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Abstract

We consider a projective transformation and establish the invariants for this transforma-
tion group up to order seven. We use the obtained invariants to construct a class of non-
linear evolution equations and identify some symmetry-integrable equations in this class.
Notably, the only symmetry-integrable evolution equation of order three in this class is
a fully-nonlinear equation for which we find the recursion operator and its connection
to the Schwarzian KdV. We furthermore establish that higher-order symmetry-integrable
equations in this class belong to the hierarchy of the fully-nonlinear 3rd-order equation
and prove this for the 5th-order case as well as for the quasilinear 7th-order case. We list
all symmetry reductions of this 3rd-order fully-nonlinear symmetry-integrable evolution
equation to ordinary differential equations by exploiting the 1-dimensional optimal Lie
symmetry subalgebras of the transformation group. We also identify the ordinary differ-
ential equations that are invariant under this projective transformation and reduce the
order of these equations.
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1 Introduction

In [6] we reported a class of 3rd-order symmetry-integrable evolution equations of the form

ut = F (u, ux, uxx, u3x), (1.1)

which were required to remain invariant under the Möbius (or projective) transformation in
u. In particular we considered the following transformation:

M :



u(x, t) 7→ v(x̄, t̄) =
α1u(x, t) + β1
α2u(x, t) + β2

x 7→ x̄ = x+ ϵ1

t 7→ t̄ = t+ ϵ2.

(1.2)

Here αj , βj , γj , δj and ϵj are real parameters and

Φ =

(
α1 β1
α2 β2

)
∈ SL(2,R) with detΦ = 1.

Without loss of generality we may set β2 = 1. The 5-dimensional Lie algebra spanned by the
Lie generators

{Z1 =
∂

∂x
, Z2 =

∂

∂u
, Z3 = u

∂

∂u
, Z4 = u2

∂

∂u
, Z5 =

∂

∂t
} (1.3)

represents this transformation (1.2). Using the criteria of symmetry-integrability and invari-
ance under (1.2), we obtained the following set of equations [6]:

ut = uxS : the Schwarzian KdV equation (1.4a)

ut = −2
ux

S1/2
(1.4b)

ut =
ux

(b− S)2
(1.4c)

ut = ux

(
a1 − S

(a21 + 3a2)(S2 − 2a1S − 3a2)1/2

)
, (1.4d)

where b, a1 and a2 are arbitrary constants provided that a21 +3a2 ̸= 0. Here and throughout
this paper we make use of the usual subscript notation to indicate derivatives. In particular,
ux := ∂u/∂x, uxx := ∂2u/∂x2 and upx := ∂pu/∂xp for p ≥ 3. The symbol S denotes the
Schwarzian derivative (see for example [13]), which is here defined in terms of u by

S :=
u3x
ux

− 3

2

u2xx
u2x

. (1.4e)

Note that the -2 in equation (1.4b) is of course not essential, and we could replace it by an
arbitrary non-zero constant λ or just by 1.
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Given the fact that

ω1 =
ut
ux

and ω2 = S (1.5)

are the two fundamental invariants of transformation (1.2), it is not surprising that equations
(1.4a) – (1.4d) are of the general form

ut = uxΨ(S), (1.6)

where the function Ψ is determined such that (1.6) is symmetry-integrable. This means that
(1.6) must admit Lie-Bäcklund symmetries (for details, see for example [5] and references
therein).

It is now natural to investigate the complete Lie point symmetry properties of equations
(1.4a) – (1.4d). In doing so, we noticed that equation (1.4b) is the only equation in this class
that admits, in addition to the transformation (1.2), also a projective transformation in the
independent variable x. This result provided the motivation for our current study.

The paper is organized as follows: In Section 2 we introduce the projective transforma-
tion in the variables x and u(x, t) with a translation in t, and calculate all its invariants up
to order seven. We then make use of the obtained invariants to construct evolution equations
that are invariant under this projective transformation. This leads to four main cases that
are distinguished by the order of the invariants used. In Section 3 we address the problem
of identifying symmetry-integrable evolution equations that belong to the mentioned four
classes of evolution equations in Section 2. We find that there is only one 3rd-order equation
in this class that is symmetry-integrable, namely equation (1.4b). We derive a recursion
operator for this equation and establish the associated hierarchy of symmetry-integrable
equations (see Proposition 1 below). Furthermore we prove Proposition 2, which states that
the only 5th-order equation that is both invariant under the given projective transformation
and symmetry-integrable, belongs to the hierarchy of Proposition 1. In Proposition 3 we
establish that there exists no symmetry-integrable 6th-order evolution equation in this class,
and in Proposition 4 we state and proof that the 7th-order quasilinear evolution equation
that is both invariant under the given transformation and symmetry integrable also belongs
to the mentioned hierarchy. In Section 4 we list all symmetry reductions of the 3rd-order
fully-nonlinear symmetry-integrable evolution equation to ordinary differential equations by
exploiting the 1-dimensional optimal Lie symmetry subalgebras of the introduced 7 dimen-
sional Lie symmetry algebra. In Section 5 we establish the hodograph-type transformation
between the 3rd-order symmetry-integrable equation and the Schwarzian Korteweg-de Vries
equation, In Section 6 we restrict the projective transformation to the variables x and u(x)
and find its invariants up to order seven. We list all ordinary differential equations (without
the fully-nonlinear cases) that are invariant under this projective transformation, solve the
5th-order equation in general and reduce the order of the 6th and 7th-orrder equations. In
Section 7 we make some conclusions.
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2 Invariants and invariant evolution equations

We consider the following projective transformation in the variables x and u(x, t) with a
translation in t (see for example [14]):

M1 :



u(x, t) 7→ v(x̄, t̄) =
α1u(x, t) + β1
α2u(x, t) + β2

x 7→ x̄ =
γ1x+ δ1
γ2x+ δ2

t 7→ t̄ = t+ ϵ.

(2.1)

Here αj , βj , γj , δj and ϵ are real parameters and

Φ1 =

(
α1 β1
α2 β2

)
∈ SL(2,R), Φ2 =

(
γ1 δ1
γ2 δ2

)
∈ SL(2,R),

where detΦ1 = 1 and detΦ2 = 1. The Lie generators for (2.1) are

{Z1 =
∂

∂x
, Z2 = x

∂

∂x
, Z3 = x2

∂

∂x
, Z4 =

∂

∂u
, Z5 = u

∂

∂u
, Z6 = u2

∂

∂u
, Z7 =

∂

∂t
}, (2.2)

which span the 7-dimensional Lie algebra that represents the projective transformation in
both x and u with a translation in t.

Remark: Two of the parameters in (2.1) can of course be set to one without loss of generality.
For example, we can set β2 = δ2 = 1.

