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Abstract

We consider a projective transformation and establish the invariants for this transforma-
tion group up to order seven. We use the obtained invariants to construct a class of non-
linear evolution equations and identify some symmetry-integrable equations in this class.
Notably, the only symmetry-integrable evolution equation of order three in this class is
a fully-nonlinear equation for which we find the recursion operator and its connection
to the Schwarzian KdV. We furthermore establish that higher-order symmetry-integrable
equations in this class belong to the hierarchy of the fully-nonlinear 3rd-order equation
and prove this for the 5th-order case as well as for the quasilinear 7th-order case. We list
all symmetry reductions of this 3rd-order fully-nonlinear symmetry-integrable evolution
equation to ordinary differential equations by exploiting the 1-dimensional optimal Lie
symmetry subalgebras of the transformation group. We also identify the ordinary differ-
ential equations that are invariant under this projective transformation and reduce the
order of these equations.
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1 Introduction
In [6] we reported a class of 3rd-order symmetry-integrable evolution equations of the form
Ut = F(“?”I,uazx,u?)x)a (11)

which were required to remain invariant under the Mobius (or projective) transformation in
u. In particular we considered the following transformation:
aqu(z,t) + B

u(z,t) = v(Z,t) = ou(z. 1) 1 o

rT—=>IT=x+€

t’—>t_:t+€2.

Here o, B;, 74, 0; and ¢; are real parameters and

o= < o b ) € SL(2,R) with det ® = 1.
az P
Without loss of generality we may set 82 = 1. The 5-dimensional Lie algebra spanned by the
Lie generators
0 0 0 0 0

,Z2:7 Zgzuf Z4:u2—, Z5:7

{7 = Oz ou’ ou’ ou

(1.3)

represents this transformation (1.2). Using the criteria of symmetry-integrability and invari-
ance under (1.2), we obtained the following set of equations [6]:

ur = uzpS : the Schwarzian KdV equation (1.4a)
we =2 (1.4D)
w=g f$5)2 (1.4¢)
Uy = Uy <(a% - 3@2)(821_—2513 . 3@2)1/2> 7 (1.4d)

where b, a; and ap are arbitrary constants provided that a? + 3as # 0. Here and throughout
this paper we make use of the usual subscript notation to indicate derivatives. In particular,
Uy = Ou)OT, Ugy := O%u/0x? and Upy = OPu/0zP for p > 3. The symbol S denotes the
Schwarzian derivative (see for example [13]), which is here defined in terms of u by

use  3ul,

Note that the -2 in equation (1.4b) is of course not essential, and we could replace it by an
arbitrary non-zero constant A or just by 1.
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Given the fact that

wi =~ and wy = S (1.5)

Uy

are the two fundamental invariants of transformation (1.2), it is not surprising that equations
(1.4a) — (1.4d) are of the general form

up = ug ¥ (9), (1.6)

where the function ¥ is determined such that (1.6) is symmetry-integrable. This means that
(1.6) must admit Lie-Backlund symmetries (for details, see for example [5] and references
therein).

It is now natural to investigate the complete Lie point symmetry properties of equations
(1.4a) — (1.4d). In doing so, we noticed that equation (1.4b) is the only equation in this class
that admits, in addition to the transformation (1.2), also a projective transformation in the
independent variable x. This result provided the motivation for our current study.

The paper is organized as follows: In Section 2 we introduce the projective transforma-
tion in the variables z and u(x,t) with a translation in ¢, and calculate all its invariants up
to order seven. We then make use of the obtained invariants to construct evolution equations
that are invariant under this projective transformation. This leads to four main cases that
are distinguished by the order of the invariants used. In Section 3 we address the problem
of identifying symmetry-integrable evolution equations that belong to the mentioned four
classes of evolution equations in Section 2. We find that there is only one 3rd-order equation
in this class that is symmetry-integrable, namely equation (1.4b). We derive a recursion
operator for this equation and establish the associated hierarchy of symmetry-integrable
equations (see Proposition 1 below). Furthermore we prove Proposition 2, which states that
the only 5th-order equation that is both invariant under the given projective transformation
and symmetry-integrable, belongs to the hierarchy of Proposition 1. In Proposition 3 we
establish that there exists no symmetry-integrable 6th-order evolution equation in this class,
and in Proposition 4 we state and proof that the Tth-order quasilinear evolution equation
that is both invariant under the given transformation and symmetry integrable also belongs
to the mentioned hierarchy. In Section 4 we list all symmetry reductions of the 3rd-order
fully-nonlinear symmetry-integrable evolution equation to ordinary differential equations by
exploiting the 1-dimensional optimal Lie symmetry subalgebras of the introduced 7 dimen-
sional Lie symmetry algebra. In Section 5 we establish the hodograph-type transformation
between the 3rd-order symmetry-integrable equation and the Schwarzian Korteweg-de Vries
equation, In Section 6 we restrict the projective transformation to the variables x and wu(x)
and find its invariants up to order seven. We list all ordinary differential equations (without
the fully-nonlinear cases) that are invariant under this projective transformation, solve the
5th-order equation in general and reduce the order of the 6th and 7th-orrder equations. In
Section 7 we make some conclusions.
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2 Invariants and invariant evolution equations

We consider the following projective transformation in the variables z and wu(x,t) with a
translation in ¢ (see for example [14]):

( A quu(z,t) + B
U(Q?,t) — U(QT,E) = m

My : Iy 3= 7T + 01 (2.1)
Yo + 02
t—t=t+e

Here a, B;, 74, 6; and € are real parameters and

ay P2 Y2 02
where det 1 = 1 and det & = 1. The Lie generators for (2.1) are

o . 9 .0 . 9 _ o _ 0 _ 0
%722*33£7Z3*90%7Z4f%7z5fu%,zﬁ—u%,Z7f§}7

which span the 7-dimensional Lie algebra that represents the projective transformation in
both « and u with a translation in t¢.

o) = ( ar b > € SL(2,R), &= ( moo > € SL(2,R),

(Zy = (2.2)

Remark: Two of the parameters in (2.1) can of course be set to one without loss of generality.
For example, we can set 5o = do = 1.

