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Abstract

The Kontsevich star-product admits a well-defined restriction to the class of affine —in
particular, linear — Poisson brackets; its graph expansion consists only of Kontsevich’s
graphs with in-degree < 1 for aerial vertices. We obtain the formula .5 mod 6(h")
with harmonic propagators for the graph weights (over n < 7 aerial vertices); we
verify that all these weights satisfy the cyclic weight relations by Shoikhet—Felder—
Willwacher, that they match the computations using the kontsevint software by Panzer,
and the resulting affine star-product is associative modulo a(h7).

We discover that the Riemann zeta value ((3)?/7%, which enters the harmonic
graph weights (up to rationals), actually disappears from the analytic formula of
xaf mod o(h") because all the Q-linear combinations of Kontsevich graphs near ¢(3)?/7°
represent differential consequences of the Jacobi identity for the affine Poisson bracket,
hence their contribution vanishes. We thus derive a ready-to-use shorter formula x %
mod 6(A7) with only rational coefficients.

1 Introduction

Kontsevich’s *-product formula from [I8] works for all Poisson structures on finite-dimen-
sional affine manifolds. In particular, Poisson bracket’s coefficients can be polynomial of
arbitrary degree (which is well defined by the initial assumption that the Poisson manifold
is affine). Examples of polynomial-coefficient Poisson brackets are natural and abundant:
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such are the linear Kirillov-Kostant structures on the duals g* of Lie algebras g, or affine
Poisson brackets for mechanical systems in external fields, or Sklyanin’s quadratic Poisson
bracket and the log-symplectic bracket {z,y} = %:Ey for which z xy = exp(h)y x x is
conjectured [19, §1.30], or, in fact, any bi-vector P with polynomial coefficients on R?;
starting from dimension three, on R%*? > x one has the Nambu-determinant Poisson
brackets,

{£,9}(@) = o@) - det (9(as, .. aa-2, f,9)/Oa", ..., a%)) M

for the derived Poisson bi-vectors P = [...[o(x) Oyt A -+ A Oya,a1],...,aq-2]. On R3
with the inverse density ¢ and Casimir a1 = a, affine Nambu-determinant Poisson brackets
are produced by taking either deg(p) = 1 and deg(a) =1 or deg(g) = 0 and deg(a) = 2.

The problem of construction of (equivalents to) Kontsevich’s star-product(s) x,g for
linear or affine Poisson brackets was studied in the works by Gutt [13], Kathotia [I5],
Ben Amar [2, [3], Dito [11], and others. The upper bound deg(P*) < 1 upon the degree
of Poisson bracket coefficients permits an explicit construction of the affine star-product
expansion x,g mod é(hk) for affine Poisson brackets The graph expansion of *,g runs
over the Kontsevich graphs (by their definition, built of wedges) with the bound < 1 for
the in-degree of aerial vertices, which are inhabited by copies of the linear or affine Poisson
structure. By starting with two types of Kontsevich’s graphs, namely the Bernoulli and
loop graphs at every number n of aerial vertices (see Definition [ on p. below), one
can calculate inductively the Kontsevich weights of all the other relevant graphs in that
order n. The formulas —for us to verify, see Discussion on p. in what follows— were
available from the paper [2].

While some analytic formulas were known for calculation of particular graph weights
or of the entire affine star-product %,z mod 6(h*), these formulas always refer to a set of
conventions and normalization postulates which are however not necessarily pronounced.
In practice, every such reasoning needs verification, to let us be certain of absence of
error. The certificate of associativity up to 6(h*) for Kontsevich’s affine star-product
*aff mod 6(h¥) is what we do in the follow-up paper [6]: we have k = 7.

We develop several methods to control the construction of affine star-product with
harmonic propagators. The postulate of associativity is primary. We notice that for
affine Poisson brackets and affine star-products, the Kontsevich graph language restricts
to graphs with aerial vertex in-degree < 1 both in the star-product formula and in the
associator, so that graphs with at least one higher in-degree aerial vertex can be discardedE

Secondly, we observe that the cyclic weight relations by Shoikhet—Felder—Willwacher
(from [12, Appendix E]) form a triangular linear algebraic system with respect to the
in-degree of aerial vertices. Consequently, these linear systems are well defined for the
graph weights in kth order expansions x,g mod 6(7i*) of the affine star-product. The

Peano’s omicron notation means that all the terms at £°, i', ..., i* are known but higher order terms
at A" stay ‘unknown’.

2In the Leibniz graphs, which encode differential consequences of the Jacobi identity, the in-degree of
wedge tops is equally bounded by < 1 but the in-degree of the trident vertex, standing for the Jacobiator
%[[797 P] of the bi-vector P, must have the bound < 2. This higher in-degree is reworked into the previously
stated bound < 1 when the Jacobiator is expanded into its Kontsevich’s graphs and the in-coming arrows
spread by the Leibniz rule over the three pairs of internal vertices in the Jacobiator.



192 ]ocn m p[ R Buring and A V Kiselev

cyclic weight relations now constrain the Kontsevich graph weights in %, by high rank
systemsd? for every k > 2.

Thirdly, we discover that the number of Kontsevich’s graphs suitable for x,g, due to
the in-degree bound < 1 for aerial vertices, is exponentially less than the number of
Kontsevich’s graphs without such bound in the same expansion order A" of the full star-
product x mod 6(h¥): see Table [ and footnote @ below.

Table 1. The count of admissible Kontsevich graphs in the x-product.

n 3 4 5 6 7

44 475 6874 126750 2814225
38 445 6488 122521 2744336
30 331 4907 91694 2053511
30 330 4893 91489 2049704

# Kontsevich graphs, generated

# Kontsevich generated, nonzero

# Kontsevich generated, nonzero, diff. order > 0

# Kontsevich generated, nonzero, diff. order > 0,
connected

— = |
= s O O N

e of them, with in-degree(aerial vertices) < 2 1 4 30 265 2801 33690 451927

e of them, prime 1 3 24 215 2327 28649 391958

e of them, with in-degree(aerial vertices) < 1 1 4 14 51 161 542 1723

e of them, prime 1 3 8 23 59 171 477

# Kontsevich graphs (coeff # 0 in x at i") 1 4 13 247 2356 66041 ?
e of them, with in-degree(aerial vertices) < 1 1 4 6 35 84 334 958
# Cyclic weight relations 1 4 30 331 4907 91694 2053511
Corank of linear algebraic system 0 1 11 103 1561 ? ?

This is true both before and after we know the Kontsevich graph weights (about a half
of which equal zer(ﬂ at every order n in x for 4 < n < 7). Table [I] reveals how small
the problem is for x,¢ mod a(%*), compared with the task of finding the full star-product
x mod 6(h*) with harmonic propagators.