Applying now the condition

Z
(7)
j ω(x, t, u, ut, ux, uxx, u3x, u4x, u5x, u6x, u7x) = 0, j = 1, 2, . . . , 7, (2.3)

we obtain the following four invariants for the seven-dimensional Lie algebra (2.2) (here Z
(7)
j

denotes the 7th-order prolongation of the Lie generators Zj given by (2.2)):

ω1 =
u2t
u2x

S (2.4a)

ω2 =
u4t
u4x

(
Sxx −

5

4

S2
x

S
+ 4S2

)
(2.4b)

ω3 =
u5t
u5x

(
S3x −

9

2

SxSxx

S
+

15

4

S3
x

S2

)
(2.4c)

ω4 =
u6t
u6x

(
S4x − 7

SxS3x

S
+

63

4

S2
xSxx

S2
+ 19SSxx −

315

32

S4
x

S3
− 95

4
S2
x + 34S3

)
. (2.4d)

We remind that S stands for the Schwarzian derivative (1.4e) throughout this paper.
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The most general PDE that is invariant under the transformation (2.1), albeit with the
functional dependence of ω as indicated in (2.3), is of the form

Ψ(ω1, ω2, ω3, ω4) = 0 (2.5)

for any given function Ψ, where ωj are the listed invariants. In particular, the class of evolu-
tion equations that are invariant under (2.1) can be presented in four main cases according
to their orders, where we refer to the invariants (2.4a) – (2.4d) listed above. For convenience
we define the following three variables in terms of S and its x-derivatives:

Ω1 :=
ω2

ω2
1

=
Sxx

S2
− 5

4

S2
x

S3
+ 4 (2.6a)

Ω2 :=
ω3

ω
5/2
1

=
S3x

S5/2
− 9

2

SxSxx

S7/2
+

15

4

S3
x

S9/2
(2.6b)

Ω3 :=
ω4

ω3
1

=
S4x

S3
− 7

SxS3x

S4
+

63

4

S2
xSxx

S5
+ 19

Sxx

S2
− 315

32

S4
x

S6
− 95

4

S2
x

S3
+ 34. (2.6c)

We note that the relations between Ω1, Ω1 and Ω3 are as follows:

Ω2 =
Ω1x√
S

(2.7a)

Ω3 =
Ω2Ω2x

Ω1x
+

9

2
Ω2
1 − 17Ω1 + 30. (2.7b)

Case 1.1: The third-order case. There is only one invariant available here, ω1, so we consider

ω1 = λ2 (2.8)

which gives the fully-nonlinear 3rd-order evolution equation

ut = λ
ux

S1/2
. (2.9)

Here λ is an arbitrary non-zero constant.

Case 1.2: The fifth-order case. We have two invariants available, namely ω1 and ω2, which
provides the general case

ω
1/2
1 = F (Ω1) (2.10)

with F any given function for which

dF

dΩ1
̸= 0.
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This leads to the following 5th-order evolution equation:

ut =
ux

S1/2
F (Ω1). (2.11)

Note that the relation

ω
1/4
2 = F̃ (Ω1)

for some arbitrary function F̃ leads to the same equation (2.11).

Case 1.3: The sixth-order case. We have three invariants available, namely ω1, ω2 and ω3,
which provides the general case

ω
1/2
1 = F (Ω1,Ω2) (2.12)

with F any given function for which

∂F

∂Ω2
̸= 0.

This leads to the following 6th-order evolution equation:

ut =
ux

S1/2
F (Ω1,Ω2). (2.13)

Note that the relations

ω
1/4
2 = F̃1(Ω1,Ω2)

and

ω
1/5
3 = F̃2(Ω1,Ω2)

lead, for arbitrary functions F̃1 and F̃2, to the same equation (2.13).

Case 1.4: The seventh-order case. We have four invariants available, namely ω1, ω2, ω3 and
ω4, which provides the general case

ω
1/2
1 = F (Ω1,Ω2,Ω3) (2.14)

with F any given function for which

∂F

∂Ω3
̸= 0.

This leads to the following 7th-order evolution equation:

ut =
ux

S1/2
F (Ω1,Ω2,Ω3). (2.15)

Note that the relations

ω
1/4
2 = F̃1(Ω1,Ω2,Ω3), ω

1/5
3 = F̃2(Ω1,Ω2,Ω3)

and

ω
1/6
4 = F̃3(Ω1,Ω2,Ω3)

lead, for arbitrary functions F̃1, F̃2 and F̃3, to the same equation (2.15).
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3 Symmetry-integrable evolution equations

The aim here is to find evolution equation that are both invariant under the transformation
(2.1) and symmetry-integrable. By symmetry-integrable equations we mean equations that
admit higher-order generalised symmetries, the so-called Lie-Bäcklund symmetries, and a
recursion operator that generate these symmetries. This then typically leads to a hierarchy
of higher-order symmetry-integrable equations (see for example [5] and the references therein).

3.1 The 3rd-order evolution equation (2.9)

The general 3rd-order evolution equation invariant under (2.1) is given by equation (2.9) in
Case 1.1 viz.

ut = λ
ux√
S
.

We find that (2.9) admits a 5th-order Lie-Bäcklund symmetry and the following 2nd-order
recursion operator

R[u] = G2D
2
x +G1Dx +G0 + λ

ux√
S
D−1

x ◦ Λ, (3.1)

where

G0 =
k2
4

(
Sxx

S2
+

uxx
ux

Sx

S2
− 3

2

S2
x

S3
− u2xx

u2x

1

S

)
+ k1 + k2 (3.2a)

G1 = k2

(
uxx
ux

1

S
− 1

4

Sx

S2

)
(3.2b)

G2 = − k2
2S

(3.2c)

Λ = − k2
4λux

(
S3x

S3/2
− 9

2

SxSxx

S5/2
+

15

4

S3
x

S7/2

)
. (3.2d)

Here k1 and k2 are arbitrary constants and k2 ̸= 0. This establishes that (2.9) is symmetry-
integrable, which is in agreement with the result reported in [6]. This leads to

Proposition 1. The fully-nonlinear equation (2.9), viz.

ut = λ
ux√
S

provides the following symmetry-integrable hierarchy:

utj = Rj [u]ut, j = 1, 2, . . . , (3.3)

whereby every member of the hierarchy (3.3) is of the form

utj = uxΨj(S, Sx, Sxx, . . . , Snx) (3.4)

and R[u] is the recursion operator (3.1).
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The second member of the hierarchy (3.3) leads the 5th-order symmetry-integrable equation

ut1 = R[u]ut = λux

[
k2
4

Sxx

S5/2
− 5k2

16

S2
x

S7/2
+

(
k2
2

+ k1

)
1

S1/2

]
(3.5)

or, without loss of generality we let k2 = 1, we have

ut1 = R[u]ut = λux

[
1

4

Sxx

S5/2
− 5

16

S2
x

S7/2
+

(
1

2
+ k1

)
1

S1/2

]
. (3.6)

The third member of the hierarchy (3.3) gives the 7th-order symmetry-integrable equation
(with k2 = 1)

ut2 = λux

[
−1

8

S4x

S7/2
+

7

8

SxS3x

S9/2
+

21

32

S2
xx

S9/2
− 231

64

S2
xSxx

S11/2
+

1

4
(2k1 + 1)

Sxx

S5/2

+
1155

64

S4
x

S13/2
− 5

16
(2k1 + 1)

S2
x

S7/2
+
1

4
(2k1 + 1)2

1

S1/2

]
. (3.7)

Note: For k1 = −1, k2 = −2 and λ = −2, equation (3.5) is identical to equation (2.10a) in
[7], so this result coincides with the hierarchy that was generated from the equations in terms
of the Schwarzian derivative S reported in [7].

3.2 The 5th-order evolution equations (2.11)

For symmetry-integrable 5th-order evolution equations the following statement is useful:

Lemma 1: If a 5th-order evolution equation of the form

ut = uxΨ(x, t, S, Sx, Sxx) (3.8)

is symmetry-integrable for a given function Ψ then this function must satisfy the following
condition:

5
∂Ψ

∂Sxx

∂3Ψ

∂S3
xx

− 8

(
∂2Ψ

∂S2
xx

)2

= 0. (3.9)

Proof: We assume that (3.8) is symmetry-integrable. By definition the equation must
therefore admit Lie-Bäcklund symmeties of order n, where n is an integer larger than five.
Conditions (3.9) then follows directly from the Lie-Bäcklund symmetry invariance condition

LE [u]Q

∣∣∣∣
E=0

= 0, (3.10)

where E denotes the equation, i.e. E := ut − uxΨ, and Q = Q(x, t, ux, uxx, . . . , unx) is the
characteristic of the Lie-Bäcklund symmetry generator

ZLB = Q(x, t, ux, uxx, . . . , unx)
∂

∂u
. (3.11)
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Here LE [u] denotes the linear operator

LE [u] :=
∂E

∂u
+

∂E

∂ut
Dt +

∂E

∂ux
Dx +

∂E

∂uxx
D2

x + · · ·+ ∂E

∂uqx
Dq

x (3.12)

(in this case q = 5) and S is the Schwarzian derivative (1.4e). 2

By studying the Lie-Bäcklund symmetry properties of the two 5th-order equations (2.11)
given in Case 1.2, we are led to the following

Proposition 2. The only 5th-order evolution equation that is both invariant under the pro-
jective transformation (2.1) and symmetry-integrable is equation (3.6), namely the second
member of the hierarchy (3.3) of Proposition 1

ut = λux

[
1

4

Sxx

S5/2
− 5

16

S2
x

S7/2
+

(
1

2
+ k1

)
1

S1/2

]
.