Applying now the condition
z) =0, j=1,2,...,7 2.3
j w(:v,t,u,ut,ux,um,ugw,um,%x,u6m,uh«) =U =540 ( : )

we obtain the following four invariants for the seven-dimensional Lie algebra (2.2) (here Z J(.7)
denotes the Tth-order prolongation of the Lie generators Z; given by (2.2)):

2
Ut

oy — ;%S (2.4a)

4 2
_u _ B85 g2

5 3

or= it (5 570 T >

" _i? g _75955390 +@5§5m + 19SS _%Sj_gjs%rgzlsi” (2.4d)

P s\ S 4 g2 2T 3058 T g e ’ ‘

We remind that S stands for the Schwarzian derivative (1.4e) throughout this paper.
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The most general PDE that is invariant under the transformation (2.1), albeit with the
functional dependence of w as indicated in (2.3), is of the form

U(wy, wa, w3, wg) =0 (2.5)

for any given function ¥, where w; are the listed invariants. In particular, the class of evolu-
tion equations that are invariant under (2.1) can be presented in four main cases according
to their orders, where we refer to the invariants (2.4a) — (2.4d) listed above. For convenience
we define the following three variables in terms of S and its z-derivatives:

w2 S;m 5 5325

w3 S 98:5, 15 S5

= S S22 8T T 4 S (260)
wy Siz  _SzS3 63525, Syx 31584 9552
Q= 2 =24 e 1920 _ =22x  T0Pr gy 2.
=T e T Ty e Ty g Tyt (2:6¢)
We note that the relations between 21, 1 and 23 are as follows:
le
0 — 2.7a
)= (2.7a)
Do, 9
Qg = 22 4 202 17Q; + 30. (2.7b)
Qi 2

Case 1.1: The third-order case. There is only one invariant available here, wi, so we consider
wy = A2 (2.8)

which gives the fully-nonlinear 3rd-order evolution equation

Uy

Uy = AW

(2.9)
Here A is an arbitrary non-zero constant.

Case 1.2: The fifth-order case. We have two invariants available, namely w; and ws, which
provides the general case

Wi’ = F() (2.10)

with F' any given function for which

ar

0.
dy 7
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This leads to the following 5th-order evolution equation:

F(). (2.11)

Uy
S1 ol/2
Note that the relation

wy!t = F(Q)

Ut =

for some arbitrary function F leads to the same equation (2.11).

Case 1.3: The sixth-order case. We have three invariants available, namely w1, ws and ws,
which provides the general case

wi/? = F(Q1, Q) (2.12)
1

with F' any given function for which

0.
8(22 7&
This leads to the following 6th-order evolution equation:
U
up = 51352 F(1,99). (2.13)

Note that the relations
wyl = Fy (91, 9)
and
wy/® = Fy(Q1, Q)

lead, for arbitrary functions Fy and Fb, to the same equation (2.13).

Case 1.4: The seventh-order case. We have four invariants available, namely w1, we, ws and
wy, which provides the general case

wi’? = F(Q,Qs,03) (2.14)

with F' any given function for which

0.
8(23 7&
This leads to the following Tth-order evolution equation:
Uy
Ut = 51/2 (Ql, QQ, Q3) (215)

Note that the relations

wyt = B (00,00, 0),  wy® = Fy(Q, 0, Q)
and

wy/® = Fy(Q, 0, Q)

lead, for arbitrary functions Fy, F» and Fj, to the same equation (2.15).



94 Jocnmp| M Euler, N Euler and F Oliveri

3 Symmetry-integrable evolution equations

The aim here is to find evolution equation that are both invariant under the transformation
(2.1) and symmetry-integrable. By symmetry-integrable equations we mean equations that
admit higher-order generalised symmetries, the so-called Lie-Backlund symmetries, and a
recursion operator that generate these symmetries. This then typically leads to a hierarchy
of higher-order symmetry-integrable equations (see for example [5] and the references therein).

3.1 The 3rd-order evolution equation (2.9)

The general 3rd-order evolution equation invariant under (2.1) is given by equation (2.9) in
Case 1.1 viz.

Yz
VS

We find that (2.9) admits a 5th-order Lie-Béacklund symmetry and the following 2nd-order
recursion operator

ut:/\

R[u] = G2D2 + G4 D, +G0+)\% D>loA, (3.1)
where

G02T<§€E+lﬁ?§—;’§—%;>+kl+k2 (3.2a)

Gy = ks <ZZ:”; - 411?;) (3.2b)

Ga = —% (3.2¢)

A= _4’;2% (552 _ gSgsx; f;;%;) . (3.2d)

Here k1 and ky are arbitrary constants and kg # 0. This establishes that (2.9) is symmetry-
integrable, which is in agreement with the result reported in [6]. This leads to

Proposition 1. The fully-nonlinear equation (2.9), viz.

Uy
Up = A\—=

VS

provides the following symmetry-integrable hierarchy:

Uy, = RI[u] uy, i=1,2,..., (3.3)
whereby every member of the hierarchy (3.3) is of the form

uy; = uz Vi (S, Sz, Saay -+, Sna) (3.4)

and Rlu] is the recursion operator (3.1).
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The second member of the hierarchy (3.3) leads the 5th-order symmetry-integrable equation

_k2 S:J:x 5k2 Sg k2 1
Uty = R[U] Ut = )\’U,x _Z 55/2 - T657/2 + <2 + kl) S’l/2:| (35)

or, without loss of generality we let ko = 1, we have

(1S, 5 82 1 1
Ut = R[u] Ut = )\Uz _Z 55/2 — ES7/2 + <2 + ]451) 5’1/2:| . (36)

The third member of the hierarchy (3.3) gives the 7th-order symmetry-integrable equation
(Wlth k‘g = 1)

_ 1 Syz  7SpS3: 2182, 231825, 1 S

e =M | ~garm b g g Taager T a sue TPt gp
1155 S 5 on 11 S2 Lo 2L .
60 smz 16 PRt U gra Gl D g | (3.7)

Note: For ky = —1, ko = —2 and X\ = —2, equation (3.5) is identical to equation (2.10a) in
[7], so this result coincides with the hierarchy that was generated from the equations in terms
of the Schwarzian derivative S reported in [7].

3.2 The 5th-order evolution equations (2.11)

For symmetry-integrable 5th-order evolution equations the following statement is useful:

Lemma 1: If a 5th-order evolution equation of the form
up = ugV(x,t,5,S:, Ser) (3.8)

18 symmetry-integrable for a given function W then this function must satisfy the following
condition:

T 93U 29\ 2
) 8<8>:0

%95, 253, ~\as2,

(3.9)

Proof: We assume that (3.8) is symmetry-integrable. By definition the equation must
therefore admit Lie-Backlund symmeties of order n, where n is an integer larger than five.
Conditions (3.9) then follows directly from the Lie-Backlund symmetry invariance condition

LplulQ =0, (3.10)
E=0
where E denotes the equation, i.e. E := u; — u,V, and Q = Q(z,t, Uy, Uszy, - - -, Ung) 1S the
characteristic of the Lie-Bécklund symmetry generator

0
ZLB :Q(a"amuxauC&Iu-”vunx)%' (311)
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Here Lg[u] denotes the linear operator

OF OF OF oF oF
Lp] = — + ~— —D DI+ DY 3.12
mlu] ou + Ouy et Ouy  © + Ougy ° Tt Ouge * ( )
(in this case ¢ = 5) and S is the Schwarzian derivative (1.4e). O

By studying the Lie-Bécklund symmetry properties of the two 5th-order equations (2.11)
given in Case 1.2, we are led to the following

Proposition 2. The only 5th-order evolution equation that is both invariant under the pro-
jective transformation (2.1) and symmetry-integrable is equation (3.6), namely the second
member of the hierarchy (3.3) of Proposition 1

oy [LSe 5 Sz RN
WA\ R T 1657 T \2 M) g1

Proof: By Case 1.2 we need to consider equation (2.11), viz.