We combine the many known constraints upon the Kontsevich graph weights in *,g,
and we make the postulate of associativity work by restricting the associator of *,g onto
particular (classes of) affine Poisson brackets: e.g., onto generic affine bi-vectors P =

3Moreover, as soon as we postulate the maximal in-degree of aerial vertices of the Kontsevich graphs
in the star-product, the linear algebraic system of cyclic weight relations for the weights of graphs over
n > 2 aerial vertices is again triangular with respect to the number of aerial vertices where the maximal
in-degree is actually attained. The mechanism of this filtration by the vertex number is the same as the
overall filtration by the maximal in-degree. Indeed, neither the in-degrees of aerial vertices nor the number
of such vertices with the maximal in-degree can increase when arrows are re-directed from aerial vertices
to sinks (and the sinks are cyclically permuted). This reasoning —with a caveat from footnote 21— also
applies to the maximal in-degree vertex number filtration of the system of cyclic weight relations for the
weights of Leibniz graphs that express the associator for x through the Jacobi identity (cf. [6]).

1By definition, a Formality graph is called zero if it admits an automorphism (over fixed sink vertices)
which makes the graph equal minus itself (so that this graph’s formula is equal to minus itself, hence
zero). In contrast with the above, for a given choice of propagator (we take harmonic ones as in [I§]), the
Kontsevich weight of a certain nonzero connected Formality graph that sends arrows to all of its sinks can
still ‘incidentally’ equal zero. We say that such Formality graphs are neutral; in the x-product expansion,
their coefficients = 0 (see also Definition 2] Example [I] and Lemmas[5l [ [7in §Tbelow). Thirdly, prime
Formality graphs remain connected if all of the sinks and all of the edges to the sinks are erased (see [9]
Lemma 5] with the multiplicative formula, Eq. (7) therein, for the weights of composite, i.e. non-prime
graphs).
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(ax + By + v)0z A Oy on R? with Cartesian coordinates z and y, or on the Nambu-
determinant Poisson brackets () on R? with deg(o,a) = (1,1) or deg(p,a) = (0,2), etc.

To calculate the few remaining master-parameters giving us all the graph weights at A",
we use the kontsevint software by Panzer (freely accompanying the publication [I] by
Banks-Panzer-Pym). In the end, we obtain the formula %, mod 6(h"), by construction
covering the subcase of linear Poisson brackets on the duals g* of Lie algebras. This
seventh order expansion x,¢ mod 6(h7), see Appendix [A1] contains the Kontsevich graph
weights from the integral formula with harmonic propagators (as in [18]). Moreover, this is
the authentic gauge of the affine star-product: indeed, the two-cycle digraph with wedges
(0,3), (1,2) on two sinks 0,1 and two aerial vertices 2,3 is not gauged out.

The Riemann zeta values are known to appear in the graph weights of star-products.
Kontsevich discovered this in [I7]; Felder and Willwacher [I2] found a graph at A7 in *
such that its weight contains ((3)?/7% up to rationals; Banks, Panzer, and Pym [1] studied
in depth which (multiple) Riemann zeta values show up in the Kontsevich graph weights,
and they wrote a computer program kontsevint (accompanying [I]) which expresses the
weights in terms of the (un)known Riemann zeta values (that is in terms of rationals and
inert expressions like ((3), ¢(5), ¢(7), ..., divided by suitable powers of 7). The seventh
order expansion of the affine star-product, which we report in Appendix [AI] contains
¢(3)?/7 in the coefficients of many graphs, in particular the one considered by Felder and
Willwacher. On the other hand, Ben Amar proved in [2] that for polynomial functions, the
bi-differential operator of Kontsevich’s (affine) star-product for Poisson brackets on g* can
be calculated by using only graphs with rational weights. In other words, the (ir)rational
values of Riemann zeta must be effectively absent from the formula of the affine star-
product *,¢. Yet by the above, the (ir)rational Riemann zeta values are nominally present
in the affine star-product coefficients. We bring together these two claims by assimilating
the entire ((3)2/75-part of the genuine Kontsevich affine star-product x,¢ mod 6(h") with
harmonic propagators into differential consequences of the Jacobi identity; in the graph
expansion, these differential consequences are realized by Leibniz graphs with one trident
vertex for the Jacobiator and possibly with other wedge tops for copies of the Poisson
bi-vector.

Let us emphasize that not only the ¢((3)?/n%part but more terms can be reduced at
hS7 in the affine star-product; already at A® some coefficients are changed when one graph
is eliminated. Thus we reduce the graph expansion from Appendix [A]l to a shorter,
easily usable formula +'%' mod 6(A7) in Appendix [B] based on the graph expansion in
Appendix The resulting analytic expression is valid for any affine or linear Poisson
bracket ] This analytic formula *;eﬁd mod 6(h7) can be used at once in applications of
deformation quantization in physics and other domains of mathematics such as Lie theory.

Remark 1. The first referee points out that already in Kontsevich’s original paper [1§] it
was proven that for linear Poisson brackets on g*, the resulting non-commutative unital
associative algebra is canonically isomorphic to the universal enveloping algebra of the

5The formula is provided in the authentic gauge: no gauge transform was applied to the affine star-
product after the removal of identically zero part. The removed analytic expressions equal a linear differ-
ential operator acting on the Jacobiator of the Poisson bivector.
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associated Lie algebra g, whose standard presentation is defined over the field of ratio-
nals Q. In this sense it is known that the structure of the resulting algebra ultimately
involves no nontrivial multiple zeta values (MZVs), so any MZVs that appear in the *-
product are artifacts of the specific choice of basis for the (Lie) algebra. It remains to be
explored whether this choice of basis has any physical sense; this depends on how strictly
one interprets Bohr’s correspondence principle in deformation quantisation.

Remark 2. The Riemann zeta value ((3)%/7% cannot be fully eliminated from the Kon-
tsevich x-product (with harmonic propagators, in its authentic gauge). Indeed, a coun-
terexample is provided by the log-symplectic bracket {z,y} = %:Ey on R?, see [I]: the
transcendental number ((3) does show up at h% in the x-product from [I8] evaluated at
this specific, quadratic-nonlinear Poisson bracket.

The third question, which we answer in [6], is: How does the associativity work for the
full star-product ? We establish that the mechanism of star-product associativity from [18]
starts working from order 7 onward differently from the orders 0, ..., 6. Namely, at low
expansion orders the Leibniz graph realization of the associator, that is, an expression of
the associator in terms of the Jacobi identity and its differential consequences, was obtained
instantly from the Kontsevich graphs showing up in the associator after collecting similar
terms. We observe that at order 7, this instant realization is no longer the case for the
affine star-product; to achieve a sufficient set of Leibniz graphs, the first layer of neighbor
Leibniz graphs must be taken into account. (See [6] and [8, [9] for the iterative scheme.)
This effect persists at order 7 for the full star-product with generic Poisson structures.
For the reduced affine star-product, the need of more layers for Leibniz graphs is even
stronger.

In conclusion, the mechanism of Kontsevich’s Formality theorem does require the use
of Leibniz graphs which are mot instantly recognized from the associator, for the star-
product to be associative. The “invisible” Riemann zeta values act as the placeholders for
Kontsevich’s graphs in the star-product (and then for those Kontsevich’s graphs in the
associator which are used to build the Leibniz graphs certifying the associativity).

