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Abstract: In this paper we derive two examples of fully-nonlinear symmetry-integrable evo-
lution equations with algebraic nonlinearities, namely one class of 3rd-order equations and a
5th-order equation. To achieve this we study the equations’ Lie-Backlund symmetries and
apply multipotentialisations, hodograph transformations and generalised hodograph trans-
formations to map the equations to known semilinear integrable evolution equations. As a
result of this, we also obtain interesting symmetry-integrable quasilinear equations of order
five and order seven, which we display explicitly.

1 Introduction

In [5] we reported a set of 3rd-order fully-nonlinear symmetry-intergable equations that are
invariant under a projective transformation in w and in [7] we reported some results on
3rd-order fully-nonlinear symmetry-integrable equations with rational functions in the third
derivative. In the current paper we report further results on fully-nonlinear equations whereby
we now focus on two special cases, namely a class of 3rd-order evolution equations and a 5th-
order evolution equation, both with algebraic nonlinearities in their highest derivative. In
particular, we establish the semi-linearisations of the equations by systematically applying the
procedure of multipotentialisation, hodograph transformations and, in some cases, generalised
hodograph transformations. We refer to [1], [2] and [4] for details on the potentialisation of
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evolution equations by the use of adjoint symmetries, whereas further details on generalised
hodograph tranformations can be found in [9] and [12].
The Schwarzian derivative S plays an important role in our discussion and is defined in
terms of the dependent variable u by
Uppe 3 U2
Su] i= — - -=2- (1.1)

Uy 2 ul’

which is applied throughout this paper. See for example [11] for a discussion on the Schwarzian
derivative.

The paper is organised as follows: In Section 2 we consider a class of fully-nonlinear 3rd-
order equations, identify those equations that admit local Lie-Béacklund symmetries and map
the obtained equations to known semilinear 3rd-order equations. Recursion operators are
found for these equations which provide the associated symmetry-integrable hierarchies. In
Section 3 we consider a single 5th-order fully-nonlinear evolution equation and establish its
Lie-Bécklund symmetries as well as its mapping to a known 5th-order semilinear integrable
equation. In Section 4 we draw our conclusions of the reported results and mention some
related open problems.

2 A class of third-order fully-nonlinear evolution equations

When seeking symmetry-integrable 3rd-order evolution equations the following statement [7]
is useful to determine the possible nonlinearities in the highest derivative ., [5]:

Lemma 1: If a 3rd-order evolution equation of the form
Ut = F(.CC,L’U,, ua:vuzxauxacx) (21)

is symmetry-integrable for a given function F then this function must satisfy the following
condition:

2 a4 2 3 2 3
9<8F> oF — 45 oF O°F OF +4O<6F> =0. (2.2)

In [7] we have reported the general solution of (2.2), namely

PS (ua:a::r: + PQ)
[(Ugga + P2)2 + P12

F(-ratauyuzaumzauxzm) - +P47 (23)

where P; = Pj(x,t,u,uy, Uye), j = 1,2,3,4, are arbitrary and smooth functions of their
arguments. We listed several singular solutions of (2.2) that are not included in the general
solution (2.3) and used the rational solutions in the classification of fully-nonlinear symmetry-
integrable equations with rational nonlinearities of order three [7].

An additional singular solution of (2.2) that has not been reported in [7] is

Pl(xy t,u, ug, uxz)

VUzzx

F(I’,t,u,u$7 umxv umac;r) == + PQ('Z.?tv U, u:mux:v)a (24)
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which is the form of F' that we will focus on in the current paper. Here P; and P, are
arbitrary and smooth functions. We furthermore restrict ourselves to evolution equations
that do not depend explicitly on their independent variables x and t and apply the standard
condition for Lie-Backlund symmetries for evolution equations, namely

Lplu]@Q =0, (2.5)
E=0
where F := uy — F(u, Uy, Ugy, Uggsz), and Q@ = Q(u, Uy, Ugs, - - -, Upny) is the characteristic of
the Lie-Backlund symmetry generator
0
Zr = Q(u, ug, Ugg, - . - ,unx)a—u, n > 3. (2.6)