Proof: By Case 1.2 we need to consider equation (2.11), viz.

ut =
ux

S1/2
F1(Ω1),

where Ω1 is given by (2.6a). Condition (3.9) with

Ψ =
1

S1/2
F1(Ω1) (3.13)

leads to the following condition on F1:

5
dF1

dΩ1

d3F1

dΩ3
1

− 8

(
d2F1

dΩ2
1

)2

= 0. (3.14)

Clearly
d2F1

dΩ2
1

= 0 satisfies (3.14), so that (2.11) takes the form

ut =
ux

S1/2

[
c1

(
Sxx

S2
− 5

4

S2
x

S3
+ 4

)
+ c2

]
, (3.15)

where c1 and c2 are arbitrary constants. Equation (3.15) is the linear combination of the first
two equations in the hierarchy (3.3) of Proposition 1, and therefore symmetry-integrable.
Furthermore, the general solution of (3.14) is

F1(Ω1) = c1 (Ω1 + c2)
−2/3 + c3, (3.16)

where c1, c2 and c3 are arbitrary constants. This leads to the following fully-nonlinear
evolution equation

ut =
ux

S1/2

[
c1

(
Sxx

S2
− 5

4

S2
x

S3
+ 4 + c2

)−2/3

+ c3

]
. (3.17)

Applying the invariance condition (3.10) we find that no Lie-Bäcklund symmetries up to
order 11 exist for equation (3.17) unless c1 = 0, which brings us back to the 3rd-order
symmetry-integrable equation (2.9). 2
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3.3 The 6th-order evolution equation (2.13)

For symmetry-integrable 6th-order evolution equations the following statement was obtained
by applying the Lie-Bäcklund symmetry invariance condition (3.10) for symmetries of order
n ≥ 7:

Lemma 2: Consider the general 6th-order evolution equation

ut = Ψ(x, t, u, ux, uxx, . . . , u6x). (3.18)

Then the following necessary conditions for symmetry-integrability of (3.18) apply:

1. The condition

∂2Ψ

∂u26x
= 0 (3.19)

must hold. That is (3.18) must be of the form

ut = Ψ1(x, t, u, ux, . . . , u5x)u6x +Ψ2(x, t, u, ux, . . . , u5x) (3.20)

for some functions Ψ1 and Ψ2.

2. For equation (3.20), the following condition on the function Ψ1 must hold:

∂Ψ1

∂ukx
= 0, for k ∈ {3, 4, 5}. (3.21)

That is, any 6th-order symmetry-integrable evolution equation must be linear in u6x, and the
coefficient of u6x can not depend on u3x, u4x or u5x.

By Case 1.3 and Lemma 2 we obtain

Proposition 3. There exists no 6th-order evolution equation that is both invariant under the
transformation (2.1) and symmetry-integrable.

Proof: We know from Case 1.3 that any 6th-order evolution equation that is invariant under
(2.1) is of the form (2.13), viz.

ut =
ux

S1/2
F (Ω1,Ω2),

where Ω1 and Ω2 are given by (2.6a) and (2.6b), respectively. By Lemma 2 it follows that
(2.13) must be of the form

ut =
ux

S1/2

[
f1(Ω1)Ω2 + f2(Ω1)

]
(3.22)

for some functions f1 and f2. In particular, equation (3.22) is of the form

ut =
f1(Ω1)

S3
u6x + ϕ(u, ux, uxx, . . . , u5x) (3.23)

and by condition (3.21) it follows that f1 = 0. 2
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3.4 The 7th-order evolution equation (2.15)

Applying Conjecture 1 as stated in [8], we can state the following for the 7th-order equation
(2.15), viz.

ut =
ux

S1/2
F (Ω1,Ω2,Ω3) :

Lemma 3: Consider the general 7th-order evolution equation

ut = Φ(x, t, u, ux, uxx, . . . , u7x). (3.24)

1. A necessary condition for symmetry-integrability of (3.24) is given by the following
condition:

7
∂Φ

∂u7x

∂3Φ

∂u37x
− 11

(
∂2Φ

∂u27x

)2

= 0. (3.25)

2. The necessary condition (3.25) applied to equation (2.15), viz.

ut =
ux

S1/2
F (Ω1,Ω2,Ω3),

provides two subcases for F for the symmetry-integrability of equation (2.15), namely

F (Ω1,Ω2,Ω3) = Ψ11(Ω1,Ω2) Ω3 +Ψ12(Ω1,Ω2) (3.26a)

for some functions Ψ11 and Ψ12, or

F (Ω1,Ω2,Ω3) =
Ψ21(Ω1,Ω2)[

Ω3 +Ψ22(Ω1,Ω2)
]3/4 +Ψ23(Ω1,Ω2) (3.26b)

for some functions Ψ21, Ψ22 and Ψ23. Here Ω1, Ω2 and Ω3 are given by (2.6a), (2.6b)
and (2.6c), respectively.

For 7th-order quasilinear evolutions we have the following

Lemma 4: Consider the general 7th-order quasilinear evolution equation

ut = Φ1(x, t, u, ux, uxx, . . . , u6x)u7x +Φ2(x, t, u, ux, uxx, . . . , u6x). (3.27)

1. If (3.27) is symmetry-integrable with a lowest-order Lie-Bäcklund symmetry of order
eight, then Φ1 is constrained by the following conditions:

∂Φ1

∂ukx
= 0 for k = 3, 4, 5, 6. (3.28)
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2. If (3.27) is symmetry-integrable with a lowest-order Lie-Bäcklund symmetry of order
nine, then Φ1 is constrained by the following conditions:

∂Φ1

∂ukx
= 0 for k = 4, 5, 6 (3.29a)

and

7

9
Φ2
1

∂3Φ1

∂u33x
− 3Φ1

∂Φ1

∂u3x

∂2Φ1

∂u23x
+

16

7

(
∂Φ1

∂u3x

)3

= 0. (3.29b)

The general solution of (3.29b) is

Φ1(x, t, u, ux, uxx, u3x) =
ϕ1

[(u3x + ϕ2)2 + ϕ3]
7/2

, (3.30)

where ϕj = ϕj(x, t, u, ux, uxx), j = 1, 2, 3, are arbitrary functions.

Both Lemma 3 and Lemma 4 can be verified by applying the Lie-Bäcklund symmetry invari-
ance condition (3.10).

Using Lemma 3 and Lemma 4 we can state the following for the quasilinear 7th-order case:

Proposition 4. The only 7th-order quasilinear evolution equation that is both invariant
under the transformation (2.1) and symmetry-integrable is the 7th-order equation that belongs
to the hierarchy (3.3) given in Proposition 1, namely the equation (3.7), viz

ut = λux

[
−1

8

S4x

S7/2
+

7

8

SxS3x

S9/2
+

21

32

S2
xx

S9/2
− 231

64

S2
xSxx

S11/2
+

1

4
(2k1 + 1)

Sxx

S5/2

+
1155

64

S4
x

S13/2
− 5

16
(2k1 + 1)

S2
x

S7/2
+
1

4
(2k1 + 1)2

1

S1/2

]
.