Uy

Uy = 51/2 Fl(Ql)7
where € is given by (2.6a). Condition (3.9) with
1
leads to the following condition on Fi:
AR d®F 2F\°
5 -8 =0. 3.14
00y A ( 3% (3.14)
d*Fy .
Clearly v 0 satisfies (3.14), so that (2.11) takes the form
1
Ug Sz D S%
’U/tzm |:Cl <SQ_4SB+4) +C2:| y (315)

where ¢; and ¢y are arbitrary constants. Equation (3.15) is the linear combination of the first
two equations in the hierarchy (3.3) of Proposition 1, and therefore symmetry-integrable.
Furthermore, the general solution of (3.14) is

Fi(Q1) = c1 (0 4 c2) "2 + s, (3.16)

where ¢, co and cs are arbitrary constants. This leads to the following fully-nonlinear
evolution equation

Sia 557
T\s2 453

Uy

:W

—9/3
Ut +4+ 02> + c3 (3.17)

Applying the invariance condition (3.10) we find that no Lie-Béacklund symmetries up to
order 11 exist for equation (3.17) unless ¢; = 0, which brings us back to the 3rd-order
symmetry-integrable equation (2.9). O
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3.3 The 6th-order evolution equation (2.13)

For symmetry-integrable 6th-order evolution equations the following statement was obtained
by applying the Lie-Bécklund symmetry invariance condition (3.10) for symmetries of order
n>"7:
Lemma 2: Consider the general 6th-order evolution equation

up = V(@ t, U, Uy, Ugg, - - - 5 Uz )- (3.18)
Then the following necessary conditions for symmetry-integrability of (3.18) apply:

1. The condition
0%
o,

must hold. That is (3.18) must be of the form

=0 (3.19)

up = Uy (2, t,u, g, . ..y Usg e + Yoz, t,uy Uy, ..., Usy) (3.20)
for some functions ¥y and ¥o.

2. For equation (3.20), the following condition on the function W1 must hold:

o,y
OUpy

=0, for ke {3,4,5}. (3.21)

That is, any 6th-order symmetry-integrable evolution equation must be linear in ug;, and the
coefficient of ug; can not depend om usz, Usr OT Usy.

By Case 1.3 and Lemma 2 we obtain

Proposition 3. There exists no 6th-order evolution equation that is both invariant under the
transformation (2.1) and symmetry-integrable.

Proof: We know from Case 1.3 that any 6th-order evolution equation that is invariant under
(2.1) is of the form (2.13), viz.

— ux
T g§1/2
where €2 and Q9 are given by (2.6a) and (2.6b), respectively. By Lemma 2 it follows that
(2.13) must be of the form

Ut F(Ql,Qg),

Uy
u = S J1(1)Q0 + fo(21) (3.22)
for some functions f; and fs. In particular, equation (3.22) is of the form
Q
up = flg31) Usz + P(U, Uy, Ugg, - - ., Usy) (3.23)

and by condition (3.21) it follows that f; = 0. O
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3.4 The 7th-order evolution equation (2.15)

Applying Conjecture 1 as stated in [8], we can state the following for the 7th-order equation
(2.15), viz.

Uy

- WF(917027Q3) :

Ut

Lemma 3: Consider the general 7th-order evolution equation
up = Pz, t,u, Uy, Uy« -+, UT ). (3.24)

1. A necessary condition for symmetry-integrability of (3.24) is given by the following
condition:

3 2 2
od 8@7 (8(1)) _o. (3.25)

Oury 8u§x 8u$x

2. The necessary condition (3.25) applied to equation (2.15), viz.

Ug

= W F(Qla QQ? 93)7

Ut

provides two subcases for F' for the symmetry-integrability of equation (2.15), namely
F(Q1,99,Q3) = W11(Q1, Q2) Q3 + W12(Q1, Qo) (3.26a)

for some functions V11 and V1s, or

Uo1 (1, Q0)

g7z T Y23(Q1,(22) (3.26Db)
[Q3 4+ Wap(21,92)]

F(Qla 927 Q3) -

for some functions Way, Woy and Wo3. Here Qy, Qo and Q3 are given by (2.6a), (2.6b)
and (2.6¢), respectively.

For Tth-order quasilinear evolutions we have the following
Lemma 4: Consider the general Tth-order quasilinear evolution equation
up = Py (z, t, Uy Uy, Uggy - - - 5 Uz ) U7z + Do, E, Uy Uy, Uggyy - -+ 5 Up)- (3.27)

1. If (3.27) is symmetry-integrable with a lowest-order Lie-Bdcklund symmetry of order
eight, then ®1 is constrained by the following conditions:

0Py
aukm

=0 for k=3,4,5,6. (3.28)
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2. If (3.27) is symmetry-integrable with a lowest-order Lie-Bdcklund symmetry of order
nine, then ®1 is constrained by the following conditions:

0P,

D 0 for k=4,5,6 (3.29a)
and
83<I>1 0B, 92®; 16 [ 0P \°
<1>2 —3® S =0. 3.29b
8 L ous, Ousy 8u3 <au3x> ( )

The general solution of (3.29b) is

o1
[(uze + ¢2)2 + 3]/

where ¢j = ¢j(x,t, U, U, Uga), § = 1,2,3, are arbitrary functions.

(I)l(x’ta u»“:vyuw:v,uiix) = (3.30)

Both Lemma 3 and Lemma 4 can be verified by applying the Lie-Béacklund symmetry invari-
ance condition (3.10).