Our main results are summarized in the following set of propositions.

1. We verify the associativity up to 6(h%) for the full Kontsevich star-product, known
modulo 6(h%) from Banks-Panzer-Pym [I] for arbitrary (non)linear Poisson brackets and
arbitrary arguments, by realizing (every homogeneous tri-differential component of) the
associator as a sum of Leibniz graphs from the Oth layer, that is the Leibniz graphs
produced at once by contracting edges in the Kontsevich graphs from the associator (see
Proposition 4 in [6]).

2. The Kontsevich x-product admits a restriction to the class of Poisson brackets
with affine coefficients on finite-dimensional affine manifolds (e.g., such are the Kirillov—
Kostant Poisson brackets on the duals of Lie algebras: their coefficients are strictly linear
without constant terms). In section 2 see Proposition [§ on p. below, we obtain the
expansion %, mod o(h”) of affine Kontsevich’s star-product: in all the Kontsevich graphs
in it the in-degrees of aerial vertices are bounded by < 1. The graph expansion %, mod
o(h") is contained in Appendix [AI} at h® and A", the coefficients of many Kontsevich
graphs in ¢ mod o(h7) contain ¢(3)2/7% times a nonzero rational factor, plus a rational
part.
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3. We discover that in both the orders A% and A" in x,g with the harmonic graph
weights, the entire coefficient of ((3)?/7°, itself a Q-linear combination of Kontsevich
graphs, assimilates into a linear combination of Leibniz graphs (doing so at once, without
need of the 1st layer of Leibniz graphs). In consequence, whenever the affine star-product
*a mod 6(h") is restricted to an arbitrary affine Poisson structure, the constant ¢(3)? /7%
does not appear at all in the resulting analytic expression. In fact, more terms in x,g
mod &(h") can be absorbed into Leibniz graphs. Namely, in section [§] we obtain and in
Appendix we list the affine Kontsevich graph expansion *g‘gfl mod o(R7), at once ex-
cluding the part which is now known to vanish identically: there remain only 326 nonzero
rational coefficients of Kontsevich graphs (at all orders, up to A7), in contrast with the
original graph expansion of the Kontsevich star-product x5 mod 6(ﬁ7) in which the Kon-
tsevich integral formula yields 1423 nonzero Q-linear combinations of 1 and ¢(3)?/#° for
the Kontsevich graph coefficients

4. We verify the associativity up to a(h”) of the affine Kontsevich star-product, known
modulo o(h") for arbitrary affine Poisson brackets and arbitrary arguments, by realiz-
ing (every homogeneous tri-differential component of) the associator as a sum of Leib-
niz graphs. We establish that for the tri-differential orders {(3,3,2), (2,3,3), (3,2,3),
(2,4,2)}, the Oth layer of Leibniz graphs is not enough for any such factorization to exist,
yet solutions appear in presence of the 1st layer of Leibniz graphs in each of the four ex-
ceptional cases; see Proposition 5 in [6], and see the Proof scheme (for the reduced affine

star-product *;‘f_? mod 6(h")) on p. 6 in [6] specifically about the properties of the asso-

ciator for the reduced affine star-product *;?_19 mod o(h") with only rational coefficients.
We finally deduce that the indispensability of the first layer of Leibniz graphs is such that
it carries on to any factorization of the associator at h’ for the full star-product modulo
o(h"); see Proposition 6 in [6].

This paper is structured as follows. In section 2] we list practical methods to constrain
the coefficients of Kontsevich’s graphs in (affine) star-product expansion and we obtain the
graph encoding of the seventh order expansion %,z mod o(h") of the affine star-product
with harmonic propagators. In section Bl we reduce this affine star-product by making use
of the Jacobi identity, so that for each Poisson bracket with linear or affine coefficients, the
resulting formula of x'¢! mod 6(h") remains the same as it was before reduction; the much-
shortened graph encoding and the ready-to-use analytic formula *;‘%ffl mod 6(h") are given
in Appendices and [Bl respectively. (In [6] we discover that Kontsevich’s mechanism of
associativity for the full or affine star-product works differently at orders O, ..., 6 against
orders seven and higher. The difference is this: at low orders the vanishing of the associator
thanks to the Jacobi identity is immediately recognizable, whereas starting from order 7, it
can take several steps to accumulate all the needed Leibniz graphs (with the Jacobiator) to
represent higher order terms of the associator for the star-product.) The paper concludes
with a reference to the earlier work of Ben Amar about the Kontsevich star-products for
linear Poisson structures; we compare the old predicted values of weights for some graphs
such as the Bernoulli graphs with the true values now obtained and cross-verified by a
combination of methods!]

In the above reduction of x,¢ mod &(h") none of the Kontsevich graph weights was altered or were
redefined; the reduction of the number of terms which effectively contribute to the star-product of functions
and to its associator is due to a revealed property of those graphs and their Kontsevich weights.

"NB: There are two opposite sign conventions for the first Bernoulli number.
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2 The Kontsevich star-product with harmonic propagators
for affine Poisson brackets: expansion x,g mod o(h")

Definition 1 (cf. [9], Def. 3]). The formula for the harmonic weights Wr € R is given in [9]
§6.2); it is

Wr = <k1;[1 #Star(k‘)!) ) (27)2n+m=2 /ch /\ doe,

n,m 6€E[‘

where # Star(k) is the number of edges starting from vertex k, dp. is the “harmonic
angle” differential 1-form associated to the edge e, and the integration domain C’,t m 18
the connected component of C_'mm which is the closure of configurations where points g,
1 < j7 < m on R are placed in increasing order: ¢; < --- < ¢,,,. For convenience, let us
also defin

wr = (f[ #Star(k)!) - Wr.
k=1

The convenience is that by summing over labelled graphs I', we actually sum over the equiv-
alence classes [I'] (i.e. over unlabeled graphs) with multiplicities (wp/Wr) - nl/#Aut(I").
The division by the volume #Aut(I') of the symmetry group eliminates the repetitions
of graphs which differ only by a labeling of vertices but, modulo such, do not differ by
the labeling of ordered edge tuples (issued from the vertices which are matched by a
symmetry).

To find the weights of Kontsevich’s graphs in the affine star-product, we use the same
strategy as in [9] now implemented in gcaops [4]. We extend the set of constraints upon the
graph coefficients by several useful lemmas, and simultaneously, we reduce the problem by
filtering sums of graphs by maximal in-degree of their aerial vertices, also during insertion
of a Kontsevich graph into a sink of another Kontsevich graph when the associator is
formed.

2.1 Sources of constraints for the Kontsevich graph weights

Let us summarize the methods to constrain weights of Kontsevich graphs in the affine
star-product modulo 6(A*).

Lemma 1. Under a relabeling of aerial vertices, the weight w(I") of a Kontsevich graph T’
does not change. (Hence, a choice of labeling can be arbitrary.) Under a swap of ordering
L 2 R of outgoing edges at an aerial vertex of a Kontsevich graphs, its weight changes
sign. (Hence, the weight of a zero graph vanishes, see [9, Example 5].)

