f(xs;), so we can use the Cauchy’s limit theorem

on the arithmetic mean of sequences: since s, converges to 0 as n — oo and f(z) is

continuous we get in the limit N — oo

N 1 N
lim P e f(xsy) = Jim P > flasn) = Pf(0). (38)
n=—N

N—o0
n=—N
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It follows that all the powers of € greater than 2 do not give a contribution in the Taylor
series expansion of exp(Pe,) in (34).
Let us consider the contribution from the term linear in €,.

N

Z enf(xsy) = Zen (xsn) — f(xs_y)) (39)

n=—N

Notice that, since s, is a sequence in S, f(xs,) is a bounded sequence and in the limit
n — oo (and hence N — 00) it converges to f(0) (the sequence f(zsy) — f(0) is bounded
and approaches zero). The above sum, by adding and subtracting f(0), can be rewritten
as

N

N
> enf(zsn) Zen (z5n) — Z flas—n) = £(0)) (40)

n=—N

and both the addenda converge to zero in the limit N — oco. For example for the first
addendum on the right hand side, if f(z) is Lipschitz at x = 0, i.e. if |f(zs,) — f(0)] <
C|zsy|, one has

Zen (as) ~ FO)] < TE S s (a1)

and, since s, € S°° the sum is finite and in the limit N — oo the linear term in €, in the
Taylor series expansion of exp(Pe,,) in vanishes. [

The fact that ¢, is an odd sequence is crucial in the vanishing of the linear term in ¢,.
As a result of Proposition we immediately get the following

Corollary 3.2. The equation of motion reduces, in the limit N — oo to
Q=P (42)
Indeed, it is sufficient to take f(xs,) = exp(Qn, + ky) since both 1, and k,, belong to
See.
Now we look at the equation for P. One has
P=1- Z n exp(PEn + Qnn + Kn)- (43)
nez
In order to deal with the sum, we introduce the following

Proposition 3.3. Let n, and s, be two sequences in S°° and consider the following
exTPTession:

T(P,z,N) Z M exp(Pen) f(xsy), (44)
n=—N

where f(x) is a continuous function of x and €, is given in @ Then, for any finite
values of x one has

lim T'(P,z,N) Znnf (xsn) (45)

N—o0
nez
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Proof. Indeed, if one consider the sum Ziv:_ ~N Inf(xsy), it is convergent in the limit
N — oo. For large n the terms s, — 0 so f(zs,) — f(0). Being continuous, f(z) is
locally bounded around z = 0 so we can find an M such that |f(zs,)| < M for all values
of n. It follows the convergence of the sum Zivzf ~N Tnf(xsy) from the S°° convergence of
M. If one considers the Taylor expansion of exp(Pey) in the sum , only the constant
term survives in the limit N — co and we get . (]

By using Proposition (3.3]) we get for the expression
P=1- nnexp(Qnn + kn). (46)
nez

The previous expression can be written in a different form by using the fact that 7, is an
odd function and k,, even. We get

D 00 exp(Qnn + 5n) = Y 10 exp(Qnn + Kin) = Y 1 XP(— Qi + Fin) =
n=1 n=1

nez
(47)
=2 Z n eXp(Hn) Sinh(@nn) = Z Mn eXp(’in) Sinh(an)
n=1 neZ
giving
P=1- Z M €xp(Knp) sinh(Qny,). (48)
nez
The corresponding Hamiltonian reads
P2
#H = 9 -Q+ Z eXp(’in) (COSh(an) - 1) : (49)

neL

Notice that we subtracted the constant term —1 to each term of the sequence in the
Hamiltonian in order to ensure the convergence. The same situation occurs in the infinite
Toda lattice [19,20] and in the integrable infinite Volterra lattice obtained from the infinite
Toda by the reduction B, = 0 [9,20]. This is the analogous to the renormalization
procedure in field theory when the vacuum state energy is subtracted to the Hamiltonian.

3.3 The case of an odd Kernel

Now we specify the sequences €,, 1, and k,, as:

€n = \;;—Ny ‘€n|2: 1 g—nzgna

_ (50)
T = 1—n,
Kn = —FK—_n

In the previous again it is assumed that €, has compact support in [N, N]. We further
assume that?
N N

g €n =0(VN), ie. lim €, = 0. (51)
N—oo
n=—N n=—N

?Tt is known [1] that if the values of &, are chosen randomly, then supycp | 30—, €ne'™?| = O(1/N log(N))
with probability 1. Other interesting sequences that can be considered are the automatic sequences, like
the Rudin-Shapiro sequence, for which one has Zﬁ’zo €n = O(V'N) (see also [1]).
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This condition will ensure the convergence of the formulae for the equations of motion as
we will see.
Again, we will give two Propositions in order to obtain the equations of motion.

Proposition 3.4. Let s,, be a sequence in S and consider the following expression:

N

M(P,z,N)= Y enexp(Pey)f(wsn), (52)
n=—N

where f(x) is a continuous function of x and €, is given in @ and satisfies . Then,
for any finite values of x one has

lim M(P,z,N) = Pf(0). (53)

N—oo
Proof. Let us take the Taylor series of the exponential in :

N

2
M(Pz,N)= Y e (1 + Pe,, + %e,% +.. > f(xsy), (54)
n=—N

and analyze firstly the term proportional to €2:

N

N
PSS @flos) =g S Flwsa) (55)
n=—N

n=—N

From the Cauchy’s limit theorem on the arithmetic mean of sequences we see that this
term converges to Pf(0). It follows that all the powers of e greater than 2 do not give
a contribution in the Taylor series expansion of exp(Pe,) in . It remains only the
contribution from the term linear in €,. One has

N

N
Z enf(xsy) = \/;TV z_:N Enf(xsy). (56)

n=—N

Due to the condition , since f(xs,) is bounded, the sum on the right hand side is

O<¢%) and it follows that the contribution from the term linear in € in vanishes [J.