Using Lemma 3 and Lemma 4 we can state the following for the quasilinear 7th-order case:

Proposition 4. The only 7th-order quasilinear evolution equation that is both invariant
under the transformation (2.1) and symmetry-integrable is the Tth-order equation that belongs
to the hierarchy (3.3) given in Proposition 1, namely the equation (3.7), viz

B 1 Sye  78:S3, 21852 231 SQSm 1 S
w=Ma | ~gam g g Tazger  ox onz T 1Rt Gn
1155 S3 5 S2 1 1
61 g 16 (2R gryg g (R 1)’ 51/2]

Proof: By Lemma 3 we need to consider the 7th-order quasilinear equation

Uy = Sl/g ‘1’11(91,92)93+‘I’12(91,Q2)] (3.31)

In particular, we have

= Wy (2, 92)

& /2 (3.32)
We recall that €1 contains the fifth derivative us, and 2o the sixth derivative ug,. By Lemma
4, it follows that equation (3.31) can not admit an 8th-order Lie-Backlund symmetry since

Wy

¢1:W

(3.33)
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leads to W17 = 0 by condition (3.28). However, both condition (3.29a) and condition (3.29b)
are satisfied for ®; given by (3.33) for a 9th-order Lie-Bécklund symmetry, whereby ¥i; is
any non-zero constant. Appling the Lie-Backlund symmetry invariance condition (3.10) it
follows that (3.7) is the only equation in this class that admits a 9th-order Lie-Bécklund
symmetry. O

Regarding the fully-nonlinear 7th-order case (2.15): We were not able to establish any
symmetry-integrable case for the equations (2.15) with F' given by (3.26b), i.e. the fully-
nonlinear 7th-order equation

_ Ua Wo1 (1, Q)
12 [Q3 + Wap (1, )]

Ut

371 + Wo3(Qy, Q). (3.34)

The symmetry-integrability of (3.34), or its symmetry-nonintegrability, is therefore, at this
point in time, an open problem. We should mention that in a recent study [8] we established
that the fully-nonlinear equation

up = uz (3.35)

is not symmetry-integrable. We therefore do not expect the 7th-order equation (3.34) to be
symmetry-integrable for any choice of the functions Wo1, W9y or Wog, but at this point we are
not able to prove this.

4 Symmetry reductions

In this section, looking for group invariant solutions, we systematically reduce the 3rd-order
symmetry-integrable evolution equation (2.9), viz.

Ug
Ut = Am
to ordinary differential equations. This is accomplished by analyzing the different Lie sub-
groups of the admitted symmetries. Different Lie subgroups of symmetries in principle lead
to different invariant solutions; nevertheless, subgroups can be partitioned into conjugacy
classes, so that equivalent subgroups determine equivalent invariant solutions [12, 11] linked
to each other by the action of some subgroup. The intimate connection between Lie groups
and Lie algebras allows us to identify inequivalent subgroups of a Lie group by classifying
inequivalent Lie subalgebras; the latter problem can be addressed using the inner automor-
phisms of the Lie algebra [12, 11]. A set of representatives of the inequivalent classes of
Lie subalgebras is called an optimal system. The construction of an optimal system of Lie
subalgebras can be done using a computer algebra program like SymboLie [2] (see also [1]
and [3]). Therefore, using SymboLie, the one dimensional optimal subalgebras of the seven
dimensional Lie algebra spanned by the generators (2.2) can be determined. As a result,
we obtain the following 27 one-dimensional optimal subalgebras for the 7-dimensional Lie
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symmetry algebra spanned by (2.2):

{21}, {22}, {Z4}, {Z5}, {27},

{21+ a1 Z3}, {Z1 + cn Zu}, {Zs + o Za} {Z1 + a1 Zs}, {22 + a1 25}, { Z4 + a1 Zs },
{21+ 01 Z7},{Zs + a1 Z7}, {Zs + n Z7}, {Z5 + a1 Z7},

{Z1 + 123 + o Zs} {21 + o Zy + anZg} {21 + a0 Z3 + a1 Z7},{Z1 + a1 2y + a1 Z7},
{Z2 + o124 + a1Z7}, {Zl + o125 + a127}, {ZQ +a125 + CLQZ7}, {Z4 + o126 + a127},
{Z1 + a1 Z3+ asZy + a1 Z6},{Z1 + a1 Z3 + aaZy + a1 Z7},{Z1 + a1 Z4 + aZs + a1 Z7}
{Z1+a1Z3s+ aoZy+ a1 Zs + asZ7}, (4.1)

where a;, € R\{0} and ay = +1 for k = 1,2. We apply the given subalgebras and their cor-
responding symmetry Ansatz that follow from the general solutions of the invariant surfaces
condition () = 0, where

Q =& (z, t,u)uy + Sz, t,u)uy — n(x, t,u) (4.2)

for the symmetry generator

0 0 0
7 = fl(x,t,u)% —i—ﬁg(x,t,u)a —|—n(a:,t,u)£.

This procedure is well know (see for example [4] or [11]). Below we list all sensible and nontriv-
ial reductions of the 3rd-order evolution equaton (2.9) to corresponding ordinary differential
equations (ODEs) using the given subalgebras (4.1):

(4.3)

4.1 The subalgebra spanned by {Z; + a1Z4} leads to the symmetry Ansatz

u(z,t) =V(w)+oln(z), >0 (4.4a)

w(x,t) =t. (4.4b)
The reduced ODE for equation (2.9) then takes the form

Vi = V2 ay (4.5)
with the general solution

V(w) = V3rarw + O, (4.6)
where C] is a constant of integration. A special solution of (2.9) is then

u(z,t) = a1 In(z) + V2 at + Cy. (4.7)

4.2 The subalgebra spanned by {Z; + a1 75} leads to the symmetry Ansatz
u(z,t) = V(w)exp (1) (4.8a)

w(z,t) =t. (4.8b)



102 Jocnmp| M Euler, N Euler and F Oliveri

The reduced ODE for equation (2.9) then takes the form
Vo, = —iv2AV
with the general solution
V(w) = Cyexp (—i\/ﬁ)\t)
where C] is a constant of integration. A special solution of (2.9) is then

u(x,t) = Cy exp <oz1x — i\/i)ﬂf) for a; = 1.

4.3 The subalgebra spanned by {Z; + a1Z7} leads to the symmetry Ansatz
u(z,t) =V(w)
w(x,t) =t — ayz.

The reduced ODE for equation (2.9) then takes the form

1/2
V2V, = — (2VwV3w — 3V5w>

with the general solution

V) =G |G - trean (S04 3) |

(4.9)

(4.10)

(4.11)

(4.12a)

(4.12b)

(4.13)

(4.14)

where Cy, Cy and C3 are constants of integration with Cy > 0. A special solution of (2.9) is

then

w(z,t) = Cs [Cl — 4\ tan (\%(t — oz + c:a))] ,

whereby a; =1 for A < 0 and a; = —1 for A > 0.