Here Lg[u| denotes the linear operator

OFE OF oF oF oFE
L i=—+—D;+—D D? D3. 2.7
wlu] ou + Ouy et Ouy  © + gy ° + Qg (2.7)
This leads to
Proposition 1. FEquation
P,
wp = D o tan) o ) (2.8)

V uxx:l?
is symmetry-integrable if and only if P = ¥(ugy,) and Py =0, so that (2.8) is of the form

Ut = T 5 (29&)
where W (uy,) must satisfy the following condition:
2v 1/ 4dv\? 38
1 - = g2 = 2.
du2, 3 (dum) Ty 0 (2.9b)

with B an arbitrary constant. A hierarchy of symmetry-integrable equations is generated by
w, = R [uluy, j=1,2,3,..., (2.10)

where uy is given by (2.9a) and Rlu] is the following recursion operator

Rlu] = G3D} + G1Dy + Go+ 11D, ' o Ay + I,D; ' o Ay (2.11)
with
o2/3
G2 = (2.12a)
Uz
W2/3 qy, dw
Gi = - > (2.12b)

2
2 Uz

" 3WL/3 dug,
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o LU g, 305 W3, 1 dV w8 A 2u
0 2 w2, 4 wud,, 3V dugs uprr 9VUY3 \ dugs rre
5 d*U
I =7 (2.12d)
Uy 2 d¥
AN =—2_ 2.12
YTw T Wl duy, (2.12¢)
NG
Ih=—— 2.12f
(uxxm)l/Q ( )
A L ouee 9 wgus, 1 AV us 13 d?v L2
2 op1/3 u%gx 4p1/3 Uifx 2p4/3 Aty uglﬁfm 6Ww4/3 du?c:p rxx 4z
14 5 15 ul, 5 AV w3, 6 AV PT g,

+

U UL S Uy +

Qu7/3  rTaTT {y1/3 u;é?x 12¢4/3 AUy Ui;/(;%; 27 7/3 gy d’LL?m Ugza

L d s, 404 (dV \® S, 28 AV
uphs — u u
27U/ dud, " 24301073 \dug, ) U W dug, U

ENT 2120

Here ko is an arbitrary constant, and V(ugy) and 5 must satisfy condition (2.95).

Proof: Using the Ansatz (2.11) with the standard recursion operator condition (see for
example [4])

[LE[u], R[ul] = DiR[u]| (2.13)
E=0

where E defines the equation (2.8) and Lg the linear operator (2.7), we find that P; = ¥(uy,),
P, = 0 with ¥ and S that satisfy equation (2.9b). This establishes that equation (2.9a) is
symmetry-integrable under these conditions. |

Applying Proposition 1 we find that the second member of the hierarchy (2.10) is given by
the following 5th-order equation:

U3 us, | 5USB Wi BUHE AUy, 40P BP0,

Ut — u
' 2wl 8wl 6 dugz o) 3 duz, "
23 AU \? 1y B oy k¥
C18Wl/3 (dux:c) Ugzz + Euxxx + uglgé%; (2.14)

For solutions of (2.9b) we state the following
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Proposition 2. Equation (2.9b), viz.

v 1 dv\? 38,
W - Ly =
du2, 3 <dum> Ty ’

admits the following three solutions:

1. For any constant (3 the general solution for (2.9b) is

\I](sz) = (200)_3/8 [(uxac + 0)2 - BCO] 3/4a (215)

where ¢ and cg are arbitrary constants with co # 0.

2. For f # 0 an additional solution for (2.9b), besides (2.15), is
U(tgr) = (28)%/5 (tag + 0)*/*, (2.16)
where ¢ is an arbitrary constant.
3. For =0 an additional solution for (2.9b), besides (2.15) with =0, is
U (uze) = ¢, (2.17)
where ¢ is an arbitrary constant.

Remark 1: FEquation (2.9b) can easily be linearised in a Ist-order ordinary differential
equation via a Bernoulli equation.