Lemma 2. For the normalization of Kontsevich graph weights as in [9], where we set
w(I') = ([T5_, # Star(v)!) Wr with respect to the Kontsevich formula Wr for graphs on
n aerial vertices v1,...,v,, the weight of a composite Kontsevich graph I' = 'y xI's on
n = nq + ny aerial vertices is (by the graph weights’ multiplicativity) equal to the product
of the weights: w(T") = w(T'1) - w(Ty).

81t is the values wr instead of Wr which are calculated by the kontsevint software [1].
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The multiplicativity of weights yields (inhomogenenous) linear relations for the weights
of composite graphs at order n as soon as the weights of graphs at lower orders k < n are
known.

Lemma 3. Upon flipping a Kontsevich graph on n aerial vertices, i.e. interchanging the
two sinks, its weight is multiplied by (—1)".

Lemma 4. The Shoikhet—Felder—Willwacher cyclic weight relations from [12, Appendix E]
restrict to the subset of affine graphs, which are selected in the set of all Kontsevich graphs
by the bound, in-degree < 1, for aerial vertices.

Proof. Re-directing edges —now, to ground vertices— does not increase the in-degree
of aerial vertices, neither does so a cyclic permutation of the ground vertices. Hence the
linear algebraic system of Shoikhet—Felder—Willwacher cyclic weight relations is triangular,
filtered by the bounds for aerial vertex in-degrees. |

Definition 2. A Kontsevich graph with an “eye-on-ground” is a Kontsevich graph con-
taining a 2-cycle between aerial vertices such that both vertices in the 2-cycle are connected
to the same ground vertex.

Example 1 (see [9, Example 26]). Here is an example of a Kontsevich graph with an

eye-on-ground: ;,; ] From [9, Example 26] we know that its weight w_3_8 vanishes.

Lemma 5. The weight of a Kontsevich graph on two ground vertices with an “eye on
ground” vanishes.

For example, we directly verify this for all Kontsevich graphs on n < 6 aerial vertices
by using Panzer’s kontsevint software.

Proof. This is readily seen from the count of dimensions. Consider the “eye-on-ground”
subgraph with two aerial vertices, one sink, and four edges. The number of angles between
an outgoing edge and ico equals four, with as many differentials of these four angles. By
using the affine group, move the sink to 0 on the real line. The two aerial vertices remain
inside the hyperbolic upper half-plane. Rescale the entire picture such that (at least)
one aerial vertex is at height y = 1 The remaining parameters are: the x-coordinate
of the (y = 1)-vertex and Cartesian coordinates (z,y) of the other vertex. But the four
angles for the outgoing edges within this subgraph, hence their differentials, are completely
determined by the (differentials of the) three parameters which we have just counted. The
four-form expressed using three differentials vanishes, hence the integrand in Kontsevich’s
weight formula for the entire graph also vanishes, and so does the graph weight. |

Lemma 6. The weight of a disconnected graph vanishes.

Note that such graphs can consist of two components, each standing on one sink, but
also e.g., of one component standing on two sinks and a purely aerial component 19

90Or fix some of the remaining parameters otherwise, e.g., place an aerial vertex on a unit circle.
10Purely aerial components of graphs in Kontsevich’s calculus correspond to the vacuum parts of Feyn-
man diagrams.
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Proof. Again, this is seen by the count of dimensions. Using action by the affine group
elements, bring the leftmost sink to the origin 0 € R and rescale the graph picture in
the upper half-plane H? such that the y-coordinate of some aerial vertex is any given
positive number. Now, in the other component(s) of the graph, i.e. in the subgraph(s)
not connected with the sink in the origin, the angles between edges and ioco —hence their
differentials — stay invariant under local (to not hit a vertex of any other component)
horizontal translations along R = 9H?. The 2-coordinate zg of a vertex in the movable
component, parametrizing the entire component’s location, can be taken as one of the
coordinates on the space C,, ,, of vertex configurations. But, as said, for all the edges in
this detached subgraph, the differentials in the respective angles in Kontsevich’s formula
can only depend on the pairwise differences of the z-coordinates (and on the not yet
fixed y-coordinates) of vertices; neither the constant xg nor its differential occurs in the
integrand. Consequently, the differentials of fewer parameters on the configuration space
Cp,m show up in the top-degree form with the differentials of all the edge angles. By the
pigeonhole principle, at least one differential of a parameter on C, ,, is repeated twice,
hence the integrand is identically zero, and so is the entire graph weight. |

Remark 3. Connected affine Kontsevich graphs standing on both sinks cannot contain an
“eye-on-ground”, due to the in-degree bound < 1 for either aerial vertex in the 2-cycle
(see Example[I]). The “eye-on-ground “ subpattern essentially works for Kontsevich graphs
which are not affine, e.g., for quadratic Poisson brackets (see Remark [ below).

Lemma 7. The graph weight vanishes if the integrand vanishes in Kontsevich’s integral
formulal'

The zero graphs, which can be affine, and the connected “eye-on-ground” graphs, which
cannot be affine, are natural examples for the integrand to vanish (see footnote [ on p. 192
for relevant definitions).

Remark 4. Kontsevich conjectures in [19, §1.30] that for the quadratic log-symplectic
Poisson bracket {z,y} = %my on C?, its “quadratic” star-product —with in-degrees < 2 for
all aerial vertices of Kontsevich graphs in x— satisfies the identity zxy = exp(h)y*x at all
orders of expansion in . When one constructs (a quadratic or higher order) Kontsevich’s
star-product with harmonic propagators, there are two options. The first option is to
verify Kontsevich’s conjecture as soon as every next order of expansion is reached in the
quadratic star-product. The other option is to postulate this conjecture and thus constrain
the Kontsevich graph weights by one more relation at each order in A, so that the rank of
the linear algebraic system is higher, the system is solved faster, and there remain fewer
master-parameters. (But then, one must indicate that the Kontsevich graph weights were
obtained modulo the unproven conjecture.

"' More graphs can have weight equal to zero sporadically, that is, when the Kontsevich formula with a
nonzero integrand integrates to zero for an agreed choice of the propagator (here, harmonic). Examples of
such neutral graphs are found in [0, Figure 2 and Example 26].

12T0 the best of our knowledge, E. Panzer (2019) produced the seventh order formulas of =y and y*
for the log-symplectic structure, that is, by using Kontsevich’s graphs with aerial vertex in-degrees < 2 and
with either sink’s in-degree = 1; up to A’, Kontsevich’s conjecture holds true. It is clear that while knowing
the quadratic star-product of two coordinate functions, one does not yet have the quadratic star-product
of two arbitrary arguments, nor can one certify its associativity. Therefore, the seventh order expansion of
Kontsevich’s star-product for the log-symplectic Poisson bracket in particular and for arbitrary quadratic
Poisson structures remains an open problem.
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Finally, the postulate of associativity for the star-product puts restrictions on the graph
weights appearing in it.