4.4 The subalgebra spanned by {Z; + a1Z7} leads to the symmetry Ansatz
u(z,t) =V(w)
w(x,t) =t —ailn(z), x>0.

The reduced ODE for equation (2.9) then takes the form

1/2
\[2&1)\‘/ = — <2G%Vw‘/3w - 30’%‘/3“; + Vu?)

with the general solution

V2032 — 1
2&1\/2a%)\2—1tan< a1 (w+C’3)> —Cy

V(w) = 01 2a1

(4.15)

(4.16a)

(4.16D)

(4.17)

(4.18)
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where Cy, Cy and C3 are constants of integration with Cy # 0. A special solution of (2.9) is
then

V20302 —1(t — a1l C
u(z,t) = Cy |2a14/2a2)2 — 1 tan ( 4 (Qa a1 In(z) + 3)) —Cy (4.19)
1
whereby sgn(z)|aiA| + a1 A = 0.
4.5 The subalgebra spanned by {Z4 + a1Z7} leads to the symmetry Ansatz
t
u(z,t) =V(w) + — (4.20a)
aq
w(x,t) = x. (4.20b)
The reduced ODE for equation (2.9) then takes the form
1/2
V2 \V2 = <2va:o,w - 3V3w> (4.21)
with the general solution
2
V(w) = _o\zg\ arctanh (W) +Cs (4.22)

where C, Cy and C3 are constants of integration with C # 0. A special solution of (2.9) is
then

t \/§ 1 (1‘ + CQ)
— h|{ ——=2 . 4.2
u(x,t) ) %) arctan < 5\ + (s (4.23)

4.6 The subalgebra spanned by {Z5 + a1 Z;} leads to the symmetry Ansatz

u(z,t) = exp <t> V(w) (4.24a)

a
w(x,t) = x. (4.24Db)

The reduced ODE for equation (2.9) then takes the form
1/2
V20 \V2 =V <2VwV3w — 3V3w> : (4.25)

Since equation (4.25) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

av

_%.

H(V) (4.26)
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This leads to the 2nd-order equation

1/2
V2u NH? =V <2H3HVV — H2H3> , (4.27)
with the general solution
2
H(V)=CV + %Vuwlﬁa%)@ + C2V1ﬂ/172a§>\2. (4.28)
2

Here C7 and Cy # 0 are constants of integration. Using this solution H (V') and integrating
(4.26) then leads to a special solution of (2.9).

4.7 The subalgebra spanned by {Z; + a1 75 + asZ,} leads to the symmetry Ansatz

a2

Jar

w(x,t) =t. (4.29b)

u(z,t) = V(w) + arctan(y/o1x) (4.29a)

The reduced ODE for equation (2.9) then takes the form

vV, = _\Z//\%’ 2 =1, (4.30)
with the general solution
Viw) = 292 4o (4.31)
V2aq
where C} is a constant of integration. A special complex solution of (2.9) is then
u(z,t) = —3\% + \2271 arctan(y/arx) + Ci. (4.32)

4.8 The subalgebra spanned by {Z; + o174 + a2 Zg} leads to the symmetry Ansatz

u(z,t) = L;l;‘? tan | /araz (V(w) + z) (4.33)
w(x,t) =t. (4.33b)

The reduced ODE for equation (2.9) then takes the form

A 1
V,= ——— 4.34
NS (4.34)
with the general solution
Vi =~ i (4.35)
V2 Jarag ' '
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where C} is a constant of integration. A special solution of (2.9) is then

(o, 1) = \/? tan {m <\>§ \/% tot clﬂ (4.36)

4.9 The subalgebra spanned by {Z; + a1 73 + a1 Z7} leads to the symmetry Ansatz
u(z,t) =V(w) (4.37a)

w(x,t) =1t — %11 {\/at — Y arctan (\/ax)] . (4.37b)

vor vor

The reduced ODE for equation (2.9) then takes the form

1/2
V2a AV, = — (m%vwv;,w —3a3V2 — 4a1V3> . (4.38)

Since equation (4.38) does not depend explicitly on V' it can be reduced further by introducing
a new dependent variable P, namely

dv
This leads to the 2nd-order equation
1/2
V2a AP = — <2a%PPW —3a2P? — 4a1P2> : (4.40)

Since equation (4.40) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

_ap

H(P)= T (4.41)
This leads to the lst-order equation
2 dH 2 772 2 2
with the general solution
p 1/2
H(P) = ia <a%clp — 203\ — 4a1> : (4.43)

where C is a constant of integration. Using this solution H(P) and integrating (4.41) and
(4.39) then leads to a special solution of (2.9).

4.10 The subalgebra spanned by {Z; + a1 74 + a1 Z7} leads to the symmetry Ansatz
u(z,t) =V(w) + oz (4.444)

w(z,t) =t —a1z. (4.44b)
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The reduced ODE for equation (2.9) then takes the form

1/2
V2 (a1 Vi, — a1)? = a¥/?V, <2a1VwV3w — 20, V3 — 3a1V3w> . (4.45)

Since equation (4.45) does not depend explicitly on V(w), we can reduce this equation further
by introducing a new dependent variable P, namely

_dv

P = —. 4.46
@ =2 (4.46)
This leads to the 2nd-order ODE
1/2
—V2X (a1 P — ay)? = a??P <2a1PP3w — 20V — 3a1P3) : (4.47)

Since equation (4.47) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

dP

H(P) = o (4.48)

whereby (4.47) reduces the the following 1st-order ODE:
T dH dH 2\

—V2\ (@ P —a))*=a)*P | — 20 PH— = 200 H— = 31 H : (4.49)

The general solution of equation (4.49) is
@ P —o 4 2_ 3 2 2 V2
1

where (1 is a constant of integration. This solutions can now be used to find P by integrating
(4.48), and V(w) by integrating (4.46). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.44a)—(4.44b)

4.11 The subalgebra spanned by {Z2 + a1 Z4 + a1Z7} leads to the symmetry Ansatz
u(z,t) = V(w) + a1 In(x) (4.51a)
w(z,t) =t —ayln(z), x>0. (4.51b)

The reduced ODE for equation (2.9) then takes the form

—V2)\ (a1 Vi — a1)2 =V, <2a‘11VwV3w — Qa?alng - Ba%Vﬁw + a%Vf

1/2
—2a101V, + 1) . (4.52)
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Since equation (4.52) does not depend explicitly on V(w), we can reduce this equation further
by introducing a new dependent variable P, namely

av

P = —. 4.53
()= (453)
This leads to the 2nd-order ODE
—V2\ (a1 P — a1)2 =P <2a411Pwa — 2a£{’a1wa — 3a11P3 + a,%P2
1/2
—2a10q P + 1> . (454)

Since equation (4.54) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

_dP

H(P)=— 4.55
P)=2, (4.55)
whereby (4.54) reduces the the following 1st-order ODE:
dH dH
—V2X (@ P — 1)’ =P <2a%PHdP - 2ai’a1Hd—P — 3a]H? + a2 P?
1/2
—2a10q P + 1> . (456)
The general solution of equation (4.49) is
_ mP o 5 2_ 4 242 2 V2
H(P) = t——m |P (a;C1P? — aja1C1P — 2aiA°P + 2a104 \° + P) (4.57)
ay

where C] is an arbitrary constant. This solutions can now be used to find P by integrating
(4.55), and V(w) by integrating (4.53). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.51a)—(4.51b).