Applying Proposition 1 and Proposition 2 we identify the following three cases of fully-
nonlinear 3rd-order symmetry-integrable equations:

Case 1.1: Consider the solution (2.15) whereby we let ¢g = 1/2 without loss of generality.
This leads to the symmetry-integrable equation

[(um +c)? - g} v

U = , 2.18
! VUzzx ( )
and by Proposition 1 its recursion operator is given by (2.11) with
373/4
U (uge) = [(um +c)? — 2} (2.19)

for any 8 and any constant c¢. By introducing the new variable v(x,t) = uy,, equation (2.18)
takes the form

K3/ 37)3:/ 2 2 c? 11336/ 2
Ut:—QUl/2 vl — 2K5/4 <2+C'U+2> +W’ (220)
x
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where

K=(v+c)?— g (2.21)

We note that, for the case ¢ = 0 and § = 0, equation (2.18) becomes

u3/2
up = —em (2.22)

V uﬂC.’,BZ‘ ’

and equation (2.20) becomes

1 '03 1/2 3 U3 1/2

In order to establish the semi-linearisation of equation (2.18) we need to consider the following
two subcases, which distinguishes between the cases where [ is zero or not:

Subcase 1.1a: Let § = 0. Equation (2.18) then takes the following form:

3/2
C Rl (2.24)

V qu’l‘l‘

By performing a multipotentialisation of (2.24) we obtain

3V,
‘/t = V?’Vxx:c - 24/3 77 (225)
where
1 Ugy + C 1/2

We prefer not to show here the details of the multipotentialisation that leads to (2.25) but
the interested reader can easily verify (2.26). Applying now the generalised hodograph trans-
formation

dX = fi(2,V)da + fo(@,V, Vi, Vip)dt
GHT : { dT = dt (2.27)

UX,T)==x

we obtain the following semilinear equation

3 1

UT = UXS[U] +WU7X

(2.28)

where

fi= % (2.29a)
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3 1

TRV (2.29D)

1
f2 = _vax + ivm?) -

with V given by (2.26). A 2nd-order recursion operator for equation (2.28) has been reported
in [12].

Subcase 1.1b: Let 8 # 0. Applying the procedure of multipotentialisation on equation
(2.18), viz.

[T

= VUzzx ’

we obtain
1 3

Q= g2SlQl -~ 3 (2:30)

where
21/3uzxx
Qo= — A (2.31)
|:(Ux:c + C) + 2:|

Furthermore equation (2.30) maps to the semilinear equation

Up = UxS[U] - 25’/?);( (2.32)
by the standard hodograph transformation
X =Q(x,t)
HT : S T =t (2.33)
UX,T)==

which completes the semi-linearisation of (2.18). A 2nd-order recursion operator for equation
(2.32) has been reported in [3]

Case 1.2: Consider the solution (2.16) where we let 8 = 1/2, which is for simplicity but
without loss of generality. This leads to the symmetry-integrable equation

3/4
g = M7 (2.34)

VUzzx

whereby its recursion operator is given by (2.11) with 5 = 1/2, ¢ an arbitrary constant, and

\Il(u:m:) = (uxz + 0)3/4 . (2'35)
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By introducing the new variable v(x,t) = 4., equation (2.34) takes the form

v+ )32 1/2 o3 1/2
(Jrvm) Sh] — = [(“3)5/2} . (2.36)

w=g T16 (vt e

2

For a semi-linearisation we apply the procedure of multipotentialisation and find that (2.34)
maps to

v, =221 (2.37)

where

2 _ Uzzz
Ve = 22/3(uyy + )12 (2.38)

Furthermore, it is well-known that equation (2.37) maps to the Schwarzian KdV

Ur = UxS[U] (2.39)

by the standard hodograph transformation

X =V(z,t)
HT:{ T=t (2.40)
UX,T) =x.