From the Proposition (3.4]) one has the following

Corollary 3.5. The equation of motion for @, i.e.

N

Q= Z €n exp(Pe, + Qnp + Kn) (57)
n=—N

reduces, in the limit N — oo, to

Q=P (58)
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Let us now look at the equation of motion for P. We notice that Proposition (3.3) is
still valid if €, is as given in , the proof being the same. So we can directly write

P=1- Z N exp(QMn + Kn). (59)
nez

Now 7, is even and &, is odd and since the interval of summation is symmetric only the
even portion of exp(k,) survives, giving

P=1- Z M €xp(Qny) cosh(ky,). (60)
nez

The corresponding Hamiltonian is given by
P2
H=—-Q+ Z exp(Qny) (cosh(ky,) —1). (61)

2
nez
Let us now give a Remark about the equilibrium positions.

Remark 3.6. The equations of motion, both for an odd Kernel and for an even one, are
given by

Q=P, P=1- Z M €xp(Qnn, + Kn), (62)
nez

where the sequences e, and n, have opposite parity with respect to k. The above system
has always just one equilibrium position, say (Q, P) = (Qo,0) if the sequence 1, has not a
definite sign. In this case the motion is bounded and the equilibrium position is a center.

Indeed the function defining P in is a decreasing function of @) as it follows imme-
diately by taking its derivative with respect to Q. Further, for Q — —oo0, P — 400 (we
assume that there will be always at least one 7,, negative), whereas for ) — +o0, P —
(we assume that there will be always at least one 7, positive). It follows that the equation
P = 0 has just one zero. Further, the motion must be bounded and periodic. Notice that
the equilibrium point is stable but not asymptotically stable: this easily follows from the
linearization of the system around the equilibrium point, that is a center. The fact
that the motion is bounded and periodic follows from a global analysis of the orbits in the
plane (@, P), or, more easily, by looking at the potential in the Hamiltonian defining the
Hamiltonian system ([62]), given by

2
%:T+V:P2—Q+%(exp(@ﬁn+ﬁ:n)—l). (63)

The potential
V=-Q+) (exp(Qnn+rn) — 1) (64)
nez

has one global minimum @ = @Qg. Indeed, by assuming that the sequence 7, has not a
definite sign, V' approaches +oo for ) — +o0o. Also, its derivative has a unique zero, as
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Figure 1. Plot of the curves defined by Q =0 and P =0 (red) dividing the plane (Q, P) in four
regions, each having a definite sign for Q and P.

shown by Remark . This zero is a minimum for the potential V', as can be easily seen
by taking the second derivative of V. So V(Q) is an infinite potential well and the motion
is bounded and periodic. In Figure we report the nullclines corresponding to Q = 0
and P = 0 in red and the arrows displaying the direction of the flow in the four region of
the plane (@, P) defined by the nullclines.

Remark 3.7. If the sequence 1, has just one sign, then the system (@ has one equilib-
rium position if n, > 0 and has no equilibrium position (open orbits) if n, < 0.

The previous Remark follows by looking at the properties of the system when
N > 0 or ny, <0, as did for the Remark (3.6). Indeed if 7, < 0 for all n the equation
defining P, i.e.

P=1- nnexp(Qnn + kn), (65)
nez

is always positive and P increases monotonically in time, resulting in a unbounded mo-
tion. Vice versa, if 1, > 0 then the equation P = 0 has just one solution since 1 —
Y nez M eXp(Qnn + ky) is a decreasing is a decreasing function of @ and goes from 1 for
Q) — —o0 to —oo for ) — +o0. The equilibrium position is again a center in this case
and the orbits are bounded and periodic.

Remark 3.8. The equations of motion (62) holds true also if the sequences n, and kn,

belong to ¢*. The Propositions , and indeed hold also for n, and Ky
belonging to ¢*.

An example of sequences in ¢! will be given in the subsection (5.2)). To end this Section,
we give a Remark about the possibility to get a mixed odd/even Hamiltonian.

Remark 3.9. It is possible to take a flow that is a combination of the Hamiltonian con-
taining the even Kernel (@, say He, and the Hamiltonian containing the odd Kernel, say
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H,:

2
0+ (1) = -~ Q4 3 (crexp(Quf+ 55) + (1 — ) exp(@u; +#3) — 1), (66)
nez

where the superscripts on the sequences remind if they are odd or even. If the sequences
no and n;, have not a definite sign, the potential

V(Q) =-Q+ > (crexp(Qny + k%) + (1 — o) exp(Qnf; + k) — 1) (67)

nez

has just one minima for a € [0, 1] and is an infinite potential well, so that the corresponding
motion is bounded and periodic. The proof is the same as after Remark (@) and s
omitted.

4 About the continuous case

4.1 General outlook

In the continuum limit, the dynamical system

yj =€+ Z Aj exp(yr) (68)
ik

is replaced by the integro-differential equation for the variable y(x,t):

oo
o = <o)~ [ d(eornle’) = nta)e(e’) explyla)] (69)
Clearly, the right hand side is a linear combination of two functions, €(z) and n(x). Since
n(z) = B(z)e(z), the two functions will be linearly independent if B'(z) # 0 (almost
everywhere). Further conditions that will come out in the following are:

1)There must be a finite or countably infinite set of points where e(x) changes its sign;

2) both e(x) and n(z) must be square-summable on the whole real line.