4.12 The subalgebra spanned by {Z; + a1 75 + a1 Z7} leads to the symmetry Ansatz
u(z,t) = V(w)exp(aiz) (4.584a)
w(x,t) =t —arx. (4.58D)

The reduced ODE for equation (2.9) then takes the form

V2 (a1V,y — a1V)2 =V, [ (2a‘11V3w + Ga?alew + 4a1a1V) V, — 2a:foz1VV3w

1/2
—6aV? — 3ajV2, — Vﬂ (4.59)
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Since equation (4.59) does not depend explicitly on w, we can reduce this equation further
by introducing a new dependent variable H, namely

dv

This leads to the 2nd-order ODE
VoA (a1 H — oy V)? = H |2a3H* (a1 H — V)d2 a3H (a1 H + 20, V) dH
al (05} = al al (65} de al a1 dV
dH 1/2
+ 6ajo H*—— — 6a2H? + 4a10,VH — V?| . (4.61)

dav

Equation (4.61) is solvable but the integrals depend on the values of the constants in the
equations, so we will not take this any further here.

4.13 The subalgebra spanned by {Z2 + a1Z5 + a2Z7} leads to the symmetry Ansatz
u(z,t) =V (w) (4.62a)
w(z,t) =t —ayln(z), x>0. (4.62b)

The reduced ODE for equation (2.9) then takes the form

V2 (a2V, — a1 V)? =V, [ <2a1V5w + 6a1a3V2, + 2a1a2(2a3 — 1)Vw> Vi,

1/2
—a1a3V Vs, — 3a3V2, — a3 (a? — 1)v2] : (4.63)

Since equation (4.63) does not depend explicitly on w, we can reduce this equation further
by introducing a new dependent variable H, namely

av

H(V)= . (4.64)

This leads to the 2nd-order ODE

d*H dH
2 2
V2 (axH — aV)? = a3H*(aoH — a1V)—— 7 asH (azH + a1 V) <dV)
dH 1/2
+ 6ajas H? —— o T 2(1 — 6a3)H? + 2aa,V (203 — 1)H — a3(a? — 1)V2] . (4.65)

Equation (4.65) is solvable but the integrals depend on the values of the constants in the
equations, so we will not take this any further here.
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4.14 The subalgebra spanned by {Z4 + a1Zs + a1Z7} leads to the symmetry Ansatz

u(z,t) = \/271 tan [\{10171(75 + V(w))} (4.66a)

w(z,t) = x. (4.66b)
The reduced ODE for equation (2.9) then takes the form
1/2
V2Xa V2 = <2Q%va3w —3a3V2, + 4alvj> . (4.67)

Since equation (4.67) does not depend explicitly on V(w), we can reduce this equation further
by introducing a new dependent variable P, namely

dV
This leads to the 2nd-order ODE
1/2
V2\a, P? = <2a§PPW —3a2P2 + 4a1P4) : (4.69)

Since equation (4.69) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

dpP
H(P)=— 4.
(=2 (4.70)
whereby (4.69) reduces the the following 1st-order ODE:
dH 1/2
V2 a1 P? = [zafpﬂdp —3aiH? + 4oz1P4] (4.71)
The general solution of equation (4.71) is
p 1/2
H(P)=+— [2(1%2132 — 40y P? + Cla%P] : (4.72)
ai

where (1 is a constant of integration. This solutions can now be used to find P by integrating
(4.70), and V(w) by integrating (4.68). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.66a)—(4.66b).

4.15 The subalgebra spanned by {Z; + a1 73 + aaZ4 + a1Zs} leads to the symmetry

Ansatz
u(z,t) = \/‘;T%an [\/;;T‘l‘? <\/071V(w) +arctan(\/071x)>] (4.73a)

w(z,t) =1t. (4.73b)
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The reduced ODE for equation (2.9) then takes the form

A
Vo = ) — 0 4.74
Vilarog —an)i2 a1 — o1 # ( )

with the general solution

Aw
V(w) = + O, 4.75
(W) \@(alag - a1)1/2 ! ( )

where C} is a constant of integration. This leads to the following solution for (2.9):

u\xr = @192 an a2 @At arctan a1xr
= S [t

4.16 The subalgebra spanned by {Z; + a1 735 + aaZy + a1Z7} leads to the symmetry

Ansatz
u(z,t) = V(w) + ;‘% arctan(y/a;z) (4.77a)
w(z,t) =t — \;0171 arctan(y/a;z) (4.77b)

The reduced ODE for equation (2.9) then takes the form

V2X a1V, — a0)? = =V, [2(1‘111@‘/% —2a3as V3, — 3a]V2, — 4a30q V2

1/2
+ 8a1aqanV, — 404104%] . (4.78)

Since equation (4.78) does not depend explicitly on V' (w), we can reduce this equation further
by introducing a new dependent variable P, namely

dv
P = —. 4.79
w) =2 (4.79)
This leads to the 2nd-order ODE
\/iA(alp — a2)2 =-P [QQ%PPLM - QG?OZQPWW - BG%PE) - 4a%0z1P2
1/2
+ 8ajaian P — 4a1a%} . (4.80)

Since equation (4.80) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

_ap

==

H(P) (4.81)
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whereby (4.80) reduces the the following 1st-order ODE:

dH dH
V2Xa1 P — ap)? = =P [Qa%PHdP — 2a§a3Hﬁ — 3a1H? — 4a3 0, P?

1/2
+ 8ajaiaa P — 404104%} (4.82)

The general solution of equation (4.82) is

1/2

P —
S [P (a5C1 P2 — ataaCyP — 202X°P — 40y P + 2a10502) | (4.83)

H(P)
a%P

where C is a constant of integration. This solutions can now be used to find P by integrating
(4.81), and V(w) by integrating (4.79). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.77a)—(4.77b).

4.17. The subalgebra spanned by {Z; + a1 Z4 + asZs + a1Z7} leads to the symmetry

Ansatz
u(z,t) = 7'21;2 tan [m (V(w) + ) (4.84a)
w(x,t) =t —ayx. (4.84b)

The reduced ODE for equation (2.9) then takes the form

V2Xa1V, —1)2 =V, [m;‘vwvgw — 203V, — 3aiV2, + dafaran V2

w

1/2
— 16a?a1a2V£’ + 24a%a1a2Vw2 — 16a1a1a9V,, + dajon . (4.85)

Since equation (4.85) does not depend explicitly on V(w), we can reduce this equation further
by introducing a new dependent variable P, namely

_av

P = —. 4.86
W)= (486)
This leads to the 2nd-order ODE
V2Xa1 P —1)? =V, |2a{PP,,, — 2a}P,,, — 3a1P? + 4atoras P?
1/2
- 16a:1)’oz1a2P3 + 24&%041042P2 — 16a1a1a9 P + 4aqan . (4.87)

Since equation (4.87) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

_ap

==

H(P) (4.88)
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whereby (4.87) reduces the the following 1st-order ODE:

dH dH
V2Xa P —1)2 =P [Qa;*PHdP - 2a§Hd—P — 3a1H? + 4atoras P
1/2
— 16a:15a1a2P3 + 24a%a1a2P2 — 16a1a1as P + 4oy oo (4.89)

The general solution of equation (4.89) is

CL1P—1

H(P) =+="op—
1

[alP (—4a1a1a2P3 + ai‘Cle + 40416!2]32 — a:fClP

1/2
—2a1\°P + 2)\2)] , (4.90)
where (1 is a constant of integration. This solutions can now be used to find P by integrating
(4.88), and V(w) by integrating (4.86). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.84a)—(4.84b).