Proof: By Lemma 3 we need to consider the 7th-order quasilinear equation

ut =
ux

S1/2

[
Ψ11(Ω1,Ω2)Ω3 +Ψ12(Ω1,Ω2)

]
. (3.31)

In particular, we have

ut = Ψ11(Ω1,Ω2)
u7x

S7/2
+ · · · . (3.32)

We recall that Ω1 contains the fifth derivative u5x and Ω2 the sixth derivative u6x. By Lemma
4, it follows that equation (3.31) can not admit an 8th-order Lie-Bäcklund symmetry since

Φ1 =
Ψ11

S7/2
(3.33)
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leads to Ψ11 = 0 by condition (3.28). However, both condition (3.29a) and condition (3.29b)
are satisfied for Φ1 given by (3.33) for a 9th-order Lie-Bäcklund symmetry, whereby Ψ11 is
any non-zero constant. Appling the Lie-Bäcklund symmetry invariance condition (3.10) it
follows that (3.7) is the only equation in this class that admits a 9th-order Lie-Bäcklund
symmetry. 2

Regarding the fully-nonlinear 7th-order case (2.15): We were not able to establish any
symmetry-integrable case for the equations (2.15) with F given by (3.26b), i.e. the fully-
nonlinear 7th-order equation

ut =
ux

S1/2

Ψ21(Ω1,Ω2)[
Ω3 +Ψ22(Ω1,Ω2)

]3/4 +Ψ23(Ω1,Ω2). (3.34)

The symmetry-integrability of (3.34), or its symmetry-nonintegrability, is therefore, at this
point in time, an open problem. We should mention that in a recent study [8] we established
that the fully-nonlinear equation

ut = u
−3/4
7x (3.35)

is not symmetry-integrable. We therefore do not expect the 7th-order equation (3.34) to be
symmetry-integrable for any choice of the functions Ψ21, Ψ22 or Ψ23, but at this point we are
not able to prove this.

4 Symmetry reductions

In this section, looking for group invariant solutions, we systematically reduce the 3rd-order
symmetry-integrable evolution equation (2.9), viz.

ut = λ
ux

S1/2

to ordinary differential equations. This is accomplished by analyzing the different Lie sub-
groups of the admitted symmetries. Different Lie subgroups of symmetries in principle lead
to different invariant solutions; nevertheless, subgroups can be partitioned into conjugacy
classes, so that equivalent subgroups determine equivalent invariant solutions [12, 11] linked
to each other by the action of some subgroup. The intimate connection between Lie groups
and Lie algebras allows us to identify inequivalent subgroups of a Lie group by classifying
inequivalent Lie subalgebras; the latter problem can be addressed using the inner automor-
phisms of the Lie algebra [12, 11]. A set of representatives of the inequivalent classes of
Lie subalgebras is called an optimal system. The construction of an optimal system of Lie
subalgebras can be done using a computer algebra program like SymboLie [2] (see also [1]
and [3]). Therefore, using SymboLie, the one dimensional optimal subalgebras of the seven
dimensional Lie algebra spanned by the generators (2.2) can be determined. As a result,
we obtain the following 27 one-dimensional optimal subalgebras for the 7-dimensional Lie
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symmetry algebra spanned by (2.2):

{Z1}, {Z2}, {Z4}, {Z5}, {Z7},

{Z1 + α1Z3}, {Z1 + α1Z4}, {Z2 + α1Z4}, {Z1 + α1Z5}, {Z2 + a1Z5}, {Z4 + α1Z6},
{Z1 + α1Z7}, {Z2 + a1Z7}, {Z4 + α1Z7}, {Z5 + a1Z7},

{Z1 + α1Z3 + α2Z4}, {Z1 + α1Z4 + α2Z6}, {Z1 + α1Z3 + a1Z7}, {Z1 + α1Z4 + a1Z7},
{Z2 + α1Z4 + a1Z7}, {Z1 + α1Z5 + a1Z7}, {Z2 + a1Z5 + a2Z7}, {Z4 + α1Z6 + a1Z7},

{Z1 + α1Z3 + α2Z4 + a1Z6}, {Z1 + α1Z3 + α2Z4 + a1Z7}, {Z1 + α1Z4 + α2Z6 + a1Z7}

{Z1 + α1Z3 + α2Z4 + a1Z6 + a2Z7}, (4.1)

where ak ∈ R\{0} and αk = ±1 for k = 1, 2. We apply the given subalgebras and their cor-
responding symmetry Ansatz that follow from the general solutions of the invariant surfaces
condition Q = 0, where

Q = ξ1(x, t, u)ux + ξ2(x, t, u)ut − η(x, t, u) (4.2)

for the symmetry generator

Z = ξ1(x, t, u)
∂

∂x
+ ξ2(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
. (4.3)

This procedure is well know (see for example [4] or [11]). Below we list all sensible and nontriv-
ial reductions of the 3rd-order evolution equaton (2.9) to corresponding ordinary differential
equations (ODEs) using the given subalgebras (4.1):

4.1 The subalgebra spanned by {Z1 + α1Z4} leads to the symmetry Ansatz

u(x, t) = V (ω) + α1 ln(x), x > 0 (4.4a)

ω(x, t) = t. (4.4b)

The reduced ODE for equation (2.9) then takes the form

Vω =
√
2λα1 (4.5)

with the general solution

V (ω) =
√
2λα1ω + C1, (4.6)

where C1 is a constant of integration. A special solution of (2.9) is then

u(x, t) = α1 ln(x) +
√
2λα1t+ C1. (4.7)

4.2 The subalgebra spanned by {Z1 + α1Z5} leads to the symmetry Ansatz

u(x, t) = V (ω) exp (α1x) (4.8a)

ω(x, t) = t. (4.8b)
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The reduced ODE for equation (2.9) then takes the form

Vω = −i
√
2λV (4.9)

with the general solution

V (ω) = C1 exp
(
−i

√
2λt
)

(4.10)

where C1 is a constant of integration. A special solution of (2.9) is then

u(x, t) = C1 exp
(
α1x− i

√
2λt
)

for α1 = 1. (4.11)

4.3 The subalgebra spanned by {Z1 + α1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) (4.12a)

ω(x, t) = t− α1x. (4.12b)

The reduced ODE for equation (2.9) then takes the form

√
2λVω = −

(
2VωV3ω − 3V 2

ωω

)1/2

(4.13)

with the general solution

V (ω) = C2

[
C1 − 4λ tan

(
λ√
2
(ω + C3)

)]
(4.14)

where C1, C2 and C3 are constants of integration with C2 > 0. A special solution of (2.9) is
then

u(x, t) = C2

[
C1 − 4λ tan

(
λ√
2
(t− α1x+ C3)

)]
, (4.15)

whereby α1 = 1 for λ < 0 and α1 = −1 for λ > 0.

4.4 The subalgebra spanned by {Z2 + a1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) (4.16a)

ω(x, t) = t− a1 ln(x), x > 0. (4.16b)

The reduced ODE for equation (2.9) then takes the form

√
2a1λVω = −

(
2a21VωV3ω − 3a21V

2
ωω + V 2

ω

)1/2

(4.17)

with the general solution

V (ω) = C1

[
2a1

√
2a21λ

2 − 1 tan

(√
2a21λ

2 − 1(ω + C3)

2a1

)
− C2

]
(4.18)
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where C1, C2 and C3 are constants of integration with C1 ̸= 0. A special solution of (2.9) is
then

u(x, t) = C1

[
2a1

√
2a21λ

2 − 1 tan

(√
2a21λ

2 − 1 (t− a1 ln(x) + C3)

2a1

)
− C2

]
(4.19)

whereby sgn(x)|a1λ|+ a1λ = 0.

