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Abstract

The paper contains an analysis of the conditions for the existence of elastic versus non-elastic
wave superpositions governed by the Euler system in (141)-dimensions. A review of recently
obtained results is presented, including the introduction of the notion of quasi-rectifiability of
vector fields and its application to both elastic and non-elastic wave superpositions. It is shown
that the smallest real Lie algebra containing vector fields associated with the waves admitted by
the Euler system is isomorphic to an infinite-dimensional Lie algebra which is the semi-direct
sum of an Abelian ideal and the three-dimensional real Lie algebra. The maximal Lie module
corresponding to the Euler system can be transformed, by an angle preserving transformation,
to this algebra which is quasi-rectifiable and describes the behavior of wave superpositions.
Based on these facts, we are able to find a parametrization of the region of non-elastic wave
superpositions which allows for the construction of the reduced form of the Euler system.

© The authors. Distributed under a Creative Commons Attribution 4.0 International License
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1 Introduction

This paper is dedicated to Professor George Bluman (The University of British Columbia), with
whom the second author (AMG) has had several discussions on group analysis of differential equa-
tions over the course of several years.

In this paper, we present a summary of the recently obtained results concerning elastic and non-
elastic wave superpositions admitted by the Euler system. For the sake of conciseness, we omit the
proofs of the listed theorems, to be found in the relevant publications [4,5,6,7].

Let us consider a first-order quasilinear homogeneous hyperbolic system

- Jdu
A, =0, u=2% i=1,.,p,
2, A BT ! P ()

x = (xl,...,xp) eR?’, u= (ul(x),...,uq(x)) e RY,

with the differential constraints
ou” <
57 = LEONWAW, a=l..q i=1l..p 2
s=1

The functions (ul, o ul EY, .. EF) are considered to be the unknown functions of x!, ..., x?. The
vector fields (ys, AS) satisfy the eigenvalue equations

p q
DD (AP yr =0, det(A¥i)=0, f=1,..q, Vs=1,..k (3)

i=1 a=1

Theorem 1.1 (Riemann wave solution [1, 2]).
Suppose that (4, y) is a set of C! functions satisfying the algebraic equation (3) and that f : R —
R is an integral curve I of the vector field y“(u) 9 - on RY with parameter r, i.e.

d o
r: d_fr =y £, a=1,..0. @)

Then, the relations

ut = for), r=gArx) ®)

(where ¢ is an arbitrary function of one variable A,(r)x’) constitute a solution of the system (1),
subjected to the constraints (2), called a Riemann wave. The scalar function r is called a Riemann
invariant.

In this paper, we discuss the process of interaction of two Riemann waves and introduce tools
for constructing a simplified system, derived from (1), allowing for the analysis of this interaction.

The involutivity conditions in the Cartan sense for the existence of Riemann k-wave solutions
(resulting from the interactions of k single Riemann waves) of the system (1) under the conditions
(2), with the freedom of k arbitrary functions of one variable, was established by Z. Peradzynski
[3]. The necessary and sufficient conditions for the existence of these solutions require that the
commutators of each pair of vector fields y; and y; be spanned by these fields
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®

[viv;l € spaniy;,v;}, iLj=1..k i#] (6)
and that the Lie derivatives of the one-forms A’ along the vector fields y ; be
(ii)

ﬁyj/li e span{A, MV}, i,j=1,.,k i#j (7)

In what follows, we consider the (1+41)-dimensional case for which the conditions for the one-
form A’ (7) are identically satisfied. Thus, according to (4), Riemann waves are associated only
with the vector fields y,, s = 1, ..., k. We look for the solutions parametrized in terms of Riemann
invariants which require that all vector fields {y,, ..., 7, } commute among themselves. To ensure
that this takes place, it is usually necessary that these vector fields be rescaled through certain
functions Ay, ..., h; in such a way that

[hﬂ/lahjyj] =07 l’.] = 1’7k9 l#.} (8)
To achieve this result we make use of the following theorems.

Theorem 1.2 (Straightening of vector fields [4]).
Let X, ..., X, be a family of vector fields defined on an n-dimensional manifold N such that

X{A..ANX,#0 atanypointon N.