4.18 The subalgebra spanned by {Z1+a1Z3+ a2 Z4+a1 Zs+a2Z7} leads to the symmetry

Ansatz
_ Yaog Va1
u(z,t) = p tan { Jar (\/071 V(w)+ arctan(\/ax))} (4.91a)
w(x,t) =1t— \;(% arctan(y/ag ). (4.91b)

The reduced ODE for equation (2.9) then takes the form
\/§A(a2Vw —-1)2 =V, [ <2a%V3w — 1649 <a1a2 — O;)) Vi, — 2a3 Vs, — SG%VWQW

1/2

+ élczlczgonguj1 - 16a1a§a2Vj + 24(1% (a1a2 - %) Vf +4aioo — 4oy . (4.92)

Since equation (4.92) does not depend explicitly on V(w), we can reduce this equation further
by introducing a new dependent variable P, namely

v
 dw’

This leads to the 2nd-order ODE

P(w) (4.93)

\/§>\(CLQP — 1)2 =P [ <2a§wa — 16as (alozg — 0;1)) P QG%PWW — 3a§P£

1/2
+ 4a1a§oz2P4 — 16a1a§a2P3 + 24a% (alag — %) P? 4+ dajas — 4oy . (4.99)
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Since equation (4.94) does not depend explicitly on w it can be reduced further by introducing
a new dependent variable H, namely

_ar
 dw’

whereby (4.94) reduces the the following 1st-order ODE:

H(P) (4.95)

H
V2X(agP —1)2 =P [2a§(a2P - 1)HZ—P — 3a3H?

1/2

+4(agP — 1)2(a1a%a2P2 — 2a1a909P 4+ ajog — ozl)] (4.96)

The general solution of equation (4.96) is

a2P—1

H(P) =+=p—
2

[P (—4a1aga2P3 + agcllﬂ + dajason P?

1/2
—a301P — 2a30?P — 4aq P + 2a2)%) |, (4.97)

where (1 is a constant of integration. This solutions can now be used to find P by integrating
(4.95), and V(w) by integrating (4.93). Finally a solution for (2.9) then follows from the
symmetry Ansatz (4.91a)—(4.91b).

5 The fully-nonlinear equation (2.9) and the Schwarzian KdV

We recall [14] that the Schwarzian KdV

Vr = VxS[V] (5.1)
and the equation
S[v]
Vg = ﬁ, (52)

are related by the standard hodograph transformation X = v(z,t), V(X,T) = z with T = ¢.
We remind [15] the reader the that the Schwarzian KdV is obtained from the KdV equation

St = S3x +35Sx, (5.3)
where S[V] is of course the Schwarzian derivative in terms of V'
VESX 3 V)Z(X
SV]=—" -2 .
V] Vx 2 V3

Note further that (5.1) admits the Lie symmetry algebra {Zy, Zs, Zg} while (5.2) admits
{Z1,Z5,Z3} (in terms of the appropriate variables of course), so this fact makes this hodo-
graph connection between the two equations rather obvious. Furthermore, equation (5.2)
potentialises in

U3 303,

- (5.4)
B2 250

Uy =
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with 9, = v2. Now, introducing the new dependent variable W (z,t) = 9, equation (5.4)
becomes

Wi=gne ~ o wer T rwie (5:5)

On the other hand the fully-nonlinear equation (2.9), written in terms of the Schwarzian
derivative S, takes the form

_ S3p 95,85, 156 53

St = §3/2 2 §5/2 4 §7/2°

(5.6)

which is identical to (5.5), albeit in the variable S. By combining the above change of variables
we obtain the following hodograph transformation which provides the mapping between the
fully-nonlinear equation (2.9) and the Schwarzian-KdV (5.1):

X:/ﬁmmx

HT :

6 Ordinary differential equations invariant under the projec-
tive transformation

We now consider the following projective transformation in the variables x and u(x):

. aqu(x) +
u(x) — v(x) = 7a2u($) e
My (6.1)
_ YT+ 01
T T=—
Yox + d2

with the same conditions on the parameters a;, 8, d; and 7; as for the transformation (2.1).
The Lie generators corresponding to (6.1) are
0 0 90 0 0 90

) Zgzxf, ZgIJI*, Z4:7’ Z5:u— Z6:fu,— (62)
ox

{2 = Oz Oz ou ou’ ou’’

which span the 6-dimensional Lie algebra that represents this projective transformation.
Applying the condition
Z(-7)OJ((L', Uy Uy y Uggsy U3y Uy USzy Uy, u?a,’) = 07 .7 = 17 27 DRI 67 (63)

J

we obtain three invariants for the six-dimensional Lie algebra (6.2), namely Qq, Q5 and 3
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defined in Section 2 by (2.6a), (2.6b) and (2.6¢), respectively, viz.

Sz 552
Ql 52 - Z? —|— 4
27552 T 9 g7 4 §9/2
 Sip 5083 63528, . Sy 31554 9552
b= g T e We o gme et

We remind that S is the Schwarzian derivation (1.4e) and S now depends only on z as we
are considering u(z). Therefore the subscripts x of S denote ordinary derivatives here.

Using these invariants we can construct nonlinear ordinary differential equations (ODEs),
all of which are invariant under the transformation (6.1). We restrict ourselves to ODEs that
are algebraically solvable in terms of their highest derivatives, therefore we do not consider
fully-nonlinear ODEs here. Under this restriction, we have the following three cases:

Case 2.1: The fifth-order case. There is only one invariant available here, namely €21, so we
let

Q=2 (6.4)
which leads to the 5th-order equation

552 ,
Sar = 37 + (4= N)S? =0, (6.5)

where ) is any constant.
Case 2.2: The sixth-order case. Using the two invariants €27 and {29 we consider

Qo = F(y), (6.6)
which leads to the 6th-order equation

_98:Ses | 1581

st s~ SPF() =0 (6.7)

532
for any given function F' of its argument.

Case 2.3: The seventh-order case. Using the two invariants €2y, Q9 and 3 we consider
Q3 = F(Q41,Q2), (6.8)

which leads to the 7th-order nonlinear ODE

S 4 5?2

31584 95 , 3 w3
+ 19580 — o555 — % +349° - 8 F(1,92) =0

Sie — 7
(6.9)
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for any given function F' of its two arguments.