A 2nd-order recursion operator for Schwarzian KdV (2.39) is well known and has for example
been reported in [3]

Case 1.3: The symmetry-integrable equation

1
Up = , 2.41
' VUzzz ( )

admits the recursion operator (2.11) with ¥ =1 and 8 = 0. Letting

W(z,t) = Upgs (2.42)
we obtain

Waeze OWoWee 15 W3

We=qmr ~ o were T awe 243)
We recall [8] that (2.43) is also obtained from

= 22 (2.44)
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where

W (z,t) = S[u] (2.45)
so that the relation between u(z,t) and a(z,t) is

Uggr = S[]. (2.46)

In [8] we established that (2.44) maps to the Schwarzian KdV with a hodograph-type trans-
formation. Using this result, we find that equation (2.41) maps to the Schwarzian KdV (2.39),
ViZ.

Ur = UxS[U]

under the following change of variables:

X = /\/umx dx

HT : T—¢ (2.47)
UX,T) =x.
For the sake of completeness, we give the recursion operator for the equation
A
Ur =UxS[Ul+ — (2.48)

Ux’

which includes the semilinear equations (2.28) for A = 3-277/3,(2.32) for A = —2-377/3, and
(2.39) for A =0, namely [3]

2Uxx Uxxx U? 2\ 8\, Uxx
R[U] = D% — —=22D — XX ko — — D!
Ul=Dx =5 Px+ =7~ 2 g0z TR Px oy
4 3 2
—UXDX10<%2X - Xy Soxx Agfx). (2.49)
X X X X

3 A fifth-order fully-nonlinear evolution equation

When seeking symmetry-integrable 5th-order evolution equations, the following statement [7]
is useful to determine the possible nonlinearities in the highest derivative us, [8]:

Lemma 2: If a 5th-order evolution equation of the form
ug = F(x, t,u,ug, ..., usg) (3.1)

18 symmetry-integrable for a given function F then this function must satisfy the following
condition:

OF OPF <82F>2_0

2
ouz,

8U5x 8u§x B <32)
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The general solution of (3.2) is

F

F 3.3
(usn +F2)2/3 + r3, (3.3)

F(z,t,u,ug, ..., usy) =
where F; = Fj(x,t,u, Uy, ..., usz) (j = 1,2,3) are arbitrary and smooth functions of their
arguments. In the current paper we consider the special case where F1 = 1, Fo = F3 = 0.
Applying now the Lie-Bécklund symmetry invariance condition (2.5) leads to the following

Proposition 3. The fully-nonlinear 5th-order equation

1

2/3
Usy

(3.4)

Uy =

is symmetry-integrable and admits Lie- Backlund symmetries of order 14+6n and order 54 6n,
for every natural number n, so the symmetries are of order {7,11,13,17,19,...}.

Let us give the first two equations in this hierarchy explicitly: The symmetry-integrable
evolution equation associated with the 7th-order Lie-Backlund symmetry of equation (3.4) is

2
U7g o Z Upg
7/3 6 10/3
Usy Usy

(3.5)

Uy =

and the associated 11th-order symmetry-integrable equation is

1 < Uugpuioe  TTuzguor — 682u ug,  33ul,  374ul us,
Uur = Ully — - - -

11/3 2 3
“5x/ Usyp Susy uz, U5, us,

+286u6xumu8x 1892u3,  22066ul, u2, 107525ug,u7,  752675ul, (3.6)
u, 27uZ, 27u3, 8lus, 1458u3, )=

We now turn to the task to semi-linearise equation (3.4): We apply the multipotentialisation
procedure systematically on equation (3.4), which leads to the quasilinear equation

wse  10Wgpws, — 10w? GOw?wazm 45w*

_ _ _ TTT _ T ’ 3.7
U s T W Tl s (3.7)
where
3
w3 = — U (3.8)

Equation (3.7) then takes the quasilinear form
Vi = VOVsy + 5V Vig + 10V Vi Viga, (3.9)

with the following change of variables:

Vizt) = —. (3.10)

Wy
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Using generalised hodograph transformations we conclude that the fully-nonlinear 5th-order
equation (3.4) maps to the semilinear Sth-order equation