There exists a local coordinate system {xl, - x”} on N such that the first integrals of each vector
field X, are given by the equations

=k x T =k, X =k, X" =k, ©)

A

for some constants &, ..., k;, ..., k, € R, where i denotes skipped element, if and only if the com-
mutators for each pair of vector fields X; and X are spanned by these fields

X0 X = fi X+ £lX, 1<i<js<r (10)
for a family of r(r — 1) functions fl.ij, fl.’;. EC®N)withl <i<j<r<n.

Note that in (10) and in what follows, we do not assume the summation convention.
We now introduce the definition distinguishing the family of vector fields which satisfies (10).

Definition 1.3 (Quasi-rectifiability property [4]).
A family of vector fields X, ..., X, on N is said to be quasi-rectifiable if there exists a local coor-
dinate system {xl, ....X"} on N such that each vector field X; has the form

X, = g (xl, ...,x") (no summation), i=1,..,r, (11)

ox®

-
Hgi (xl,...,x") #0 = X;A...AX,#Oatany pointon N (12)
i=1

forg!,...,g" : N — R. Otherwise the family X, ..., X, is called non quasi-rectifiable.

The coordinate expression (11) is called a quasi-rectifiable form for the vector fields X1, ..., X,
and accordingly, their basis is also called quasi-rectifiable. We extend this term to Lie modules
and algebras calling them quasi-rectifiable if they are spanned by vector fields satisfying condition

(11). Note that the definition above is base dependent.
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We have shown [4] that quasi-rectifiability of vector fields X1, ..., X, ensures the existence of
the proper rescaling functions Ay, ..., h, in (8). Namely, we have

Theorem 1.4 (The rescaling theorem [4]).
Let X1, ..., X, be a family of vector fields defined on an n-dimensional manifold N such that

() X A..AX,#0 atany pointon N
and
(ii) X0 X = fi X+ £lX, 1<i<js<r

for certain functions fl.ij, fl.’;. € C*®(N). Then there exist nonvanishing functions
hy,...h, € C®(N) such that all rescaled vector fields h; X1, ..., h,X, commute between them-
selves, i.e.

[hiXi’thj] =0, 1<i<j<r (13)

In what follows, we determine the rescaling functions h; € C®(N), i € {1,...,r}.

Theorem 1.5 (Integrating factor [4]).

Let X, ..., X, be a quasi-rectifiable family of vector fields on N and let D be the distribution
spanned by X, ..., X,. Let #y, ..., 57, be dual one-forms to each of the vector fields X, ..., X, on N,
respectively, i.e.

m(X)=06, ij=1,.r. (14)

The nonvanishing functions A, ..., A, € C®(N) are such that hl_lX Lo ees hr‘lX » commute among
themselves if and only if each of the one-forms A;#;, restricted to a leaf of the distribution D, is an
exact differential

d (hn;) |D =0, i=1,..,r (15)

The relation (15) allows us to determine the rescaling functions A, ..., A, which satisfy (13)

Corollary 1.6. [4]
If each one-form h;x;, i € {1,...,r} restricted to D satisfies the condition

hnlp=dx'|p, i€{l,..,r}, (16)

1

then the coordinate system x°, ..., x" on D satisfies the equations

X x) =0 for i#j, i,j€{l,..,r} (17)
Hence, each vector field X; has the quasi-rectifiable form (11).

Note that if there exists a pair of vector fields X;, X; which do not satisfy the assumptions of
Theorem 1.4, then the family of vector fields X, ..., X, is not quasi-rectifiable.

Let us add that for the particular case of a family of three vector fields (k = 3), the simplified
criteria for quasi-rectifiability, equivalent to Definition 1.3, have been established [6].
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Theorem 1.7. [6]

Let 7 = {y,, 75, 3} be a family of vector fields defined in the space R3 satisfying y; Ay, Ay; # O at
any point on R3. The family F is quasi-rectifiable if and only if for any point p € R the following
integral tends to zero,

limL/ viXy;-do, =0 forevery i,j € {1,2,3}, i#}], (18)

where S rl (p) C D, is the one-dimensional sphere and D is a two-dimensional distribution spanned
by the vector fields y; and y;.

Note that, when r — 0, then y; X y; tends to the normal vector at point p.
As a consequence of Theorem 2.4, we have

Corollary 1.8. [6]
The family of linearly independent vector fields {y;, 75,73} in R? is quasi-rectifiable if and only if
forany i,j € {1,2,3}, i # j, we have curl(y; X y;) € span{y;,y;}.