Method 1. The Kontsevich affine star-product *,g is associative for all Poisson structures
P = (ax+py+y) 00, on R? with coordinates x, y. In particular, the differential operator
A(f,g,h) = (fxg)*h— fx(gxh) mod 6(h") acting on f@g®@h € C(R?)®3 has coefficients
which vanish as polynomials in x,y, a, 5, 7.

In practice, Method [ allowed us to determine two graph weights at A7 in g after the
application of all the aforementioned other methods (when the rank of the linear algebraic
system was already high). Method [l is not so powerful but fast.

Method 2. The Kontsevich affine star-product x,g is associative for all Nambu—Poisson
structures P = [p 0y A Oy A 0, a] on R3, where (g, a) are polynomials of degrees deg(p, a) =
(1,1) or (0,2). In particular, the differential operator A(f,g,h) = (fxg) *h — f * (g *
h) mod 6(h") acting on f@g®h € C(R3)®3 has coefficients which vanish as polynomials
in z,y, z and in the coefficients of polynomials ¢ and a.

In contrast with Method [, Method [2] usually increases the rank a lot yet it is much
slower.

Remark 5. When constructing star-products for polynomial Poisson brackets of a given
(prescribed) degree, we can restrict the star-product ansatz and its associator to natural
classes of polynomial Poisson brackets of that particular degree: e.g., by using the Nambu-
determinant Poisson structures on R? with suitable degree polynomials p, a. Likewise,
when constructing the full star-product for generic Poisson brackets, one can increase the
rank of the linear algebraic system upon the graph weights by using Method 3 from [9], that
is, by restricting the x-product ansatz and its associator to generic Nambu-determinant
Poisson structures on R? and then dealing with differential polynomials in ¢ and a.

The master-parameters that remain are now calculated directly by using Panzer’s pro-
gram kontsevint for computation of Kontsevich’s weights of graphs (see [1])

Independently, the graph weights can be calculated directly by applying the contour
integral technique to the Kontsevich formula, see [9 Appendix A.1]; this method becomes
increasingly difficult for Kontsevich graphs on many vertices; some intermediate steps are
computer-assisted: integrals are evaluated symbolically or numerically.

So far, we summarized specific methods to obtain the values of weights for non-specific
Kontsevich’s graphs in the (affine, etc.) star-product ansatz. Still, for the Bernoulli and
loop graphs showing up in the affine star-product for linear or affine Poisson brackets,
Ben Amar developed a technique for calculation of their exact weight values (see [2] and
Discussion in this paper). The weights for these two classes of Kontsevich graphs serve a
base in the inductive calculation of the affine star-product of two arbitrary polynomials.

Remark 6. The Formality theorem in [I8] (see also [16]) guarantees that the (affine or
full) star-product is associative because its associator can be realized as the Kontsevich
graph expansion for a sum of Leibniz graphs, each with the Jacobiator in a trident vertex

13The paper [1] contained a typo in the value of the weight for the affine graph on n = 7 aerial vertices
which Felder and Willwacher considered in [I2] in the context of Riemann zeta. We detect that the correct

weight of that graph is equal to oo — 525¢(3)%/7%; see the erratum to [I].
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(cf. footnote 2l on p. [I91]). The weights of Leibniz graphs in the authentic factorization
(which the Formality theorem suggests) themselves are determined by the Kontsevich
integral formula, and they too satisfy the cyclic weight relations, now adapted to the
Leibniz graphs on 3 sinks. These canonical Leibniz graph weight values and cyclic weight
relations upon them can in hindsight constrain the coefficients of Kontsevich’s graphs in
the (affine) star-product ansatz. We say that the above would be the strong solution to
the associator factorization problem. However, it suffices for us to certify the associativity
of ¢ mod 6(h”7) by realizing each tri-differential order part of its associator as a sum of
Leibniz graphs, i.e. regardless of their Kontsevich’s weights and of their constraint by the
cyclic weight relations. In this way, we report in [6] a solution of the weak factorization
problem for the verification of affine star-product associativity.

2.2 The expansion x,g mod o(h") of Kontsevich’s star-product for affine
Poisson brackets: Riemann ((3)?/7 still present

For the class of Poisson brackets with affine coefficients (whose higher derivatives vanish
identically), e.g., the Kirillov-Kostant linear brackets, we advance to the seventh order in
the expansion of the Kontsevich *-product.

Indeed, the restriction of Kontsevich’s x-product to the spaces of affine Poisson brackets
is well defined: all the Kontsevich graphs in x,¢ mod o(h™) and in its associator up to o(h")
only have aerial vertices with in-degree < 1. The linear algebraic system of the Shoikhet—
Felder—Willwacher cyclic weight relations is by construction triangular with respect to
the weights of Kontsevich graphs (in ) with an overall bound for the in-degrees of aerial
vertices. (The linear system of cyclic weight relations is also triangular with respect to
the in-degrees of aerial vertices in the Leibniz graphs which can be used to express the
associator via differential consequences of the Jacobi identity.)

Proposition 8. The weighted graph encoding for the analytic formula of Kontsevich’s
affine star-product x,¢ mod o(A”) —in particular, for all the Kirillov-Kostant Poisson
brackets, linear on the duals g* of finite-dimensional Lie algebras— is given in Appendix[Al
There are 1423 nonzero Kontsevich weights of affine Kontsevich graphs in %, mod (A7)
near the graphs at all orders < 7 overall. The multiple zeta value ¢ (3)? /7% starts appearing
in the weights at n > 6 vertices

Proof scheme. The ansatz for x,z mod 6(h") contains, at A7, 1731 affine Kontsevich
graphs with in-degree < 1 of aerial vertices; their Kontsevich weights are constrained by
the elementary properties (such as mirror reflections, whence basic graphs), by the weights
multiplicativity (whence the prime graphs), by the vanishing statements for the Kontsevich
graphs which are disconnected over the sinks and for the Kontsevich graphs which contain
a triangle subgraph standing on a sink, and by the cyclic weight relations: the corank of
the merged linear algebraic system upon the 1731 unknowns equals 76. The values of the
76 master parameter (themselves the weights of certain affine Kontsevich graphs on

“The Kontsevich weight of the Felder-Willwacher affine graph from [12] equals % — ﬁ((i’)f/ﬂ'ﬁ7
thus now correcting a typo in the kontsevint program description [I] by Banks-Panzer-Pym.

5The restriction of the associator for x.g mod 6(h") to a generic affine Poisson bracket P = (ax + by +
)9z A9y on R? decreases the corank down to 74. This gain —by only two parameters — was only discovered
after the 76 master parameters were known. The second referee inquires whether using higher dimensional
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n = 7 aerial vertices in the affine star-product %,z mod 6(h”)) have been computed using
the kontsevint program by Banks—Panzer—Pym; these values are listed in [5, Part I, §3.7,
Cell 54]. m

Remark 7. The second referee argues that it would be better to not compute only precisely
the corank number of weights, but more of them. (In fact, this is what we did, in view of
footnote the true corank was 74 < 76.) Every extra integral computed gives us a more
overdetermined system of equations used. The main counter-argument against doing that
too much in practice is the time needed to run the excessive evaluations of non-master
graph weights.