92S[U]
oX?2

Ur =Ux ( +432[U]> (3.11)

by the generalised hodograph transformation

dX = fl(xv V)dCL‘ + fQ(:Ca ‘/a VCL‘a sz, V;t:m:a ‘/élx)dt

GHT : { dT = dt (3.12)
UX,T) =z,
where
1
= v (3.13a)
fo= V3V — 2V2VVipo — AV, +4VVEV,, — V2 (3.13b)
and
P A
u5x

Some remarks are in order:

Remark 2: We find that equation (3.4) does not admit a recursion operator of the form
6 ' 3
Rlu] =) G;Di+> ;D' oA, (3.14)
§=0 j=1

whereby we assumed the following dependencies: for the integrating factors Ay = Ag(u, u,,
Ugg, - - -, Ul2g); for the symmetry coefficients I; = I;(u, Uy, Ugg, ..., Usg), and for the coef-
ficients of DL we assumed that there are no restrictions in the number of derivatives, i.e.
Gj = Gj(u,ug, Ugy,...). Since a recursion operator of this form does not exist, we expect
that the recursion operator is of a nonlocal type. We will not explore this further here.

Remark 3: The semilinear equation (3.11) is the third potentialisation (see equation (2.6)
[4]) in the chain of multipotentialisations of the Kupershmidt equation

K; = K5y — 5Ky Kypy — 5K2, — 5K*Kype — 20K K, K., — 5K> + 5KYK,. (3.15)

A recursion operator of order siz has been reported for equation (3.11) in [4], where some
solution-generating formulas are also given for (3.11).
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Remark 4: Let us furthermore point out that equation (3.9), viz.
Vi = VoV + 5V, Vi + 10V Vo Vi,

Just like equation (3.4), does not admit a recursion operator of the form (3.18) although (3.9)
is of course symmetry-integrable and hence admits Lie-Bdcklund symmetries of the same
order as equation (3.7) which generates a hierarchy of symmetry-integrable equations. For
example, the 7th-order symmetry-integrable equation in this hierarchy is

Vi = V Vi + 14VOV, Vep + 49VOV2Vs, + 28VV,, Vae 4 35VAVEVa, 4 140VOV, Vi Vig

435V V00 Vg + TOVOV V2 + TOVOVE Vi + TOVAVEV et Vi (3.16)

Furthermore, the 7th-order equation (3.5) maps to the 7th-order equation (3.16) by the fol-
lowing change of variable:

Vix,t) =uz />, (3.17)

Remark 5: Quite remarkably, equation (3.7), viz.

2 2 4
vwe  O0WE, Waepe  4DW

Wsg 10wz w4y 10w T

Wt =
wy wd wd wj wy

admits the following 6th-order recursion operator:

6
Rlw] =Y G;Dj +2wD;" o Ay + 2D, o Ay, (3.18)
=0
where
G = — (3.192)
_ .19a
6 wg
15wy
Gs = — (3.19Db)
wy
32 123w?
Gy = — 20 220 (3.19¢)
wac w.l‘
27 354 600w3
Gy = — e | P oeleee 7 T (3.19d)
wCC wac w$
19 271 232w? 2040w? 1980w
G2 _ u;5z + wzgzwll:z + u;:c:vaz _ w]}gxwitzz + llé)xx (3196)
w:t wx wx wx wx
o — _ Awg, N T Wi N 149weppway  TH4w3way | 444005 Wy
1= w? w? w8 w? wlo

1126w, w? 3060w?
E— B v (3.19f)
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a 3wy, + 63 W4 Wee 690w%xw5$ N 145w prwWse  2494W 00 Ware Wi
0 = — _— R
w] wd w) w} wy

4794w3 wa,  8Tw?, 632w,  22680wi,wee  10326w2 w?,,

w0 wh w? wg! wg?
11340w?
iz TR (3:198)
3
Ay = —w4; 6wwaUCCCC$ . 671)?0 (3.19h)
wy, W, Wy
A, = Wso _ 28Weowrs 396wi, wer  68WypeWer  106ugzuse 3636w, wse