2 Elastic and non-elastic wave superpositions

Let us now consider the case of two interacting Riemann waves, i.e. when k = 2 in (2).
The set

M := {(r, x) €R? ¢ supp&!(t,) NsuppEX(t,) £ 0, t € (tmin’tmax)} CR? (19)

is called the region of superposition of two waves corresponding to the vector fields y,, y,, where
(¢, x) are time and space variables, respectively. Let M, be an e-neighborhood of the region M
and M, be a 2e-neighborhood of the region M,. We define the set

A, 1= My \ M.. (20)

Let B; C [Ri be a ball of radius 6 > 0 and q,’)g the flow of the vector field y;. Then the set of two
entering waves, according to (2), is defined by

2
T, i={y:du= Z{,‘iyi ® A;, 3B; C u(A,) : ¢(Bs) C u(M) for some t € (0,T)}
i=1

and the set of several leaving waves is defined by

k>2
I_i={y:du=Y &y ®A, 3B; CulM) : ¢!(By) C u(A,)for some t € (0,T)},
i=1

where u(M), u(A,) and ¢§(B(5) denote the images of the sets M, A, and B; under the functions u
and ¢'.
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Bs c u(M)

¢ (Bs) = u(M)
${(Bs) © u(4,)

Bs C u(As)

Fig 1 : The set A, and the region of superposition M of two waves

Definition 2.1.
The index I';; of the region M of superposition of two waves is defined as

I'ys =cardIl'_ —cardl,. 20

Consequently, the index has the following properties

o I M > O
If I'y; = O then the number of waves entering and leaving the region of superposition is the
same. I';, > 0 means that additional waves result from the interaction.

« It was shown [3,7,8] that if the number of waves entering and leaving the interaction is the
same (i.e. I'y; = 0) then the type of waves is also preserved.

« I'), is independent of the choice of the functions &', ..., £ (i.e. we have arbitrary wave pro-
files) and depends only on the vector fields y,, ..., .

» I'), is invariant with respect to diffeomorphisms of M.

Definition 2.2.
Superpositions of two single Riemann waves corresponding to y; and y, are called either

o elasticifI'y, =0
or

» non-elastic if I', > 0.

Let us note that the notion of elastic superposition relates directly to the property of quasi-
rectifiability of the vector fields {y, ..., 7, }. Due to the fact that in the elastic case they satisfy the
assumptions of Theorems 1.4, 1.5 and Corollary 1.6, these vector fields are quasi-rectifiable.
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If the linearly independent vector fields {y,...,y,} commute among themselves, satisfying
equation (13), and therefore forming a quasi-rectifiable family, then there exists a k-dimensional

integral manifold .S on R? parametrized in terms of ok
Sceou= (1 () () CRY, (22)
obtained by integrating the system of partial differential equations (PDEs)
" _ hy (f'nf?) a=1l..,q s=1..k (23)
or’ §

It was shown [3] that if the set of implicit relations between variables r and x

2
D EC L =), =1k (24)
i=1

for certain arbitrary functions ¢*° can be solved (i.e. r can be given as a graph over an open subset
of R2), then the functions

u® = frrl(x), ..., rk(x)) (25)

constitute a Riemann k-wave solution of the initial system. The functions ! (x), ..., ”*(x) are Rie-
mann invariants. Let us note that if we assume all but two Riemann invariants in (22) and (24) to
be constants, then we obtain the solution (25) in the form of a double wave. Thus, a superposition
of any two single waves, corresponding to any two vector fields y; and y;, i # j € {1,....k}, is an
elastic one.

In particular, we have

Theorem 2.3. [6]
The superposition of two single Riemann waves associated with y,, y,, respectively, is elastic if
and only if the family of vector fields {y,,y,} is quasi-rectifiable.

3 Elastic wave superposition in the Euler system

The one-dimensional Euler system describing the non-stationary compressible fluid flow is gov-
erned by the following system of three hyperbolic equations

al”? u 0 p) 5 (r
—|2|=|0 u xp|—|P|
8tu Ol/p u 0xu (26)

v=(p,pu) ER’, (x,HER* p>0, K:i=c,/c, >0.

where p, p and u are the density, pressure and velocity of the fluid, respectively, and « is the
adiabatic exponent. The eigenvalues and eigenvectors for system (26) correspond to three types of
waves, two acoustic ones .S, and .S_ and one entropic one E

[Kkp [Kp
S, vi=u+4/—, v.=(.kp,]—),
+ + P) + P)

Kp K (27)
S_t v =u—y[—, 7/_=(p,l<p,—\/—p),

p p

E : UO =u, }/0 = (1,0, O)
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The sign + means that the considered wave goes in the right or left direction with respect to the
medium. Note that the vector fields {y,, vy, 7_} are linearly independent

Y+ Avo Av— # 0 atany pointv € R3.