4.5 The subalgebra spanned by {Z4 + α1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) +
t

α1
(4.20a)

ω(x, t) = x. (4.20b)

The reduced ODE for equation (2.9) then takes the form

√
2α1λV

2
ω =

(
2VωV3ω − 3V 2

ωω

)1/2

(4.21)

with the general solution

V (ω) = −
√
2

α1λ
arctanh

(
C1(ω + C2)

α1λ

)
+ C3 (4.22)

where C1, C2 and C3 are constants of integration with C1 ̸= 0. A special solution of (2.9) is
then

u(x, t) =
t

α1
−

√
2

α1λ
arctanh

(
C1(x+ C2)

α1λ

)
+ C3. (4.23)

4.6 The subalgebra spanned by {Z5 + a1Z7} leads to the symmetry Ansatz

u(x, t) = exp

(
t

a1

)
V (ω) (4.24a)

ω(x, t) = x. (4.24b)

The reduced ODE for equation (2.9) then takes the form

√
2α1λV

2
ω = V

(
2VωV3ω − 3V 2

ωω

)1/2

. (4.25)

Since equation (4.25) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(V ) =
dV

dω
. (4.26)
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This leads to the 2nd-order equation

√
2a1λH

2 = V

(
2H3HV V −H2H2

V

)1/2

, (4.27)

with the general solution

H(V ) = C1V +
C2
1

4C2
V 1+

√
1−2a21λ

2
+ C2V

1−
√

1−2a21λ
2
. (4.28)

Here C1 and C2 ̸= 0 are constants of integration. Using this solution H(V ) and integrating
(4.26) then leads to a special solution of (2.9).

4.7 The subalgebra spanned by {Z1 + α1Z3 + α2Z4} leads to the symmetry Ansatz

u(x, t) = V (ω) +
α2√
α1

arctan(
√
α1x) (4.29a)

ω(x, t) = t. (4.29b)

The reduced ODE for equation (2.9) then takes the form

Vω = − iλα2√
2α1

, i2 = −1, (4.30)

with the general solution

V (ω) = − iλα2√
2α1

ω + C1 (4.31)

where C1 is a constant of integration. A special complex solution of (2.9) is then

u(x, t) = − iλα2√
2α1

t+
α2√
α1

arctan(
√
α1x) + C1. (4.32)

4.8 The subalgebra spanned by {Z1 + α1Z4 + α2Z6} leads to the symmetry Ansatz

u(x, t) =

√
α1α2

α2
tan

[
√
α1α2 (V (ω) + x)

]
(4.33a)

ω(x, t) = t. (4.33b)

The reduced ODE for equation (2.9) then takes the form

Vω =
λ√
2

1
√
α1α2

(4.34)

with the general solution

V (ω) =
λ√
2

1
√
α1α2

ω + C1 (4.35)
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where C1 is a constant of integration. A special solution of (2.9) is then

u(x, t) =

√
α1α2

α2
tan

[
√
α1α2

(
λ√
2

t
√
α1α2

+ x+ C1

)]
(4.36)

4.9 The subalgebra spanned by {Z1 + α1Z3 + a1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) (4.37a)

ω(x, t) = t− a1√
α1

[
√
α1 t−

a1√
α1

arctan (
√
α1 x)

]
. (4.37b)

The reduced ODE for equation (2.9) then takes the form

√
2a1λVω = −

(
2a21VωV3ω − 3a21V

2
ωω − 4α1V

2
ω

)1/2

. (4.38)

Since equation (4.38) does not depend explicitly on V it can be reduced further by introducing
a new dependent variable P , namely

P (ω) =
dV

dω
. (4.39)

This leads to the 2nd-order equation

√
2a1λP = −

(
2a21PPωω − 3a21P

2
ω − 4α1P

2

)1/2

. (4.40)

Since equation (4.40) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
. (4.41)

This leads to the 1st-order equation

√
2a1λP = −

(
2a21PH

dH

dP
− 3a21H

2 − 4α1P
2

)1/2

(4.42)

with the general solution

H(P ) = ± P

a1

(
a21C1P − 2a21λ

2 − 4α1

)1/2

, (4.43)

where C1 is a constant of integration. Using this solution H(P ) and integrating (4.41) and
(4.39) then leads to a special solution of (2.9).

4.10 The subalgebra spanned by {Z1 + α1Z4 + a1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) + α1x (4.44a)

ω(x, t) = t− a1x. (4.44b)
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The reduced ODE for equation (2.9) then takes the form

−
√
2λ (a1Vω − α1)

2 = a
3/2
1 Vω

(
2a1VωV3ω − 2α1V3ω − 3a1V

2
ωω

)1/2

. (4.45)

Since equation (4.45) does not depend explicitly on V (ω), we can reduce this equation further
by introducing a new dependent variable P , namely

P (ω) =
dV

dω
. (4.46)

This leads to the 2nd-order ODE

−
√
2λ (a1P − α1)

2 = a
3/2
1 P

(
2a1PP3ω − 2α1Vωω − 3a1P

2
ω

)1/2

. (4.47)

Since equation (4.47) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
, (4.48)

whereby (4.47) reduces the the following 1st-order ODE:

−
√
2λ (a1P − α1)

2 = a
3/2
1 P

(
− 2a1PH

dH

dP
− 2α1H

dH

dP
− 3a1H

2

)1/2

. (4.49)

The general solution of equation (4.49) is

H(P ) = ±a1P − α1

a21P
2

[
a1P

(
a41C1P

2 − a31α1C1P − 2a1λ
2P + 2α1λ

2
)]1/2

(4.50)

where C1 is a constant of integration. This solutions can now be used to find P by integrating
(4.48), and V (ω) by integrating (4.46). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.44a)–(4.44b)

4.11 The subalgebra spanned by {Z2 + α1Z4 + a1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) + α1 ln(x) (4.51a)

ω(x, t) = t− a1 ln(x), x > 0. (4.51b)

The reduced ODE for equation (2.9) then takes the form

−
√
2λ (a1Vω − α1)

2 = Vω

(
2a41VωV3ω − 2a31α1V3ω − 3a41V

2
ωω + a21V

2
ω

− 2a1α1Vω + 1

)1/2

. (4.52)
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Since equation (4.52) does not depend explicitly on V (ω), we can reduce this equation further
by introducing a new dependent variable P , namely

P (ω) =
dV

dω
. (4.53)

This leads to the 2nd-order ODE

−
√
2λ (a1P − α1)

2 = P

(
2a41PPωω − 2a31α1Pωω − 3a41P

2
ω + a21P

2

− 2a1α1P + 1

)1/2

. (4.54)

Since equation (4.54) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
, (4.55)

whereby (4.54) reduces the the following 1st-order ODE:

−
√
2λ (a1P − α1)

2 = P

(
2a41PH

dH

dP
− 2a31α1H

dH

dP
− 3a41H

2 + a21P
2

− 2a1α1P + 1

)1/2

. (4.56)

The general solution of equation (4.49) is

H(P ) = ±a1P − α1

a21P
2

[
P
(
a51C1P

2 − a41α1C1P − 2a21λ
2P + 2a1α1λ

2 + P
)]1/2

(4.57)

where C1 is an arbitrary constant. This solutions can now be used to find P by integrating
(4.55), and V (ω) by integrating (4.53). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.51a)–(4.51b).

4.12 The subalgebra spanned by {Z1 + α1Z5 + a1Z7} leads to the symmetry Ansatz

u(x, t) = V (ω) exp(α1x) (4.58a)

ω(x, t) = t− a1x. (4.58b)

The reduced ODE for equation (2.9) then takes the form

√
2λ (a1Vω − α1V )2 = Vω

[ (
2a41V3ω + 6a31α1Vωω + 4a1α1V

)
Vω − 2a31α1V V3ω

− 6a21V
2
ω − 3a41V

2
ωω − V 2

]1/2
(4.59)
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Since equation (4.59) does not depend explicitly on ω, we can reduce this equation further
by introducing a new dependent variable H, namely

H(V ) =
dV

dω
. (4.60)

This leads to the 2nd-order ODE

√
2λ (a1H − α1V )2 = H

[
2a31H

2(a1H − α1V )
d2H

dV 2
− a31H(a1H + 2α1V )

(
dH

dV

)2

+ 6a31α1H
2dH

dV
− 6a21H

2 + 4a1α1V H − V 2

]1/2
. (4.61)

Equation (4.61) is solvable but the integrals depend on the values of the constants in the
equations, so we will not take this any further here.