We recall the inclusion relations for the spaces L', L?, L>°. If the functions are defined
on a set of finite Lebesgue measure we have L' ¢ L? C L*®. In the case of a support of
infinite measure. like for instance a semi-line or the whole real line, the inclusion relations
are reversed: L™ C L% C L'

Even in this case, for the existence of the equations of motion one needs that the
argument of the exponential be uniformly bounded on the whole real line, while €(x), n(x)
must be absolutely integrable, and then square integrable, on the whole real line. Of
course these requirements are ”a fortiori” satisfied by S°° functions.

It is then natural to look at y(x, ) as a linear combination of €(x), n(x) with time-dependent
coefficients, that we will call again P and @, plus a term x(x) orthogonal to €(z) and n(x):

y(z,t) = P(t)e(z) + Q(t)n(x) + k(x) (70)
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Accordingly, we will have:

P=1-— /_oo dzn(z) exp[Pe(z) + Qn(x) + k()] (71)
Q= [ dzelw) explPeta) + Qn(a) + () (72)

Equations (71}j72]) can be written in canonical form, namely

. 0H
P = ) (73)
. O0H
o="7 (74)
H being the Hamiltonian:
H=-Q+ /OO dx exp(Pe(z) + Qn(x) + w(x)) (75)

As in the infinite discrete case, the Hamiltonian does not seem to exist, even if
k(z), €(x), n(z) are uniformly bounded and rapidly decreasing functions. However, we
remark that, analogously to the infinite discrete case, if the exponential is uniformly
bounded on the whole real line, then the improper integral can be made convergent by
just subtracting to the integrand its asymptotic limit, i.e. 1.

We look now at the spectral decomposition of the integral operator A, whose action on a
given function f(z) is given by:

(Af)(z) = /oo da'[e(z)n(a’) — n(x)e()]f (")

—0o0

A is a skew-symmetric Hilbert-Schmidt operator since its kernel is square summable if
so are the functions €(x) and n(z); its kernel is in fact the kernel of the Poisson Bracket
between two functionals Fyl], G[y]:

(o.9] o
{F,G} := / dx/ dw'ﬂA(aj.x')ﬁ

oo S OY(2) oy (a')
We can apply to iA all the theorems holding for compact self-adjoint operators [10] on
a Hilbert space. In particular, it has no residual spectrum, its eigenvectors, including
those associated with its kernel, form a complete (orthonormal) set in L?(R), its discrete
spectrum is either finite or given by a decreasing sequence accumulating to 0, and its
norm is a point of the spectrum. Indeed, we have more, because the kernel A(z,z’) is a
separable kernel of rank 2, and consequently the operator A has only two non-zero complex
conjugated eigenvalues.
It is remarkable that the results for eigenvalues and eigenfunctions holding in the discrete
case migrate with no essential modifications to the continuum case.
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Namely, the eigenvalue equation reads:

Y (z,w) = (1/As) (n(2)as — e(x)Bz)) (76)

The non-zero eigenvalues are given by:

A = tiw = +i/|e2n2 = (e,1)2 (77)

where we used the shorthand notations:
1= [ dnlf@P, (f9)= [ def@go).

Notice that w, i.e. the expression under the square root, is strictly positive because of
Cauchy-Schwartz inequality.
The coefficients defining the eigenfunctions have to satisfy the homogeneous system:

In*a—(n,€)8 = A8 (78)
(e;ma —|e’8 = A (79)

Once solved for «, 5 the system , , in terms of variables €, we get for the eigen-
functions ¢4 (z.w) = u(z,w) + iv(z,w) the following expressions:

u(@,w) = €(x)/|el (80)
w(z,w) = (e(@)(e,n) = n(@)[e*)/(wlel) (81)

As in the finite N case, u(z,w) and w(x,w) have norm one and are mutually orthogonal.
Accordingly, the kernel A(z, ') of the integral operator A can be written in the form:

Az, 2') = iw(u(z, w)w(r',w) — u(z’,w)w(z,w)) (82)

4.1.1 Linearization around the eventual equilibrium configuration.

Now, let us assume that the system enjoys an equilibrium configuration, namely that
there exist at least one point P% Q¥ in the P,Q-plane such that the function z(z) =
exp[PY%(x) + Qn(z) + k()] fulfils the properties (z,€) = 0, (z,7) = 1, and ask whether
there exist small oscillations around that equilibrium configuration. To this aim, we set
P =P +6P, Q=Q"+5Q, and consider a first order expansion of the exponential,
setting

exp[Pe(z) + Qn(x) + r(z)] ~ z(x)(1 + 6 Pe(x) + 0Qn(z))
Accordingly, we get the following linear system of differential equations for the unknowns
0P, 6Q:
6P = —ASP — BHQ, (83)
6Q = COP + A8Q. (84)
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In the previous we have denoted:
A= [ deta)e@in (85)
B = /_ Z dxz(z)n(z)? (86)
C = /_ Z do2(2)e()? (87)

We notice that z(x) can be interpreted as a weight function in the previous integrals.
The nature of the system (83h84)) is fixed by the solution of the secular equation:

M- A2+ BC =0 (88)
It easy to see that
~ A%+ BC = (1/2)/ dx/ da’ z(x)z(2)[e(z)n(z") — n(z)e(2")]? (89)
where is the trace of the square of the matrix M
—-A —B
- (77 0

hence, the linearized motion will be periodic around the centrum (P, Q°) with period

w=+vV-A2%2+BC.

provided z(z) exists as a positive real function a.e. on R.