Simple Riemann wave solutions of the Euler system (26) obtained in accordance with Theorem
1.1 have the form

« entropic wave E: p changes arbitrarily and p, u are constant

pHugp, =0 &= p=p(x*—ug),

k=1
« sound waves S,: p = Ap* + py, u = %V KAp 2 +uy where A, p, and u are arbitrary
constants

pt+

Ll \V KApKT_] + v/ KApK_l] py = 0.
K —

The superposition of single waves in the Euler system (26) was first investigated by B. Riemann
[1,2] in the case of two sound waves .S, and S_, for which he obtained a double wave solution
using the method of characteristics. It was shown [4] that his result can be recreated using the
approach presented here based on the commutator analysis.

The commutator relation for the vector fields y, and y_ is given by

1
[rer] = —==ri + y_. (28)
As the pair of vector fields {y,,y_} is quasi-rectifiable, which corresponds to the elastic superpo-
sition of the sound waves .S, and S_, we can construct the rescaling functions h; = (kpp~H)~1/2,
i = 4+, —, such that

Ay h oy 1=0. (29)

This fact allows us to parametrize the surface of the elastic superposition v(M) in terms of the
Riemann invariants ! and 2. The double wave solution {S,, S_} is given by

rl4r? rl4r?

1
u= Ki(r1 - r2) +uy, p=Ae , D=KkKAe + Dpos (30)

where the invariants ! and r? satisfy the equations

L1 2
2 <r1> + K2(r' —r -+ 1)+ u, 1 0 i <r1> _ <O>’ 31)
ot \r; 0 kI =2 = 1) +uy ) 0% \I2 0

which constitute a reduced form of the Euler system for this case.

It has been shown [3,7] that if the initial data for the system (31) is sufficiently small and has
compact and disjoint supports, then we can locally construct its solutions and consequently produce
the double wave solutions of the Euler system (26).
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The superposition of the sound waves .S, and S_ is the only type of elastic superposition ad-
mitted by the Euler system (26). Superpositions of two different types of simple waves, i.e. S, E
and S_E are non-elastic due to the fact that the commutator relations for the corresponding pairs
of vector fields are spanned by three vector fields, namely [4]

1

[74.70] = =74 — —7v_ =70,
4 4

[7_, J/o] = —Eh + EY_ —Yo-

Consequently, the vector fields {y,,q,7_} do not constitute a quasi-rectifiable family of vector
fields.

The next sections are devoted to presenting new tools for the analysis of non-elastic wave su-
perpositions.

4 Infinite-dimensional Lie algebra

The family of vector fields corresponding to the Euler system (26) constitutes, by definition, a
Lie module {|y,, o, 7_|} since these vector fields are closed with respect to the Lie bracket (32)
and (28). In what follows we make the assumption that the C*®-Lie module {|y,,y,,7_|} can
be identified with an infinite-dimensional real Lie algebra. The following theorem describes the
properties of this algebra.

Theorem 4.1. [6]
The smallest (with respect to inclusion) real Lie algebra containing {y,, y_, 7o} is isomorphic to
the algebras

K~1 dg K~ or H~1"dg K,

where I~ and I't are infinite-dimensional real Abelian Lie algebras, © is a shift operator, and K*
is a 3-dimensional real Lie algebra which is a direct sum of the unique 2-dimensional non-Abelian
real Lie algebra and the unique 1-dimensional real Lie algebra. The Abelian ideals are given by

I™ =span{p (ry =70 072y = 7). 0y — 72)s ),

It =span{p™ (ry + 7.0, 072 (s + 7). 0 (g +70), 1)

Consequently, the decomposition K =~ I~ Dy K~ (and similarly H ~ It Dg K*) leads to the
following conclusions:

e Due to the fact that I~ C K~ is an Abelian ideal, the whole qualitative behavior of wave
interactions is encoded in K.