4.13 The subalgebra spanned by {Z2 + a1Z5 + a2Z7} leads to the symmetry Ansatz

u(x, t) = xa1V (ω) (4.62a)

ω(x, t) = t− a1 ln(x), x > 0. (4.62b)

The reduced ODE for equation (2.9) then takes the form

√
2λ (a2Vω − a1V )2 = Vω

[(
2a41V3ω + 6a1a

3
2V

2
ωω + 2a1a2(2a

2
1 − 1)Vω

)
Vω

− a1a
3
2V V3ω − 3a42V

2
ωω − a21(a

2
1 − 1)V 2

]1/2
. (4.63)

Since equation (4.63) does not depend explicitly on ω, we can reduce this equation further
by introducing a new dependent variable H, namely

H(V ) =
dV

dω
. (4.64)

This leads to the 2nd-order ODE

√
2λ (a2H − a1V )2 = H

[
2a32H

2(a2H − a1V )
d2H

dV 2
− 2a32H(a2H + a1V )

(
dH

dV

)2

+ 6a1a
3
2H

2dH

dV
+ a22(1− 6a21)H

2 + 2a2a1V (2a21 − 1)H − a21(a
2
1 − 1)V 2

]1/2
. (4.65)

Equation (4.65) is solvable but the integrals depend on the values of the constants in the
equations, so we will not take this any further here.
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4.14 The subalgebra spanned by {Z4 + α1Z6 + a1Z7} leads to the symmetry Ansatz

u(x, t) =
1

√
α1

tan

[√
α1

a1
(t+ V (ω))

]
(4.66a)

ω(x, t) = x. (4.66b)

The reduced ODE for equation (2.9) then takes the form

√
2λa1V

2
ω =

(
2a21VωV3ω − 3a21V

2
ωω + 4α1V

4
ω

)1/2

. (4.67)

Since equation (4.67) does not depend explicitly on V (ω), we can reduce this equation further
by introducing a new dependent variable P , namely

P (ω) =
dV

dω
. (4.68)

This leads to the 2nd-order ODE

√
2λa1P

2 =

(
2a21PPωω − 3a21P

2
ω + 4α1P

4

)1/2

. (4.69)

Since equation (4.69) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
, (4.70)

whereby (4.69) reduces the the following 1st-order ODE:

√
2λa1P

2 =

[
2a21PH

dH

dP
− 3a21H

2 + 4α1P
4

]1/2
(4.71)

The general solution of equation (4.71) is

H(P ) = ± P

a1

[
2a21λ

2P 2 − 4α1P
2 + C1a

2
1P

]1/2
, (4.72)

where C1 is a constant of integration. This solutions can now be used to find P by integrating
(4.70), and V (ω) by integrating (4.68). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.66a)–(4.66b).

4.15 The subalgebra spanned by {Z1 + α1Z3 + α2Z4 + a1Z6} leads to the symmetry
Ansatz

u(x, t) =

√
a1α2

a1
tan

[√
a1α2√
α1

(
√
α1 V (ω) + arctan(

√
α1x)

)]
(4.73a)

ω(x, t) = t. (4.73b)
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The reduced ODE for equation (2.9) then takes the form

Vω =
λ√

2(a1α2 − α1)1/2
, a1α2 − α1 ̸= 0 (4.74)

with the general solution

V (ω) =
λω√

2(a1α2 − α1)1/2
+ C1, (4.75)

where C1 is a constant of integration. This leads to the following solution for (2.9):

u(x, t) =

√
a1α2

a1
tan

[√
a1α2√
α1

( √
α1λt√

2(a1α2 − α1)1/2
+ arctan(

√
α1x) + C1

)]
. (4.76)

4.16 The subalgebra spanned by {Z1 + α1Z3 + α2Z4 + a1Z7} leads to the symmetry
Ansatz

u(x, t) = V (ω) +
α2√
α1

arctan(
√
α1x) (4.77a)

ω(x, t) = t− a1√
α1

arctan(
√
α1x) (4.77b)

The reduced ODE for equation (2.9) then takes the form

√
2λ(a1Vω − α2)

2 = −Vω

[
2a41VωV3ω − 2a31α2V3ω − 3a41V

2
ωω − 4a21α1V

2
ω

+ 8a1α1α2Vω − 4α1α
2
2

]1/2
. (4.78)

Since equation (4.78) does not depend explicitly on V (ω), we can reduce this equation further
by introducing a new dependent variable P , namely

P (ω) =
dV

dω
. (4.79)

This leads to the 2nd-order ODE

√
2λ(a1P − α2)

2 = −P

[
2a41PPωω − 2a31α2Pωω − 3a41P

2
ω − 4a21α1P

2

+ 8a1α1α2P − 4α1α
2
2

]1/2
. (4.80)

Since equation (4.80) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
, (4.81)
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whereby (4.80) reduces the the following 1st-order ODE:

√
2λ(a1P − α2)

2 = −P

[
2a41PH

dH

dP
− 2a31α3H

dH

dP
− 3a41H

2 − 4a21α1P
2

+ 8a1α1α2P − 4α1α
2
2

]1/2
(4.82)

The general solution of equation (4.82) is

H(P ) = ±a1P − α2

a21P

[
P
(
a51C1P

2 − a41α2C1P − 2a21λ
2P − 4α1P + 2a1α2λ

2
)]1/2

(4.83)

where C1 is a constant of integration. This solutions can now be used to find P by integrating
(4.81), and V (ω) by integrating (4.79). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.77a)–(4.77b).

4.17. The subalgebra spanned by {Z1 + α1Z4 + α2Z6 + a1Z7} leads to the symmetry
Ansatz

u(x, t) =

√
α1α2

α2
tan

[
√
α1α2 (V (ω) + x)

]
(4.84a)

ω(x, t) = t− a1x. (4.84b)

The reduced ODE for equation (2.9) then takes the form

√
2λ(a1Vω − 1)2 = Vω

[
2a41VωV3ω − 2a31V3ω − 3a41V

2
ωω + 4a41α1α2V

4
ω

− 16a31α1α2V
3
ω + 24a21α1α2V

2
ω − 16a1α1α2Vω + 4a1α2

]1/2
. (4.85)

Since equation (4.85) does not depend explicitly on V (ω), we can reduce this equation further
by introducing a new dependent variable P , namely

P (ω) =
dV

dω
. (4.86)

This leads to the 2nd-order ODE

√
2λ(a1P − 1)2 = Vω

[
2a41PPωω − 2a31Pωω − 3a41P

2
ω + 4a41α1α2P

4

− 16a31α1α2P
3 + 24a21α1α2P

2 − 16a1α1α2P + 4a1α2

]1/2
. (4.87)

Since equation (4.87) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
, (4.88)
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whereby (4.87) reduces the the following 1st-order ODE:

√
2λ(a1P − 1)2 = −P

[
2a41PH

dH

dP
− 2a31H

dH

dP
− 3a41H

2 + 4a41α1α2P
4

− 16a31α1α2P
3 + 24a21α1α2P

2 − 16a1α1α2P + 4α1α2

]1/2
(4.89)

The general solution of equation (4.89) is

H(P ) = ±a1P − 1

a21P

[
a1P

(
−4a1α1α2P

3 + a41C1P
2 + 4α1α2P

2 − a31C1P

−2a1λ
2P + 2λ2

)]1/2
, (4.90)

where C1 is a constant of integration. This solutions can now be used to find P by integrating
(4.88), and V (ω) by integrating (4.86). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.84a)–(4.84b).