Our core strategy in [9] and in the present paper is to combine all of the known con-
straints upon the weights of Kontsevich graphs in the *-product (and upon the Kontsevich
weights of Leibniz graphs that express the associator) in order to increase the rank of the
algebraic system and thus reduce the remaining number of ‘time-expensive’ master pa-
rameters. By realizing this strategy, we experimentally detect how precisely much does
the corank drop due to a combination of the sets of constraints of different nature.

Open problem 1. It has been proven in [I] that all graphs’ coefficients in Kontsevich’s
universal formula of the star-product with harmonic propagators are rational linear com-
binations of multiple zeta values (MZVs). The property of *-product’s associativity for
every specific Poisson bracket and the postulate of x-product’s associativity for arbitrary
Poisson brackets (so that the Formality theorem from [I8] guarantees the expression of
the associator in terms of the Leibniz graphs) constrain the MZVs at hand by linear
relations over Q. Which (families of) linear relations between the MZVs in [14], from
which any other relation conjecturally follows, are then reproduced by the associativity of
Kontsevich’s x-product ?

Open problem 2. Which other sub-patterns, besides the “eye-on-ground” lemma, guar-
antee the vanishing of the integrand of the Kontsevich graph weight ?

3 The reduced affine star-product %! mod o(h"): why there
is no Riemann zeta ((3)?/7° in the analytic formula

Apparent from Appendix [B] with the analytic formula of %, mod 6(h") is the absence of
¢(3)?/75, which is nominally present in the graph expansion of Kontsevich’s star-product
with harmonic propagators (see Felder-Willwacher [12]).

Claim 9. All the instances of ((3)?/x5 disappear from x,g mod 6(h") because the Q-
linear combinations of Kontsevich graphs near all ((3)%/7% —and moreover, many other
Q-linear combinations of Kontsevich graphs in x,g mod o(k7) — assimilate into the Q-linear
combinations of Leibniz graphs, so that the analytic formulae which these (or any) Leibniz
graphs encode vanish identically due to the Jacobi identity for the affine Poisson bracket(s)
at hand.

linear and affine Poisson brackets on R”® would produce more constraints — compared with just two new
equations from the underlying R?. We learn that at a given order of h (here k = 7), by increasing the
dimension of the underlying Poisson manifold R? one can increase the rank (beyond what one has from ]RQ)
but this improvement, as d grows, soon saturates because new constraints upon the graph weights repeat
each other.
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Let us explain how the much-reduced graph encoding ¢! mod 6(h") is obtained (see
Appendix[A.2)); we emphasize that for every given affine Poisson bracket, the analytic for-
mula encoded by the graph expansion of *;‘?ffl mod 6(h") is exactly the same as the formula
which was produced from the original graph expansion %,z mod o(h"), see Appendix [AT]

for the affine star-product.

Proof scheme. To eliminate as much as possible from the affine star-product we pose an
unsolvable problem: let us try to represent the entire graph encoding of the %, mod 6(h")
as a linear combination of Leibniz graphs. (The impossible existence of a solution to
this problem would mean that the affine star-product is identically zero up to order 7
for any affine Poisson bracket!) Having generated all the relevant Leibniz graphs on 2
sinks and with up to 6 aerial vertices (of which one vertex has out-degree three and the
others (if any) two), and by taking a sum L of these Leibniz graphs with undetermined
Q[¢(3)? /m0)-coefficients, we construct the linear algebraic system

*af — L = 0 mod (k7).

This linear system is now solved approximately by using the method solve _right from
Sagel\/lath

The key idea is that by adding or subtracting any linear combination of Leibniz graphs,
we do not alter the analytic formula which is encoded by the Kontsevich graph expansion of
the star-product. By definition, we put *:%fj := %8 — Lo(20), where we subtract the found
solution Ly with the Leibniz graph coefficients xg in it. We establish that the entire Q-
linear combination of Kontsevich’s graphs near ((3)%/7% in the original graph expansion
*a mod 6(h7) is absorbed into the sum Lg of Leibniz graphs. Moreover, not only the
¢(3)?/m0-part of the affine star-product but also much of its part with rational coefficients
is absorbed further into the Leibniz graphs combination over Q[¢(3)?/7%]. In the reduced
affine star-product +'%' mod 6(h”), there remain only 326 nonzero rational coefficients
of Kontsevich graphs (at all orders, up to h”): this reduced graph encoding is listed
in Appendix [A.2l We remember that for any given affine Poisson bracket, the analytic
formula of the affine star-product seventh order expansion produced from the originally
found graph expansion . mod 6(h7) is now exactly the same as the analytic formula
obtained from the reduced expansion *;‘Ii_? mod o(h"); the formula is given in Appendix Bl
By a straightforward calculation, we verify that the difference of two analytic formulas
amounts to a linear differential operator acting on the Jacobiator of the affine Poisson

structure. [}

Remark 8. For linear star-products Ben Amar [2] predicted that all the coefficients of
Kontsevich’s graphs in the expansion are rational numbers. On the other hand, the work
of Felder—Willwacher [12] suggests —already on the level of affine Poisson brackets — and
the work of Banks—Panzer-Pym [I] confirms that the Kontsevich graph coefficients in a
linear star-product take values in the extensions of Q by suitable multiple zeta values. Our
finding that affine star-product can be reduced by using Leibniz graphs brings together
both statements: there is no contradiction between them.

161t can be expected that the method runs an iterative minimization of the quadratic potential (z, Ax)

obtained from a linear system Ax = 0. The method stops at the potential’s bottom zg of the values of
Leibniz graph coefficients. The computation is run over the extension Q[¢(3)? /7] of the field of rationals.
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Open problem 3. Why does the entire ((3)?/m5-part of x5 mod 6(h7) assimilate into
expressions which vanish due to the Jacobi identity ? What is the mechanism of this effect
within the proof of Formality theorem? Likewise, what is the “rational” part of the (affine)
star-product which does not contribute to the analytic formula in the same way 7 Which
multiple zeta values will not ever show up in the resulting analytic formula of the affine
star-product ?

4 Conclusion

We have studied the following questions:

e What is, and what can be the formula of Kontsevich’s star-product up to order 7 for
affine —in particular, for linear on g* — Poisson brackets ?

e Where are the Riemann zeta values — are they really present in the coefficients of
Kontsevich’s affine star-product ?

e How does the associativity mechanism of Kontsevich’s star-product work for generic
or affine Poisson structures: namely, at order 7 of the expansion, is it the same or different
from such mechanism at lower orders ?

Now, this paper contains a reduced, ready-to-use formula of seventh order expan-
sion for Kontsevich’s star-product built for Poisson brackets with linear or affine coef-
ficients (see Appendix[Bl). We certify in [6] that this reduced affine star-product expansion
*;‘%ff‘ mod 6(h") is associative up to 6(h”). For every affine Poisson bracket, our formula ex-
presses Kontsevich’s original star-product [18] with harmonic propagators, in its authentic

gauge.

Open problem 4. Make the reduced affine star-product formula shorter (i.e. smaller in
size) by using gauge transformations.