» The quantitative aspect of the interactions involving the varying density p is encoded in the
infinite-dimensional component 1 ~.

» The infinite-dimensional character of the Lie algebra K comes only from the fact that the
Lie algebra of K also contains ‘higher-order’ iterations corresponding to sequences of wave
superpositions.
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As an interesting aside, beyond the immediate subject of this section, we can add two theorems
concerning “free algebras" containing multiplications of the vector fields {y,, vy, v_} and {y,,7_}.

Theorem 4.2. [6]
The smallest real Lie algebra containing the vector fields {p™"y,, p™"yo, p™"y_}, n € {0,1,2,3, ...}
is isomorphic to the Virasoro algebra

L1, b (I Dy Witt)
where I, I, are Abelian ideals, and ®, ¥ are shift operators.

Theorem 4.3. [6]

The smallest (with respect to inclusion) real Lie algebra /3 containing the vector fields y, and y_ and
their consecutive multiplications {a, = p™"y,, b,=p"y_}, n€{0,1,2,3,...} is isomorphic
to

B~ D, Witt,

where 15 is an Abelian Lie algebra and y is a shift operator.

S Parametrization of the region of wave superpositions

The Lie algebra K* describing the qualitative behavior of wave interactions can be obtained by
transforming the initially given Lie module {|y_, 7o, 7,|}.

Theorem 5.1. [6]

The Lie module {|y,, 7, 7_|} corresponding to the Euler system (26) can be transformed by an
angle preserving transformation into the unique (up to isomorphism) real Lie algebra isomorphic
to the Lie algebra K*.

In order to determine the parametrization of the region of wave superpositions correspond-
ing to the Lie module {|y,, vy, 7_|}, we require that the algebra K~ (and similarly K *) be quasi-
rectifiable. To this end, we rescale the algebra K~ through the introduction of a new basis of vector
fields such that

Wy =yt yl, Wy =y -yl (33)

Then the family of vector fields {w, w,, 7} is quasi-rectifiable. We determine the rescaling func-
tions for the vector fields {w,, w,, ¥y} using Theorem 1.4 and Corollary 1.6. We then construct
the manifold v(M) corresponding to the non-elastic wave superposition (for the case when the
adiabatic exponent k = 3)

o(M) 1 0= (p,pu) = flt), 1y 13) = (€21+2,e51,2/31,), (34)
parametrized by certain functions #,, t,, t3, where

o(p, p, u)

—0B" 490
o(t),15,13)
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Let us describe the manifold v(M) in terms of the flow of the surfaces spanned by the vector

fields {y,,y_} along the vector field y,,.

Let S| be a manifold defined in a parametric form by (34) and .S, = In.S| be a manifold ex-
pressed in parametric form by f(¢, t5,1;) = In f (¢, 15, ;). The foliations of the manifolds .S and
S, are slicing them into stacks of quasi-rectifiable surfaces (leaves) denoted by ®(#;) and 2(t5),

respectively, which take the form

®(t;) = span{y,,y_} = exp2(t;) = [(1e,e5,24/31,) 1 1,1, > 0} € R3,

op 0
s(ty) = span{ 22, 0Py — 21, + 1,66, 02V3 +n1y) : 11,1, > 0} C RS,

ot,’ ot,

(35

Theorem 5.2. [6]
The manifolds S| and S, corresponding to the non-elastic superpositions of waves related to the
vector fields {y_, v, 7, } can be obtained from the parallel transport of the quasi-rectifiable surfaces

®(t3) and X(t3) for 0 < 13 < 7}, i.e.

Si=J o), 8=z,
;>0 ;>0 (36)

D) N D) =0, (i) NI} = 0.
The evolution of ®(73), 73 > 0 can be completely reconstructed from the evolution of X(5), 73 > 0.

I

u V+

P P e
[
@(t3)
S, =InS§; (1)t t3)
ap
u IR op
at, P
— a8
P P e at, %
ap at,
ot L——— f B
X(ta) 7w

=1In f(ty,ty, t
B =1Inf(tyt5,t3) I

I(ts")

Fig 2 : Evolution of surfaces ®(#5) and X(#3).