4.18 The subalgebra spanned by {Z1+α1Z3+α2Z4+a1Z6+a2Z7} leads to the symmetry
Ansatz

u(x, t) =

√
a1α2

a1
tan

[√
a1α2√
α1

(
√
α1 V (ω) + arctan(

√
α1 x)

)]
(4.91a)

ω(x, t) = t− a2√
α1

arctan(
√
α1 x). (4.91b)

The reduced ODE for equation (2.9) then takes the form

√
2λ(a2Vω − 1)2 = Vω

[(
2a42V3ω − 16a2

(
a1α2 −

α1

2

))
Vω − 2a32V3ω − 3a42V

2
ωω

+ 4a1a
4
2α2V

4
ω − 16a1a

3
2α2V

3
ω + 24a22

(
a1α2 −

α1

6

)
V 2
ω + 4a1α2 − 4α1

]1/2
. (4.92)

Since equation (4.92) does not depend explicitly on V (ω), we can reduce this equation further
by introducing a new dependent variable P , namely

P (ω) =
dV

dω
. (4.93)

This leads to the 2nd-order ODE

√
2λ(a2P − 1)2 = P

[(
2a42Pωω − 16a2

(
a1α2 −

α1

2

))
P − 2a32Pωω − 3a42P

2
ω

+ 4a1a
4
2α2P

4 − 16a1a
3
2α2P

3 + 24a22

(
a1α2 −

α1

6

)
P 2 + 4a1α2 − 4α1

]1/2
. (4.94)
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Since equation (4.94) does not depend explicitly on ω it can be reduced further by introducing
a new dependent variable H, namely

H(P ) =
dP

dω
, (4.95)

whereby (4.94) reduces the the following 1st-order ODE:

√
2λ(a2P − 1)2 = P

[
2a32(a2P − 1)H

dH

dP
− 3a42H

2

+4(a2P − 1)2(a1a
2
2α2P

2 − 2a1a2α2P + a1α2 − α1)
]1/2

(4.96)

The general solution of equation (4.96) is

H(P ) = ±a2P − 1

a22P

[
P
(
−4a1a

2
2α2P

3 + a52C1P
2 + 4a1a2α2P

2

−a22C1P − 2a22λ
2P − 4α1P + 2a2λ

2
)]1/2

, (4.97)

where C1 is a constant of integration. This solutions can now be used to find P by integrating
(4.95), and V (ω) by integrating (4.93). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.91a)–(4.91b).

5 The fully-nonlinear equation (2.9) and the Schwarzian KdV

We recall [14] that the Schwarzian KdV

VT = VXS[V ] (5.1)

and the equation

vt =
S[v]

v2x
, (5.2)

are related by the standard hodograph transformation X = v(x, t), V (X,T ) = x with T = t.
We remind [15] the reader the that the Schwarzian KdV is obtained from the KdV equation

ST = S3X + 3SSX , (5.3)

where S[V ] is of course the Schwarzian derivative in terms of V

S[V ] =
V3X

VX
− 3

2

V 2
XX

V 2
X

.

Note further that (5.1) admits the Lie symmetry algebra {Z4, Z5, Z6} while (5.2) admits
{Z1, Z2, Z3} (in terms of the appropriate variables of course), so this fact makes this hodo-
graph connection between the two equations rather obvious. Furthermore, equation (5.2)
potentialises in

ṽt =
ṽ3x

ṽ
3/2
x

− 3

2

ṽ2xx

ṽ
5/2
x

(5.4)
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with ṽx = v2x. Now, introducing the new dependent variable W (x, t) = ṽx, equation (5.4)
becomes

Wt =
W3x

W 3/2
− 9

2

WxWxx

W 5/2
+

15

4

W 3
x

W 7/2
. (5.5)

On the other hand the fully-nonlinear equation (2.9), written in terms of the Schwarzian
derivative S, takes the form

St =
S3x

S3/2
− 9

2

SxSxx

S5/2
+

15

4

S3
x

S7/2
, (5.6)

which is identical to (5.5), albeit in the variable S. By combining the above change of variables
we obtain the following hodograph transformation which provides the mapping between the
fully-nonlinear equation (2.9) and the Schwarzian-KdV (5.1):

HT :



X =

∫ √
S[u] dx

T = t

V (X,T ) = x.

(5.7)

6 Ordinary differential equations invariant under the projec-
tive transformation

We now consider the following projective transformation in the variables x and u(x):

M2 :


u(x) 7→ v(x̄) =

α1u(x) + β1
α2u(x) + β2

x 7→ x̄ =
γ1x+ δ1
γ2x+ δ2

(6.1)

with the same conditions on the parameters αj , βj , δj and γj as for the transformation (2.1).
The Lie generators corresponding to (6.1) are

{Z1 =
∂

∂x
, Z2 = x

∂

∂x
, Z3 = x2

∂

∂x
, Z4 =

∂

∂u
, Z5 = u

∂

∂u
, Z6 = u2

∂

∂u
}, (6.2)

which span the 6-dimensional Lie algebra that represents this projective transformation.

Applying the condition

Z
(7)
j ω(x, u, ux, uxx, u3x, u4x, u5x, u6x, u7x) = 0, j = 1, 2, . . . , 6, (6.3)

we obtain three invariants for the six-dimensional Lie algebra (6.2), namely Ω1, Ω2 and Ω3
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defined in Section 2 by (2.6a), (2.6b) and (2.6c), respectively, viz.

Ω1 =
Sxx

S2
− 5

4

S2
x

S3
+ 4

Ω2 =
S3x

S5/2
− 9

2

SxSxx

S7/2
+

15

4

S3
x

S9/2

Ω3 =
S4x

S3
− 7

SxS3x

S4
+

63

4

S2
xSxx

S5
+ 19

Sxx

S2
− 315

32

S4
x

S6
− 95

4

S2
x

S3
+ 34.

We remind that S is the Schwarzian derivation (1.4e) and S now depends only on x as we
are considering u(x). Therefore the subscripts x of S denote ordinary derivatives here.

Using these invariants we can construct nonlinear ordinary differential equations (ODEs),
all of which are invariant under the transformation (6.1). We restrict ourselves to ODEs that
are algebraically solvable in terms of their highest derivatives, therefore we do not consider
fully-nonlinear ODEs here. Under this restriction, we have the following three cases:

Case 2.1: The fifth-order case. There is only one invariant available here, namely Ω1, so we
let

Ω1 = λ (6.4)

which leads to the 5th-order equation

Sxx −
5

4

S2
x

S
+ (4− λ)S2 = 0, (6.5)

where λ is any constant.

Case 2.2: The sixth-order case. Using the two invariants Ω1 and Ω2 we consider

Ω2 = F (Ω1), (6.6)

which leads to the 6th-order equation

S3x −
9

2

SxSxx

S
+

15

4

S3
x

S2
− S5/2 F (Ω1) = 0 (6.7)

for any given function F of its argument.

Case 2.3: The seventh-order case. Using the two invariants Ω1, Ω2 and Ω3 we consider

Ω3 = F (Ω1,Ω2), (6.8)

which leads to the 7th-order nonlinear ODE

S4x − 7
SxS3x

S
+

63

4

S2
xSxx

S2
+ 19SSxx −

315

32

S4
x

S3
− 95

4
S2
x + 34S3 − S3F (Ω1,Ω2) = 0

(6.9)
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for any given function F of its two arguments.