7 8 9 8 8 10
wl’ wil? wiE w{L’ w{E w:p

1656WpWerzWse 1060w w?, — 23265wh,wye — 1420w2, W4y
uf wf wi! wg

18900w2, Wyppway  8520wepws,,  63360ws, w2, 103950w3, Wy

10 10 11 12
w(B w$ wil‘ wl‘

44550w7

wl? (3.191)

Here ko is an arbitrary constant. It is interesting to note that acting R[w] on w, does not
result in a 7th-order symmetry for (3.7). Instead, R[w| maps the x-translation symmetry to
itself, i.e.,

Rlw] w, = kow,. (3.20)

Nevertheless, we find that equation (3.7) does admit a 7th-order Lie-Bdcklund symmetry and
hence a corresponding Tth-order symmetry-integrable equation, namely

wry  21WepWer  AWpppws, 231w ws,  28w3, +826wmwm$w4$

wt =
8 8 9 8 9
P Wy Wy Wy, Wy Wy

1596w3 wy, 644w 344402 w? 7560w wepr 3780w,

XL zx Pxx o ) 3.91
wl0 3w? wlo * wll wk? (3:21)
With the change of variable
1
Wiz t) = — (3.22)

Wy
equation (3.21) takes the form
Wi = W8Woy — 6W W, Wes + 21WOSW, Wey — 42W W ou Wie + TOWOW ., Wi

+TWOW2Ws, + 30WOW2Ws, — TOW W one Wi + 105W W, Wi,
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+390W W, Wou Wie — 280W W, W Wiy — 120W°W3W,, + 245WAWEW,,

+260WSW, W2 — 210W W, W2

Txrxr rxrxr

+ 630W W2 Wpe — S40W° W2 Woss
—2160W° W2 W e Wiz + 2510W AW W 0o Wazw + 360W AW AW 1
—T60W3WAW e — 1800WP W, W3 + 1830WAW, W3, + 3960W W32,

—4800W3WEW2, — T20W3W2I W,y + 2280W2W2W,,, — T20W2 W/ (3.23)

4 Concluding remarks

In this paper we have introduced the following set of fully-nonlinear evolution equations:
3/4
[(um +¢)? - 6}

2
Ut =

V uZ‘ZEJJ ’ V u.Z‘Z‘ZE ’

We have established that this set of equations is symmetry-integrable in the sense that the
equations admit local Lie-Backlund symmetries and that the equations can be mapped to
known semilinear integrable equations using a combination of multipotentialisations, hodo-
graph transformations and generalised hodegraph transformations. The 3rd-order fully-
nonlinear equations in the set (4.1) admit recursion operators of the standard 2nd-order
form which can be applied to generated hierarchies of symmetry-integrable quasilinear equa-
tions. On the other hand, according to our calculations, we find that the fully-nonlinear
Sth-order equation listed in (4.1) does not admit a standard recursion operator of order six
or less. It is therefore an open problem to find a recursion operator for this fully-nonlinear
5th-order equation, which we expect to be nonlocal.

Besides the fully-nonlinear equations listed in (4.1) we have obtained a set of quasilinear
Sth-order symmetry-integrable equations, namely the equation (2.14) under the condition
(2.9b), as well as the equations (3.7) and (3.9). Furthermore, we have obtained a set of
7th-order quasilinear symmetry-integrable equations, namely (3.5), (3.16), (3.21) and (3.23).
These equations result naturally from the multipotentialisations of the fully-nonlinear equa-
tions (4.1) and as members of the symmetry-integrable hierarchies.

Finally we should mention that the complete classification of fully-nonlinear symmetry-
integrable evolution equations of 3rd and higher order is an ongoing project and the examples
studied here is an addition to the results that have already been reported in [5], [7] and [8].

(tgz + ¢)*/* 1 1
e e — "

) = *
\ Uzzx ugég

U = (4.1)
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