The second fundamental form 11 of the surface ®(#3) is

L M L 0 48e"3e0M
II=<M N>:<0 0), where L =———. (37)
(9e8’1 + 32t3)2
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The Gaussian curvature of the surface ®(75;) is given by K = k,k, = 0, and the mean curvature is
1 L
6 Reduced form of the Euler system

Using the parametrization (34) of the manifold .S, corresponding to non-elastic wave superposi-
tions, we obtain the reduced form of the Euler system (26) (for k = 3) for three dependent variables
(t, 1y, 13) € R

1

1
e 2z Ofe, 0 01 B 0 o (n
E t2 = % _E 0 0 U_ 0 1 —hz 0 a— t2 . (38)
t3 0 0 hi 0 0 2 0 0 ho X t3
0

1/2
where h,(f) = P and hy(f) = p are rescaling functions for the vector fields (y, — y_) and
p

7o respectively. Taking into account the eigenvalues (27) and the parametrization (34), we obtain

I
0
—11]. 39
= |2 (39)
0 0 1, I3

0
0
6tt

4 L5 1

2 = 2\/5 %e4tl—t3 t22
3

System (39) constitutes the reduced form of the Euler system (26) and is an analogue of the reduced
system (31) for the elastic case. Note that the matrix in (39) has the Jordan form and is not diago-
nalizable as in the case of (31). Systems of this form have been investigated (see e.g. [9], section
12.2) and it was shown that certain classes of their solutions can be obtained by the introduction of
additional differential constraints of the first order. This subject will be addressed in a future work.

Solutions of the system (39) describe the process of superpositions of an acoustic wave S, or.S_
and an entropic wave, which results in the production of a third wave in the region of interaction.
This phenomenon was observed experimentally in wave-particle interactions in plasma physics
[10,11,12].

7 Surfaces with Lie group structure

The simplified form (39) of the Euler system facilitates the analysis of certain geometric properties
of the surfaces spanned by a pair of vector fields corresponding to interacting waves. We show that
these surfaces have a Lie group structure. To this end we make use of the following three theorems.

Proposition 7.1. [6]

Let { X, X,, X5} be areal Lie algebra and let M be a surface spanned by the vector fields X,
and X, in the neighbourhood of the point p € M. Let { X, X, } be a Lie subalgebra. Then locally,
in the neighbourhood of p, the surface M has the structure of a Lie group corresponding to the
algebra { X, X, }.
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The next theorem defines the affine connection which plays an important role in our application.

Theorem 7.2 (Nomizu [13]).

Let G be a connected Lie group and let g be the corresponding Lie algebra. Let
1
1Y)(X) = 51X, Y] (40)

for any X,Y € g. Then ¢ is a well-defined affine connection on the Lie group G. Moreover,
t is both a left- and a right-invariant connection, and is the unique torsion-free connection with
1-parameter subgroups being geodesics.

The affine connection #(Y)(X) = %[X , Y] does not need to be a Levi-Civita connection on the
Lie group G. This is because, in the general case, a bi-invariant metric on the Lie group G does not
exist.

Within these notions, we present a generalized counterpart of the result of section 5, which
describes wave superpositions through deformations of quasi-rectifiable surfaces.

Theorem 7.3. [6]

Let the real Lie algebra { X, Y, Z} take the form
{(X.v.Z}={X, Y} {Z}

and let M be the simply-connected Lie group corresponding to { X, Y, Z'}. Then the Lie group M
is locally given through a parallel transport of the surfaces spanned by { X, Y} and by the flow ¢,
of the vector field Z in the affine connection

t(A)(B) = %[A, B], A,Be {X,Y,Z}.

Applying the above to the Euler system (26) we have
Theorem 7.4. [6]

Let {|y,,7_,vol} be aLie module corresponding to the Euler system. Let @ be a surface spanned
by the vector fields y, and y_ on the neighbourhood of a point p € ®. Then locally in a neighbour-
hood of p the surface @ has a Lie group structure corresponding to the Lie algebra {y,,y_}.

Theorem 7.5. [6]

Let {w,w,, 7y} be a real Lie algebra corresponding to the Euler system (26) which has the
form
{wy, wy, 79} ={w, w,} & {ro}-
Let ® be a simply connected Lie group corresponding to the algebra {w;, w,,yy}. Then the Lie
group @ is locally given by a parallel transport of the surfaces spanned by {w,,w,} and by the
flow of the vector field ¥, in the unique torsion-free affine connection

t(A)(B) = %[A, B], forany A, B € {w,,w,}

where the one-parameter subgroups of @ are geodesics.
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