In the next Section, in parallel with the infinite discrete case, we will give some general
expressions for the equations of motion. Again, in order to be operative, we assume that
the functions €(z) and n(x) have an opposite parity with respect to the function k(z). In
the following subsections we will consider the case of a Kernel given by an even function,
and hence €(z) and n(x) odd, and the case of a Kernel given by an odd function, and
hence €(z) and n(z) even.

4.2 The case of an even Kernel

Let us specify the functions € and 7 as:
1
€(r) = —¢€(x), r)=-—n(—x 91
(z) \/ﬁ()n() n(—x) (91)

where é(x)? = 1 for x € [-L, L], e(z) = 0 for x ¢ [~L, L], €(z) odd and n(x) odd. We
assume that both € and 7 are square integrable and normalized to 1. As for the Kernel
k(x), it is represented by square integrable even functions, compactly defined in an interval
or defined on the whole real line. Let us start from the equation for Q. We have

Q= / " die(x) explPe(x) + Qn(z) + r(x)] (92)

We give the following



]ocn m p[ The integrable Volterra system and infinitely many species 31

Proposition 4.1. Let s(§) be a bounded rapidly decreasing function and consider the
following expression:

L
S(Pa k)= [ de)exn(Pele)) f(ws(€))de, (93)
where f(x) is a continuous function of x and €(§) is given in . Then, for any finite
values of x one has

lim S(P,z,L) = Pf(0). (94)

L—oo

Proof. By taking the Taylor expansion of the exponential we get

L P2

S(Pa D)= [ )1+ Pel) + el + . f(as()de. (95)

The term proportional to €2 is given by
L P L

P derssends = 57 [ rwsieas (96)

Consider the following expression
1 L
Fla.) =57 [ (rlas©) - 10)de (97)

If the integral is finite for L — oo, then in the limit L — oo one has limy o F(z,L) =0,
hence

1
Jim o > f(zs(€))ds = f(0). (98)
If the integral diverges for L — oo, by the L’Hospital rule one has
1 [E L —~L)) —2f(0
Jim o [ Gas©) - 1) = i HEENEICEDIZ2O) o 09

where in the last equation we use the fact that s(§) € S°°. Put in another way, in the
Taylor series of the integral of f(zs(£)) around x = 0, only the first term f(0) gives
a finite contribution, all the others approach zero in the limit L — oo.

From the previous result it follows that all the powers of € greater than two in the
expansion of € exp(Pe) in don’t give a contribution in the limit L — oo.

Let us look at the term linear in € in . One has

L L
[ corsiends = o= ["etrs(©) - rls-e)) de (100)
By adding and subtracting f(0) the previous integral can be written as

L

= “e(stes©) - 10) e [ e(stast-€) - 50)ag (101)
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If f(x) is Lipschitz at x = 0 then one has, for some constant C, |f(xs(£))—f(0)| < Clzs(€)|

Cla|
| / s < 2 | " (Is(e) — s(—e)) de (102)

and since s(§) is an S function the integral is bounded for any L and so the left hand
side approaches zero in the limit L — oo [.

Corollary 4.2. The equation of motion @ reduces, in the limit L — oo, to
Q="r (103)

Indeed, it is sufficient to set f(xs(€)) = exp(Qn(§) + k(€)) and use Proposition (4.1]).
Let us now look at the equation of motion for P. One has

P=1- /OO n(&) exp(Pe+ Qn + k)d¢. (104)

—00
We use the following Proposition

Proposition 4.3. Let (&) and s(&) be two rapidly decreasing functions and consider the
following expression:
L

T(P.x, L) = / n(€) exp(Pe(€)) f (ws(€) e, (105)

~L
where f(z) is a continuous function of x and €(€) is given in (91). Then, for any finite
values of x one has

i T(Pr,2) = | O (es(€))de (106)

L—oo oo

Proof. For £ > &, since s(§) — 0 for £ — oo, by continuity one has |f(zs(£)) — f(0)] <
d(z) or |f(xzs(&))| < |f(0)| + d(x) So one has

| / ©)del =1 [ n(e)flas()de + / n(€)f(s(€))de]| <

lt]<to [t|>to

/t s + (58 [ e

[t|>to

(107)

i.e. the integral [ n(€)f(xs(§))dE is finite since n(€) is in S°°. It follows that if one
con81ders the Taylor expansion of exp(Pe) in the mtegral -, only the term proportional
to €Y survives in the limit L — 00 and we get (| .

By using Proposition (4.3) we get the following equations of motion for P in the limit
L — oc:

P=1= [ 0 exp(@n(©) +n(O)ie. (108)
Since n(¢) is odd and k() is even, we can also write
P=1 [ € expln(€)) sinh(Qn(€)ds. (109)

The corresponding Hamiltonian is given by

2 ]
H= =@+ [ explw(©) (cosh(Qu(e)) ~ 1) de (110)
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4.3 The case of an odd Kernel

Now we specify the functions € and 7 as:

€(r) = =€), n(z)=rn(-x) (111)

where é(z)? = 1 for z € [-L, L], e(z) = 0 for « ¢ [—L, L], é(x) even and 7x) even. The
function x(x) must be odd. We assume further that

L

lim | €(€)d¢ = o(VL). (112)

L—oo L
For the equation of motion for () we use the following
Proposition 4.4. Let s(§) be a rapidly decreasing function and consider the following
exPTesSsion:

L

M(P,x,L) = / €(£) exp(Pe(€)) f (xs(€) e (113)

—L

where f(x) is a continuous function of x and €(§) is given in and satisfies .