5 Discussion

By combining various methods to constrain the weights of Kontsevich’s graphs in a star-
product, we make every such method work towards the verification of other methods.
This not only reduces a risk of our error, but also allows us to spot errors in the earlier
published work. For instance, we detect that the true value of the Kontsevich weight for
the Felder—Willwacher graph [12] is w(I") = m - Q—é(j( (3)2/7%; this graph shows up at
R" in the affine star-product, and an expression with a sign mismatch was reported in [I].
(The kontsevint software by Panzer now confirms the true value, which we obtain.)

Likewise, we recall that for linear or affine Poisson brackets, the respective x-product
can be built iteratively, by starting with two explicit formulas for the weights of Bernoulli
and loop graphs, using the method from [2] by Ben Amar.

Definition 3. The Bernoulli graph I',, on two sinks 0,1 and n aerial vertices 2,...,n+1
is a Kontsevich directed graph built of wedges: (2,0),(2,1) and (k+ 3,k +2),(k+3,1)
for0<k<n—1.

e The loop graph T"}, on two sinks 0, 1 and n > 1 aerial vertices 2, ...,n+1 is a Kontsevich
directed graph built of wedges: (2,0),(2,14+n) and (k+3,k+2), (k+3,1) for 0 < k <n—1.
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Knowing the Kontsevich weights of Bernoulli and loop graphs one can calculate the
star-product z' % g of a coordinate function ' and an arbitrary second argument g.

Lemma 10 ([I5, Proposition 4.4.1], [3, Corollary 6.3]). The Kontsevich weight of Bernoulli
graph is w(I'y,) = B,/(n!)? and the weight of loop graph is w(I',) = $B,/(n!)?, where
B, is the nth Bernoulli number and the convention in Ben Amar’s work [3] must be
By = +1/2.

In Table 2] we report the newly found values of the Bernoulli and loop graph weights
(for 1 < n < 7and 2 < n <7 respectively).

Table 2. The weights of Bernoulli and loop graphs.

n |1 ]2 [3]4 |5]6 7
wly,) = B,/(n)?* [1/2 [1/24 0] —1/17280 | 0 | 1/21772800 | 0
w(,) = $B,/(n!)? | none | 1/48 | 0 | —1/34560 | 0 | 1/43545600 | O

All the produced values are identically equal to Ben Amar’s theoretical prediction,
provided that B; = +1/2 (which is the opposite of the current SageMath convention

~1/2).
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A The Kontsevich graph encoding of the affine star-product
*at mod o(h")

Implementation 1 (Kontsevich graph encoding from [9l Implementation 1]). The for-
mat to store a signed graph sI' with I' € G, ,, is the integer number m > 0, the inte-
ger n > 0, the sign s, followed by the (possibly empty, when n = 0) list of n ordered
pairs of targets for edges issued from the internal vertices m, ..., m +n — 1, respec-
tively. The full format is then (m, n, s; list of ordered pairs); in plain text we also write
mns <list of ordered pairs>.

Al Xaff mod 5(h7)

Encoding 1. In the format described in Implementation [, every graph encoding is followed
by this graph’s coefficient:
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4612030101

1
1

25

3614020101

25

-1/1440

4512060301
1416050301
1512030601
1412050301
3514020601
3516120401
3416050101

1
1
1
1
1

5
25

19/1440
19/1440
1/360
1/240

5
25

5
5
5
5

-1/240
23/720

1
1
1

-1/480
1/480
1/180

1412060305
1416130205
3514120601
3416050201

-1/180
1/720
1/720
-1/36
1/18

1
1

25

1612050301
1314050601
1302010101

25

1
1

25

1416020101

25

-1/90
1/90

3416120101

1
1
1
1
1

3406020101

1/180

3625010101

-1/180
1/180

4516030201

3412150601

5
25

1/1440
-1/1440

1/36

3412050601

5
5

25

3514160201
1614030201

1
1
1
1
1
1
1

25

-1/240
1/240
1/180
1/180
1/72

3624150101

25

3425060101

25

3412060101

3416020101

1514030201

1/720
-1/72
1/72
-1/36
-1/36
1/36
1/36
-1/18
1/90
-1/90
1/30

010101010101

170101010101
070101010101

1
1
1
1
1

26

26

130701010101

26

170201010101

26

171601010101

26

070601010101

170601010101

1
1

26

141713010101

26

040703010101

141703010101

1

26
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-1/30
1/180

140207010101

1
1
1
1

26

131407010101

26

-1/180
1/36

170402010101

26

371601010101

26

1/180

131702010101

1
1

26

130407010101 -1/180

26

-1/18
1/18

140706010101

1
1

141607010101

-1/18
-1/90

1/90

170206010101

461217010101

1
1

26

470206010101

26

-11/1440
11/1440
1/180

471206010101

26

371602010101

1
1

26

371412010101

26

-1/180
-1/288
1/288
1/144
1/720

470203010101

471203010101

1
1
1

26

371402010101

26

151402030101
141205030101

26

-2/945
2/945

161715131401
060705030401

1
1

26

26

-1/135
-1/90

070405060101

1
1

26

371416010101

26

-1/945
-1/945
1/90
1/90

161715131402
1307020604065
141713020101
130507040101

1
1

26

26

26

1
1

26

-1/210
1/210

161415170301

140205060701
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-7/360
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471603010101

1
1
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371406010101
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1/720
1/720

131405070101
171205030101
141705030101
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1
1
1
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19/1440
19/1440
23/720
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151203070101
341706010101

26

43/1440
43/1440

151407030101
171503020101

1
1

26

26

1/945

340507060201

1
1

26

-1/270
1/270

171415160301

140705060201

26

-1/210
1/210
1/90
1/90

141715160301
140507060201

1
1
1
1
1
1
1
1
1

26

141513070101
170502040101

26

26

1/180
1/180
1/72
1/72
1/36

141513020101

130502040101

26

171603020101
151406070101
151603070101

571412030101

26

26

26

-1/1440
-1/1440

371405020101

1
1

26

15/4*zeta(3) "2/pi~6-19/3240

561712030101
361407020101

26
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-1/720

371415020101

1
1

26

471205030101

26

27/8xzeta(3)"2/pi~6-53/3024
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-27/8%zeta(3)"2/pi~6+63/3024
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26

1
1

26
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26
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1
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1

26
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561402070301
471215060101

26
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26
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-1/288
1/288

571602030101

374612010101

1
1

26

374602010101

26

-1/240

571402030101

1
1

26

49/4xzeta(3)~2/pi~6-47/2520

465713020101

26

-105/16%zeta(3) "2/pi~6+731/90720

-1/162
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1/54
-1/54
-1/45
-1/45
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26

1
1

26
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26
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1
1
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26

26

171415060101 -1/270

1

26
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-1/270
-1/54
1/54

160705020101

1
1
1
1

26

451617010101

26

470605010101

26

461517120101 -1/270

26

-1/945
1/945

371612141501

1
1

26

370602040501

26

1/945

140605070201

1
1

26
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-1/270
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1/135
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1/945
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171416030101
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26