Regarding Case 2.1: We show that the 5th-order ODE in u, which is in fact the 2nd-order
equation (6.5) in terms of S, namely

557
Spp — Z?x + (4 —\)S% =0,
can easily be solved. Note that in terms of u, equation (6.5) takes the following form:
B 1
4u3 (2usgpuy — 3ul,)

3
T

U [IOuirui — 4OU4IU3xumui + 8)\u§mu

10
-9 <)\ - 3> (4u3,u u2 — Gusyup,ug + 3uly) | - (6.10)

Equation (6.5) can be reduced to the 1st-order equation

SW?
SPWW' — T (A —4)52, (6.11)
where
W& 612
Here and below, primes denote ordinary derivatives with respect to S. Recall that
usy  3u?
S(r)=——-—*% 6.13
(@) = 2 - S (6.13)

which can be solved for u for any given S(x). We conclude that the 5th-order equation (6.10)
is in general solvable for any choice of the constant A, leading to five arbitrary constant
of integration: one arbitrary constant from the general solution of (6.11), one additional
arbitrary constant from the general solution of (6.12), and three additional arbitrary constants
from the general solution of (6.13).

Regarding Case 2.2: The 6th-order ODE in u, which is in fact the 3rd-order equation (6.7)
in terms of .S, namely

08:Srs | 155

S5 g 1 gz ST E() =0,

reduces to the 2nd-order equation
" (W,)2 w’ W 1
“95 Tas ~ g O 14

e w 25 + 4582 — S1/212 (2 [W]), (6.14)

where
Sx W2
W)=~  W]=WW' - —=+4. (6.15)

45
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Furthermore, equation (6.14) can be written in the form

S2V S;’ Vo og32v12 payv)), (6.16)
where
V(S) = W3(S) (6.17)
and
vV
V] =5 - g4 (6.18)

Note that (6.16) is the linear 2nd-order Euler equation in case F' = 0. We have not studied
equation (6.16) for the case where F' # 0 any further.

Regarding Case 2.3: The 7th-order ODE in u, which is in fact the 4th-order equation (6.9)
in terms of S, namely

3T 2$$ 1 :
Pt BT 1955, 200 P62 15458 $F(,00) = 0

32 53
reduces to the following 3rd-order ODE:

Saz — 7

S3WAW" 4 ASSW2AW'W" + S3W (W) 4+ 8S*W3W” + 11S*°W2(W')2 + 11SW3 W'

283 63
1v4 nv(ﬁwﬂwW+S%V@VF+ASWWﬂ+Mﬁ)+—4wﬂ<swwﬂ+mﬂ>

—H95<SWWV“%Wﬂ>—}fswﬂ+4MSQ—S%NQﬂwmQﬂWq):O, (6.19)
where
W(S) = S (6.20)
S
and
W2
LW =WW' — 15 +4 (6.21a)
w 2 " 2 2 ISW _ W2
QW] = 5 STWW" + S*H(W')? — - 48 - | (6.21b)

We have not studied equation (6.19) further.

7 Concluding remarks

In this paper we list all the evolution equations that are invariant under the given projective
transformation (2.1) up to order seven. We use the invariants that we obtained for this
transformation to construct the equations. Some of the evolution equations in this class are
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symmetry-integrable, although all the equations for which we found this to be the case belong
to the same hierarchy of integrable equations of which the first three members are

Uy
1S, 5 52 1 1
Ut = AUI |:4 55/2 - T657/2 + <2 + kl) 51/2:| (71b)
_ 1S4z 78zS3: 2182, 231828, 1 Sz
= e [_8 g2 T8 5o T3z g gz TRt g
55 S 5 oy S Lo (7.1¢)
64 S13/2 16 LT M grp Ty e Si2| e

The recursion operator for this hierarchy is given in Proposition 1. We show that this 3rd-
order equation (7.1a) can be mapped to the Schwarzian KdV by a hodograph-type transfor-
mation. We prove that the only 5th-order evolution equation that is both invariant under the
transformation (2.1) and symmetry-integrable, is equation (7.1b). (see Proposition 2), and
we prove that there is no 6th-order evolution equation with this property (see Proposition 3).
For the 7th-order case, we prove that the only quasilinear 7th-order evolution equation that is
both invariant under (2.1) and symmetry-integrbale is the equation (7.1c) (see Proposition 4).
We were not able to establish the symmetry-integrability, or its symmetry-nonintegrability,
of the fully-nonlinear 7th-order equation (3.34), viz.
Uz Wo1 (01, 820)

up = + W3 (821, Q2),
Sl [Q3 + Wop(Q, 92)]3/4

so the symmetry-integrability for this case is an open problem.

By exploiting the optimal 1-dimensional subalgebras of the 7-dimensional Lie symmetry
algebra spanned by (2.2), we list the nontrivial symmetry reductions of the 3rd-order sym-
metry integrable equation (7.1a). Remarkably, all ODEs so obtained are solvable and can
hence be used to obtain explicit solutions for (7.1a). The 5Srh-order equation (7.1b) and the
7th-order equation (7.1b) can of course also be symmetry-reduced by the same 1-dimensional
optimal subalgebras, but this is not done here.

We furthermore list all ODEs that are invariant under the projective transformation (2.1),
where we make use of the invariants for this transformation to construct these equations. In
doing so, we restrict ourselves to those ODEs that can be solved in terms of their highest
derivatives, therefore this class does not include fully-nonlinear equations. There exist three
equations that belong to the mentioned class, namely the 5th-order equation in u(z), which
is conveniently written in terms of S in (6.5), viz.

5 52

_ 2Pz oy 2
Sra 4S+( \)S* =0,

the 6th-order equation in w(z), which is conveniently written in terms of S in (6.7), viz.

_98:8e | 1581

S =59 g

— S22 F(Q) =0,
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and the Tth-order equation in w(z), which is conveniently written in terms of S in (6.9), viz.

2 4

5“53‘” %Sﬁ” + 19585, — %% — %Sﬁ + 3483 — S3F(Q1,Q) = 0.

We were able to solve the 5th-order ODE, reduce the 6th-order to the 2nd-order ODE (6.16),
and reduce the 7th-order ODE to the 3rd-order ODE (6.19). These reductions are in part
possible due to the fact that the three invariants from which they were constructed, namely
(2.6a), (2.6b) and (2.6¢), can be expressed in terms of the Schwarzian derivative S, which of
course directly reduces the order of the equations by three. It is not clear to us whether the
2nd-order equation (6.16) or the 3rd-order equation (6.19) are exactly solvable or integrable
equations, which might be the case for at least some choices of the functions F' that appear
in both. It would be of interest to study these two equations in more detail.

Let us also point out two recent papers, namely [9] and [10], where we have considered
further projective transformations represented by the Lie algebras si(2,R) and sl(3,R). In
view of the current paper it could be of interest to revisit these transformations for a deeper
study.

Saz — 7
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