Then, for any finite values of x one has
lim M(P,z,L) = Pf(0). (114)
L—oo

Proof. By taking the Taylor series of the exponential in (113) one has

L 2

M(P,z,L) = / e(§) <1 + Pe(§) + %e(é)Q +.. ) fzs(€))dE. (115)

—L
The term proportional to € is:
L 1 L
P errwsenas =g [ s (116)

Exactly as for the equation , the previous expressions equals Pf(0). It remains only
the term linear in € to look at, since all the powers of € greater than 2 in the Taylor
expansion (115 do not contribute in the limit L — co. The linear term in € is

L 1 L ~
/ ) (as€)ds = o= / ROHEIGES (117)

Due to the condition ((112)), since f(xs(§)) — f(0) as & — oo, the integral on the right
hand side is o(%) and it follows that the contribution from the term linear in € in (113])

vanishes. Indeed the integral (117]) can be written as

L L
\/:;T/L €€)f(xs(¢))ds = \/:;T/L &) (F(as()) — £(0)) dE + —— /

(118)
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The last integral is equal to zero in the limit L — oo due to condition ((112)). For the
other integral, assume that f(z) is Lipschitz at = 0. Then one has, for some constant

C, [f(@s(£)) — f(0)] < Clas(§)], giving

L /L #6) (F(ws(©) — £O) del < K2 [T o)1ae (119)
V2L J-1 T V2L J-p

and since s(§) is a rapidly decreasing function the left hand side in (119]) approaches to
zero in the limit L — oo [.
The equation of motion for @) follows from the previous Proposition by taking f(zs(£)) =

exp(Qn(§) + £(£)). We get
Q=P (120)
For the equation of motion for P we can use Proposition (4.3), still valid if €(¢) is given

as in . We get
Pt [ (e explQu(e) + (€))de. (121)

—00

The function 7(€) is even and k(§) is odd, whereas the interval of summation is symmetric.
It follows that only the even portion of exp(x(£)) survives, giving

P=1= [ 1€ exp(Qn(e)) coshu())ie (122)
The corresponding Hamiltonian is given by
P2 00
=" =@+ [ exw(Qul) (eosh(w(e) - D). (123)

The Remarks (3.6)-(3.8)) given for the discrete case can be easily translated to the
continuous case.

Remark 4.5. The equations of motion, both for an odd Kernel and on even one, are given
by

. . +Oo
Q=P P=1- [ " u(e)exp(@n(6) + x())dk. (124)
—0o0
where the functions e€(x) and n(x) have opposite parity with respect to k(x). The above
system has always just one equilibrium position, say (Q, P) = (Qo,0), if the function n(z)
has not a definite sign. In this case the motion is bounded and the equilibrium position is
a center.

Again, the function defining P in is a decreasing function of @ as it follows
immediately by taking its derivative with respect to Q. Further, for Q — —o0, P — o0
(we assume that there will be always a set of positive measure for which n(z) is negative),
whereas for Q — 400, P — —0c0 (we assume that there will be always a set of positive
measure for which n(z) is positive), and one has just one zero. The motion must be
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bounded for the same reasons given in Remark (3.6)). Further, since (124)) is Hamiltonian
with the Hamiltonian given by

2 00
=T +v="1"m 0 [ @@ +ui) - (125)

the potential V' has a global minimum in @)y, as can be easily seen by taking its first and
second derivative. Also it approaches +oo for () — £o00 and is an infinite potential well.

Remark 4.6. If the function n(xz) has just one sign, then the system has one
equilibrium position if n(x) > 0 and has no equilibrium position (open orbits) if n(xz) < 0.

The previous Remark follows by looking at the properties of the system (124) when
n(z) > 0 or n(z) <0, as did for the Remark (4.5).

Remark 4.7. The equations of motion hold true also if the functions n(x) and k(z)

belong to L'. The Propositions , and indeed hold also for n(x) and k(x)
belonging to L'.

An example of sequences in L' will be given in the subsection ([5.4). We end this Section
giving a Remark, like in the discrete case, about the possibility to get a mixed odd/even
Hamiltonian.

Remark 4.8. It is possible to take a flow that is a combination of the Hamiltonian con-
taining the even Kernel &, @, and the Hamiltonian containing the odd Kernel #,

:

P2 oo o e e o
0+ (1= a)dt, = - —Q+/ (aeQ" (OFr() 1 (1 — @)e@ (O+r7(E) _ 1) de. (126)
where the superscripts on the sequences remind if they are odd or even. If the functions
n°(&) and n°(&) have not a definite sign, the potential

Vo_Q+ / (%an’(aﬂas) (1 = a)e@r @) _ 1) s (127)

—00

has just one minima for a € [0, 1] and is an infinite potential well. so that the correspond-
ing motion is bounded and periodic. The proof being the same as in Remark and s
omitted.

In the next Section we will give some particular realization of the equations of motion,
specifying the sequences 7, €, and k, for the discrete case or the functions n(x), ¢(z) and
k(z) for the continuous case.