Regarding Case 2.1: We show that the 5th-order ODE in u, which is in fact the 2nd-order
equation (6.5) in terms of S, namely

Sxx −
5

4

S2
x

S
+ (4− λ)S2 = 0,

can easily be solved. Note that in terms of u, equation (6.5) takes the following form:

u5x =
1

4u3x(2u3xux − 3u2xx)

[
10u24xu

4
x − 40u4xu3xuxxu

3
x + 8λu33xu

3
x

− 9

(
λ− 10

3

)(
4u23xu

2
xxu

2
x − 6u3xu

4
xxux + 3u6xx

)]
. (6.10)

Equation (6.5) can be reduced to the 1st-order equation

S2W W ′ − SW 2

4
= (λ− 4)S2, (6.11)

where

W (S) =
Sx

S
. (6.12)

Here and below, primes denote ordinary derivatives with respect to S. Recall that

S(x) =
u3x
ux

− 3

2

u2xx
u2x

, (6.13)

which can be solved for u for any given S(x). We conclude that the 5th-order equation (6.10)
is in general solvable for any choice of the constant λ, leading to five arbitrary constant
of integration: one arbitrary constant from the general solution of (6.11), one additional
arbitrary constant from the general solution of (6.12), and three additional arbitrary constants
from the general solution of (6.13).

Regarding Case 2.2: The 6th-order ODE in u, which is in fact the 3rd-order equation (6.7)
in terms of S, namely

S3x −
9

2

SxSxx

S
+

15

4

S3
x

S2
− S5/2 F (Ω1) = 0,

reduces to the 2nd-order equation

W ′′ +
(W ′)2

W
− W ′

2S
+

W

4S2
=

1

S1/2W 2
F (Ω1[W ]), (6.14)

where

W (S) =
Sx

S
; Ω1[W ] = WW ′ − W 2

4S
+ 4. (6.15)
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Furthermore, equation (6.14) can be written in the form

S2V ′′ − SV ′

2
+

V

2
= 2S3/2V 1/2 F (Ω1[V ]), (6.16)

where

V (S) = W 2(S) (6.17)

and

Ω1[V ] =
V ′

2
− V

4S
+ 4. (6.18)

Note that (6.16) is the linear 2nd-order Euler equation in case F = 0. We have not studied
equation (6.16) for the case where F ̸= 0 any further.

Regarding Case 2.3: The 7th-order ODE in u, which is in fact the 4th-order equation (6.9)
in terms of S, namely

S4x − 7
SxS3x

S
+

63

4

S2
xSxx

S2
+ 19SSxx −

315

32

S4
x

S3
− 95

4
S2
x + 34S3 − S3F (Ω1,Ω2) = 0

reduces to the following 3rd-order ODE:

S3W 3W ′′′ + 4S3W 2W ′W ′′ + S3W (W ′)3 + 8S2W 3W ′′ + 11S2W 2(W ′)2 + 11SW 3W ′

−283

32
W 4 − 7W

(
S2W 2W ′′ + S2W (W ′)2 + 4SWW ′ +W 3

)
+

63

4
W 2

(
SWW ′ +W 2

)

+19S

(
SWW ′ +W 2

)
− 95

4
SW 2 + 34S2 − S2F (Ω1[W ],Ω2[W ]) = 0, (6.19)

where

W (S) =
Sx

S
(6.20)

and

Ω1[W ] = WW ′ − W 2

4S
+ 4 (6.21a)

Ω2[W ] =
W

S3/2

[
S2WW ′′ + S2(W ′)2 −

(
9SW

2
− 4S

)
W ′ +

W 2

4

]
. (6.21b)

We have not studied equation (6.19) further.

7 Concluding remarks

In this paper we list all the evolution equations that are invariant under the given projective
transformation (2.1) up to order seven. We use the invariants that we obtained for this
transformation to construct the equations. Some of the evolution equations in this class are
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symmetry-integrable, although all the equations for which we found this to be the case belong
to the same hierarchy of integrable equations of which the first three members are

ut = λ
ux

S1/2
(7.1a)

ut = λux

[
1

4

Sxx

S5/2
− 5

16

S2
x

S7/2
+

(
1

2
+ k1

)
1

S1/2

]
(7.1b)

ut = λux

[
−1

8

S4x

S7/2
+

7

8

SxS3x

S9/2
+

21

32

S2
xx

S9/2
− 231

64

S2
xSxx

S11/2
+

1

4
(2k1 + 1)

Sxx

S5/2

+
1155

64

S4
x

S13/2
− 5

16
(2k1 + 1)

S2
x

S7/2
+
1

4
(2k1 + 1)2

1

S1/2

]
. (7.1c)

The recursion operator for this hierarchy is given in Proposition 1. We show that this 3rd-
order equation (7.1a) can be mapped to the Schwarzian KdV by a hodograph-type transfor-
mation. We prove that the only 5th-order evolution equation that is both invariant under the
transformation (2.1) and symmetry-integrable, is equation (7.1b). (see Proposition 2), and
we prove that there is no 6th-order evolution equation with this property (see Proposition 3).
For the 7th-order case, we prove that the only quasilinear 7th-order evolution equation that is
both invariant under (2.1) and symmetry-integrbale is the equation (7.1c) (see Proposition 4).
We were not able to establish the symmetry-integrability, or its symmetry-nonintegrability,
of the fully-nonlinear 7th-order equation (3.34), viz.

ut =
ux

S1/2

Ψ21(Ω1,Ω2)[
Ω3 +Ψ22(Ω1,Ω2)

]3/4 +Ψ23(Ω1,Ω2),

so the symmetry-integrability for this case is an open problem.

By exploiting the optimal 1-dimensional subalgebras of the 7-dimensional Lie symmetry
algebra spanned by (2.2), we list the nontrivial symmetry reductions of the 3rd-order sym-
metry integrable equation (7.1a). Remarkably, all ODEs so obtained are solvable and can
hence be used to obtain explicit solutions for (7.1a). The 5rh-order equation (7.1b) and the
7th-order equation (7.1b) can of course also be symmetry-reduced by the same 1-dimensional
optimal subalgebras, but this is not done here.

We furthermore list all ODEs that are invariant under the projective transformation (2.1),
where we make use of the invariants for this transformation to construct these equations. In
doing so, we restrict ourselves to those ODEs that can be solved in terms of their highest
derivatives, therefore this class does not include fully-nonlinear equations. There exist three
equations that belong to the mentioned class, namely the 5th-order equation in u(x), which
is conveniently written in terms of S in (6.5), viz.

Sxx −
5

4

S2
x

S
+ (4− λ)S2 = 0,

the 6th-order equation in u(x), which is conveniently written in terms of S in (6.7), viz.

S3x −
9

2

SxSxx

S
+

15

4

S3
x

S2
− S5/2 F (Ω1) = 0,
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and the 7th-order equation in u(x), which is conveniently written in terms of S in (6.9), viz.

S4x − 7
SxS3x

S
+

63

4

S2
xSxx

S2
+ 19SSxx −

315

32

S4
x

S3
− 95

4
S2
x + 34S3 − S3F (Ω1,Ω2) = 0.

We were able to solve the 5th-order ODE, reduce the 6th-order to the 2nd-order ODE (6.16),
and reduce the 7th-order ODE to the 3rd-order ODE (6.19). These reductions are in part
possible due to the fact that the three invariants from which they were constructed, namely
(2.6a), (2.6b) and (2.6c), can be expressed in terms of the Schwarzian derivative S, which of
course directly reduces the order of the equations by three. It is not clear to us whether the
2nd-order equation (6.16) or the 3rd-order equation (6.19) are exactly solvable or integrable
equations, which might be the case for at least some choices of the functions F that appear
in both. It would be of interest to study these two equations in more detail.

Let us also point out two recent papers, namely [9] and [10], where we have considered
further projective transformations represented by the Lie algebras sl(2,R) and sl(3,R). In
view of the current paper it could be of interest to revisit these transformations for a deeper
study.
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