5 Some examples

In this Section we will give an analytic example of discrete model by starting from suitable
€n, Nn, Kn. Successively, we will give an analytic example for the continuous model. Some
numerics will be also given.
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5.1 An example for the discrete case

We choose the following sequences for €,, n,, ﬁnﬂ

1
€n = ———=€n,
a—1 - (128)
M = 2(1 — 6—2aN)6 a|n|6n

where €, is the sequence given in . In the previous it is assumed that €, has compact
support in [~N, N]. Both €, and 7, are normalized, in the 2 norm, to the unity.
From the general formulae and we get

Q=P P=1-Y n,exp(Qnn+ kn). (129)
nez

Let us look at the sum defining P. By taking the Taylor series of the exponential we can
write

D 1 exp(@Qna + Kn) = ) Z (@ + ’i”) : (130)

nez n€eZ k=0

Now we can use the binomial expansion to give

ZZ Q%Jr&n ZZZ( >mm+'1km (131)

neZ k=0 neZ k=0 m=0

The sequence &, is even, whereas 7, is odd, so only when m is odd one has a contribution
different from zero, since the sum in n is on a symmetric interval. So we can write

ZZZ( )W—ZZZ( > (L= costom) QU i 1

neZ k=0 m=0 nez k=0 m=0
We now recall, from (128), that when m + 1 is even 7+t = w™Hle—a(m+Dinl where
w = 62a2_1. By considering also the explicit formula for x,, from (128)) and by performing

the sum over n we can write

ZZZ( )mmHkm ZZ( )1_cos(m>>cm (133)

n€Z k=0 m=0 k=0 m=0

The sum over m can be performed by using the binomial formula, we have

Qmwm—H Ck—m

o~ k k "
Z Z <m) (1-— Cos(wm))m =

k=0 m=0 ( )k ( )k (134)
_ C+ Quw 1 C—Quw 1
= w; 7l calk+l) 1 wZ %l ca(ktl) _ 1

3Given the choices of €, and 7,, we just made a particular choice of k,. This corresponds to fix the
value of the Casimirs



]ocn m p[ The integrable Volterra system and infinitely many species 37

By summarizing, the equation of motion for Pis given by

(C+ Qw (C— Qw 1
=1- wZ k+1) ;T Z ca(ktl) — 1 (135)

We notice that the series ((135)) can be also expressed in terms of the following function:

ZT = z— Z(z“’ —1), (136)
n:l

that is an entire function of z in the complex plane for r € (0,1). Indeed, if we set r = ™%,

with a > 0 we get the following equations of motion

Q=P

. 137

P =14 w(F(e~9W) — F(eCT@w)) (137)
where the function F'(z) defined in (|136]) satisfies the functional equation

rF(z")=F(z)—rz", r=e (138)

Notice that the function w(F(e¢~Q%) — F(e“+%")) is decreasing in Q and decreases from
400 for Q@ - —oo to —oo for Q — 400, meaning that there is just one equilibrium
configuration.

Alternatively but equivalently, the equations of motion can be defined by the
function f(z) = F(exp(z)), given by the series

Zk Tk+1
D= T e (139)
k=0

Indeed, by taking the finite series

N
Z r" exp(zr"), (140)
n=1

by expanding the exponential in its Taylor series, summing over n and letting N — oo
one gets F(exp(z)) = f(z), with f(z) defined as in (L39).
The previous equations of motion of this infinite discrete system stem from the Hamil-
tonian function
2

H =1 Q4 O(e0) - GeOrev), (141)

where the function G(z) is defined by the series
G(z)=> (2" =1 (142)
n=1
Equivalently, the Hamiltonian can be written in terms of the following function g(z):

k+1 T‘k+1

9(2) :kzo (k+ 1)1 — kL (143)
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with

2
H:%*Q+Q(C*QW)*Q(C+QM). (144)

As for the function f(z) and F(z) above, the relation between g(z) and G(z) is simply
given by g(z) = G(exp(2))

5.1.1 The numerics of the discrete case

Let us set the parameter w equal to 1 and C' also equal to 1. Since w = 62(1271, it follows
that ¢ = In(3)/2 and r = % The equations of motion can be written as
Q=P P=1+f1-Q)-f1+Q) (145)
where
©  _k
z 1
f(z) = Z Tl oL (146)

H
A
oS
w

ol

By truncating the series at n = N and noticing that —= for k > 1, one gets

the following bound for the reminder:

=k 1 V3 > z
|RN| = Z ggk?|§7 Z o fexp(f)» (147)

k=Nt1 37 —1 k=N+1

where 6 € (0,1) and we used the Lagrange form of the reminder for the expansion of
||

exp(%). Just to get an idea, for N = 30 the previous formula gives an Rgy of the order

1078 for z =10 and 6 = 1 and an R4 of 10716 for N = 40 and the same values of z and
0, whereas the values of the sums from & = 0 to £ = 30 and from k£ = 0 to k£ = 40 are
about 2 - 102. We use the series up to N = 40 and integrate numerically the equations
of motion with a standard Runge-Kutta-Fehlberg method with Maple. The Figure
shows the numerical integration of the system with three different initial conditions:
(Q(0), P(0)) = (10,0), (Q(0), P(0)) = (8,5) and (Q(0), P(0)) = (5,0). The corresponding
values of the energies are 607.38102, 207.09954 and 33.39845. The plots on the right, in
blue, are the plots of the analytical curves corresponding to the level curves defined by
the Hamiltonian in these three cases and coincide with the orbits. The curve in red is the
curve defined by P = 0: the equilibrium position is where this curve intersect the Q axis.
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P P

30

Figure 2. Plot of three orbits of the system (145): on the left there is the numeric, on the right
the plot of the corresponding Hamiltonian level curves. In red the nullclines defined by P =0and

Q=0.

5.2 An example with 7, and k, in ¢! and &, odd.

As specified in the Remark ( -, the equations of motion ) holds true also if the
sequences 7,, and k, belong to ¢!. The properties of the orblts glven in the Remark (3.6 .
or in the Remark . are also valid in these cases. As an example of the differential
equations that one obtains, we can take ¢, like in (hence k,, odd)

3o
=53 n#0, =0 o>=1
(148)
C
Kp = &() n#0, kg=0.
n?
From formula , to get P we need to evaluate the following sum
> 00 exp(Qin + i), (149)

neL
and, by using explicitly the relations (148) we get
30 o 1 3¥Q+C Q-C
Znn exp(Qnn + Kn) = 222 <exp <7r2n2 + exp WQT . (150)
neL n=1

By taking the Taylor series of the exponential and defining the exponential generating
function of the Riemann Zeta function on the even integers as

Xk
Ceven(2) = Y 77¢(2k +2), (151)
k=0

(\2
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we can write

: . 3 2Q+C\ 3 2Q-C
Q = P, P=1- OQ—Ceven m b) - OQ—Ceven m b) (152)
T T

n n

Notice that in this example the curve defining P = 0 has a different limit for Q — —o0
with respect to the general case discussed in the Remark and shown in Figure (|1):
indeed, if o = 1, the 7, are all non negative and hence in the limit () — —oo one has P=1.
The existence of just one equilibrium configuration is ensured by limg_, 4~ P = —c0 and
from the monotonic decrease of P. If o = —1 then P is always positive and one has open
orbits and no equilibrium configurations.

5.3 An example for the continuous case

We choose for €(z) the class of odd piecewise constant functions with a compact support
n (—L,L). The function n(z) also is odd, whereas x(x) must be even. By requiring the
L? normalization for € and 1 we can write (a and C are two parameters)

1) = oD exp(—a’|z|)é(x), (153)

r(z) = Cexp(—a?|z]).
Let us look at the equations of motion for P and @ . From the general formulae

and we get
) . +oo
Q=P P=1- / n(§) exp(@n(§) + £(€))dE (154)

—0o0

We take the Taylor series expansion of the exponential in the equation for P and then use
the binomial formula to get

/ 6 exp(@n(e) + w(6))de = ZZ( ) [ RO LT

—o0 n=0 j=0

Since 1 is an odd function, whereas & is even, only when j is odd there is a contribution
different from zero. So, by taking into account the expressions (153|) and by noticing that
&+l =1 for j odd we can write:

(1 Q&) R(©)" 7 _ () 1= cos(mj) QCr Il e (el
() [t = () [

=0 J =0

(156)
that is, by performing the integral

i<n>/_ e @ (§)3+1 e an( )alejc:nTl)—! cosm) s

§=0 J j=0
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The sum over j can be carried out by using the formula for the binomial expansion. The
sum in equation ([157)) is just given by

(C+Qu)"  (C-Qa)"
a(n +1)! aln+ 1)1

Going back to equation ([155) we can write

Foo a — Qa)"”
[ oe@ne - siena = 3 ({TeEr - o) (159)

(158)

that can be summed to
€C+aQ -1 eCfaQ -1

— 160
(O aQ)  alCaQ) e
giving the following equations of motion
. . C+aQ _ 1 C—aQ _ |
O=p, P=1-° ‘ (161)

a(C + aQ) + a(C —aQ)’

The equilibrium position are given by (P = 0,Q = Qo), where Qg is the root of the
transcendental equation:

€C+aQ -1 eCfaQ -1

a(C + aQ) * a(C —aQ)
As expected, this equation has always just one real root. For the sake of simplicity, let us
just set @ = 1. Then, both the functions €= and eﬂTfl are increasing, so that the left
hand side of , as a function of @), is decreasing when a = 1. Also, it decreases from
400 to —oo, crossing the Q-line only once. By looking at the properties of the functions
exx_l and 6_2_1 it is also possible to give more precise statements about the intervals on
the @-line containing the root. For example, if C' € (0,C*) where C* = % and z* is
the only real root of the equation “—! = 2 (z* ~ 1.25643), then Qo € (C,z* — C). In
general, if C is large and negative, then Qg ~ C, whereas if C' is positive then Qg € (0, 2°),
decreasing to 0 when C' increases. Here 2° corresponds to the root of (162)) when C' = 0,
ie. 29 ~ 0.93082.

This equilibrium position is stable and indeed is a center. In fact, the linearization of

the dynamical system corresponding to the Hamiltonian around @ follows by letting
P =6P and Q = Qo + dQ with P and Q) satisfying

5Q = 0P, 6P = G(Qy)dQ, (163)

where G(Q) is the derivative of the left hand side of (162). We have shown however that
the left hand side of is decreasing, so the solution of is oscillatory.

In this special case, in the limit L — oo one gets for the quantities in —: A =
0, C =1, while B is given by the following more complicated expression:

(162)

B =1/(C—Qo)*[exp(C —Qo)(C—Qo—1)+1]4+1/(C+Qo)*[exp(C + Qo) (C + Qo — 1) +1]

As expected, B coincides with F'(Qp) (162), so that the linearized equations yield a
harmonic motion.



12 Jocnmp] O Ragnisco and F Zullo

5.3.1 The numerics of the continuous case

In order to numerically integrate the equation , we set « = 1 and C' = 1. As for
the discrete case, we plot three orbits. The orbits correspond to the following initial
conditions: (Q(0), P(0)) = (2,0), (Q(0), P(0)) = (5,0) and (Q(0), P(0)) = (-=7,5). The
corresponding values of the energies are 6.61584, 77.80793 and 456.00834. The plots on
the right in Figure , in blue, are the plots of the analytical curves corresponding to the
level curves defined by the Hamiltonian in these three cases and coincide with the orbits.
The curve in red is the curve defined by P = 0: the equilibrium position is where this
curve intersect the () axis.

NG
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=

— e
—— "

-5 0 J
=104 J

-30 J
Figure 3. Plot of three orbits of the system (161)): on the left there is the numeric, on the right

the plot of the corresponding Hamiltonian level curves. In red the nullclines defined by P = 0 and

Q=0.

5.4 An example with n(r) and x(x) in L' and x(z) odd.

As specified in Remark (4.7), if the functions n(z) and s(z) are in L', the equations of
motion ([124)) still give a finite result. Let us take the following functions

2% ) 2 Csgn(x)
— ’ =1, R = e 164
n() (1 + 22) o k(@) (14 22) (164)
In order to deal with the equation for P in (124)), we use the following result:
/Oo L exp(—L ) de = T exp(y/2)1o(y/2) (165)
ex T = —ex
0 1+ 72 p 1+ 2 92 Py oly )

where [j is the modified Bessel function of the first kind defined by

71r/0<>0 exp(z cos(§))d¢ = Iy(2). (166)
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Indeed, by the change of variables x = tan(£/2) (165)) becomes

o) 1 y B 1 T y
and formula (165)) follows. From the definitions (164) and formula (165 we get for the
equations of motion ((124))

O=P, P:1—a<e°Qw+CIO (UQ:C> e (“QW_C» (168)

We underline that in this example the curve defining P = 0 has a different limit for
) — —oo with respect to the general case discussed in the Remark . Indeed, if
o =1 then n(z) is always positive and hence in the limit Q — —oco one has P = 1. The
existence of just one equilibrium configuration is ensured by limg_, o P = —c0 and from
the monotonic decrease of P. If ¢ = —1 then P is always positive and one has open orbits
and no equilibrium configurations.

6 Concluding remarks

In this paper we proposed an extension of the integrable Volterra model to the case of
infinitely many species, either countable or uncountable. The corresponding models have
been shown to possess the property of being maximally superintegrable since reduce to a
system with just one degree of freedom. This property is independent on the choice of the
parameters, but is essentially related to the fact that, in the integrable case, the interaction
matrix A has always rank 2. The one dimensional equations of motion are — for
the discrete case and — for the continuous case. Clearly, it is necessary that the
sequences €, 1, and k, for the discrete case or the functions e(x), n(x) and x(x) for the
continuous case are such that the corresponding equations converge.

In our opinion, though the generalizations proposed are non trivial, they do not lead
to an enrichment of the dynamics of the system. Indeed, within the class of sequences or
continuous functions we have considered, in the infinite limit, both discrete and continuous,
the behaviour of the system looks even simpler than the one characterizing the case of
a finite number of species. We may assert that the maximal superintegrability, already
discovered in [16], gets in a sense strengthened by the infinite limit, inasmuch as there
exists a general formula showing that, in canonical coordinates, the Hamiltonian takes, in
a way unexpectedly, the classical one body feature # = %2 + V(@Q). For the discrete case
this is true if the sequence ¢, is chosen like in or , i.e. is a set of +1 and —1,
normalized in ¢?, distributed evenly or oddly on the real line, whereas for the continuous
case we take a normalized step-like piecewise constant function, evenly or oddly distributed
on the real line. In order to get the convergence, the sequences 7, and k, can belong to
the set of rapidly decreasing sequences S or to the larger space ¢!, and the corresponding
equivalent assumptions must be made about the functions n(x) and x(x) in the continuous
case.

The explicit form the potential V(Q) takes depends on the particular choices of the
sequences 17, kn (or n(z) and k(x)) for the continuous case. We give some examples.
Also, we have shown that with our particular choices of the growth rates €, (e(z)), the
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Hamiltonian system # = %2 + V(Q) possesses bounded periodic orbits if the sequence
7n has not a fixed sign or if n,, > 0 for all n, whereas possesses open orbits if 7, < 0 for
all n. Examples of all these cases have been given. The same statements are true in the
continuous case by requiring respectively that the function 7n(x) has not a fixed sign, is
non-positive or is non-negative.

We have also shown that taking an even or odd Kernel (or growth rates) is not limitative
since it is possible to take a combination of the even and odd Hamiltonian flow and get a
mixed Hamiltonian. The properties of the corresponding orbits are also been given.

The above results are strongly related to the family of sequences for the growth coef-
ficients €, or the family of growth function €(z) chosen. In principle, a different choice
of these coefficients or function can destroy the simple Hamiltonian structure described
in this work. The instances here given are, in our opinion, significant for the following
reasons: they give, in the infinite limit, both in the discrete and in the continuous case,
a finite and specific Hamiltonian model. Also, the uncountable case can be seen as the
natural limit of the denumerable one. Further, the sequences 7, and k,, or the functions
n(z) and k(z) for the continuous case, are essentially arbitrary (apart from the fact of
belonging to a suitable summable or integrable space) and the properties of the corre-
sponding Hamiltonian models are universal, in the sense that, fixed the sequences 7, and
Kn, or the functions n(x) and k(x), the behaviour of the orbits are fixed (either periodic or
open for specific cases).

Finally, the connection between the growth coefficients and the automatic sequences,
like the Rudin-Shapiro sequence, briefly mentioned in the text, is somehow unexpected
and surely deserves much attention in future works.

As for the unanswered questions: we have not been able to find an explicit formula for
the period of the orbits, apart for the linearized case. For a finite number of species we
have shown [17] that, in suitable cases, the period of the linearized system is a very good
approximation of the period of the orbits of the non linearized model. We expect that, if
the nonlinearity is not too strong, the observation remains true also in our examples, but
we didn’t give any quantitative statement about this. Finally, it would be interesting to
expand the class of sequences or functions for €, and e(x) here given to other families: as
said, the Hamiltonian structure that we obtained may be destroyed and richer models, for
example with a greater number of equilibrium positions and different type of behaviours
for the orbits, could be found.
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