461715120101

1
1
1
1
1
1
1
1
1

26

460705020101

26

151613140701
170602040501
141713060101

26

26

26

160507040101

341615121701

26

340605070201

151607030101

26

1/270
1/270

131506070101
171605030101

1
1

26

26

-1/54
1/270
1/270

471605010101

1
1

26

161207030101
171405060101
461517020101
561203070101

26

-3%zeta(3)"2/pi~6-13/6480
-3*zeta(3)"2/pi~6-13/6480

-1/480
1/480

1
1

26

26

141615030201
141506020301
451217030101
351402070101

26

1
1

26

-1/240
1/240

26

26

-59/12960
59/12960
-1/1440
-1/1440

451217060101
351602070101

1
1

26

26

341715020101

26

451207030101

1
1
1

26

15/8%zeta(3) "2/pi~6-173/30240

161415070301
171503060201
371512160401
571402060301
461217030101
561402070101

26

-15/8%zeta(3)"2/pi~6+173/30240

26

-273/16%*zeta(3) "2/pi~6+4703/181440
273/16%zeta(3) "2/pi~6-4703/181440

-3*zeta(3)"2/pi~6-11/4320
-3*zeta(3)"2/pi~6-11/4320

1
1

26

26

287/16*zeta(3) "2/pi~6-1013/36288

371615120401
571406030201
374516010101

1
1

26

-287/16*zeta(3) "2/pi~6+1013/36288

19/12960
-19/12960

26

374506010101

1
1
1
1
1

26

23/2xzeta(3)"2/pi~6-1583/90720
23/2xzeta(3)"2/pi~6-1583/90720

-3xzeta(3)"2/pi~6+11/12960
-3xzeta(3)"2/pi~6+11/12960

1/432
1/432

151417160302
151407060302
571412060101

26

26

26

371605020101

26

561712040101
361507020101

26

1
1
1

26

-1/432
-1/432

461715020101

561207030101

26

26

-3*zeta(3)"2/pi~6+377/90720
3*zeta(3) "2/pi~6-377/90720

1/180

141615030701
171506020301
351412070101

1
1

26

26

-1/1890
1/1890
1/270
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341516120701

1
1

26

451706030201
371412060101

26

471605020101

1
1
1
1
1
1
1
1

26
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-1/945
1/945

361517140101

26

360507040101

341715160101

26

340705060101

151713140201
130607040501

26

37/16*zeta(3)"2/pi~6-701/181440
37/16*zeta(3)"2/pi~6-701/181440
-9/8xzeta(3)"2/pi~6-89/12960
-9/8%zeta(3)"2/pi~6-89/12960

374516120101

26

452607030101

371415060101

1
1
1

26

471605030101

26

-1/16%zeta(3)"2/pi~6+43/181440
-1/16%zeta(3)"2/pi~6+43/181440

3/4%zeta(3)"2/pi~6-1/360
3/4%zeta(3)"2/pi~6-1/360

354712160101

26

562407030101

341715060101

1
1

26

451607030101

26

11/8%zeta(3) "2/pi~6-53/30240
11/8%zeta(3) "2/pi~6-53/30240
-3/4*zeta(3)"2/pi~6-13/6480
3/4%zeta(3)"2/pi~6+13/6480

361512170401
351402060701
351416070101
341705060101

1
1

26

26

26

-11/8*zeta(3)~2/pi~6+137/45360
11/8%zeta(3) "2/pi~6-137/45360
-3/8xzeta(3)"2/pi~6+11/2268
3/8*zeta(3)"2/pi~6-11/2268
b*zeta(3)"2/pi~6-239/30240
b*zeta(3)"2/pi~6-239/30240

341516170201

1
1

26

451206030701
141613020701
141706030501

26

26

1
1

26

151713140206
141207030506
141713060201

26

26

3/2*zeta(3)"2/pi~6-53/45360

1

26
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-3/2xzeta(3)"2/pi~6+53/45360
-T*zeta(3)"2/pi~6+1963/181440
T*zeta(3)"2/pi~6-1963/181440
-9/8%zeta(3)"2/pi~6+7/6480
-9/8%zeta(3)"2/pi~6+7/6480
13/2*zeta(3) "2/pi~6-31/2880
-13/2%zeta(3)"2/pi~6+31/2880
-27/8%zeta(3)"2/pi~6+377/90720
27/8xzeta(3)~2/pi~6-377/90720
3/4%zeta(3)"2/pi~6-91/6480
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9/8*zeta(3) "2/pi~6-173/30240
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1/480
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-1/1080
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17/4*zeta(3) "2/pi~6-643/90720
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11/4%zeta(3) "2/pi~6-31/5040
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-26/32*zeta(3) "2/pi~6+13/13440
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151/32xzeta(3) "2/pi~6-191/25920
-19/32*zeta(3) ~2/pi~6-307/362880
-19/32*zeta(3) "2/pi~6-307/362880
-31/16%zeta(3) "2/pi~6+47/18144
3/4%zeta(3)"2/pi~6-53/90720
3/4*zeta(3)"2/pi~6-53/90720
-17/16%zeta(3) "2/pi~6-37/90720
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-1/180
-1/180
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26
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1/180

38141701010101

38040701010101

13141802010101

1
1

13050804010101

14151308010101

18050204010101

1
1

27
27
27
27
27
27
27
27
27

=7/720
7/720

48170301010101

38140701010101

1/1440
1/1440

13140508010101

1
1
1
1
1
1

13180502010101

19/2880
19/2880
23/1440
43/2880
43/2880
1/36

1/72

15180304010101

13150208010101

34180701010101

14150308010101

15180203010101

15180307010101

271
271

15140708010101

-1/2880
-1/2880
-1/1440
-1/1440
-1/480
-1/480

58141203010101

271
271

38140502010101

38141502010101

58120304010101

1
1

27
27
27
27
27
27
27
27
27
27
27
27

48121503010101

58140203010101

15/4%zeta(3) "2/pi~6-19/3240

58121704010101

1
1

15/4%zeta(3) "2/pi~6-19/3240

38150207010101

15/4%zeta(3) "2/pi~6-103/12960

38141702010101

15/4%zeta(3) "2/pi~6-103/12960

48120507010101

1
1

15/4%zeta(3) "2/pi~6-157/12960

48121507010101

15/4%zeta(3) "2/pi~6-157/12960

-1/576
1/576

58170203010101

38471201010101

1
1
1

38470201010101

49/4xzeta(3)"2/pi~6-47/2520

47581302010101

17/2%zeta(3) "2/pi~6-29/2268

58471213010101

17/2%zeta(3) "2/pi~6-29/2268

-1/162
1/162
1/54

58470203010101

1
1

27
27
27
27
27

18171601010101

08070601010101

18170601010101

1
1

-1/54

18070601010101

-1/135
-1/135
-1/45
-1/45

18141517010101
08040507010101

1
1

27
27
27
27
27
27
27
27
27

15171804010101
15070208010101

-1/270
-1/270
-1/54
1/54

13151708010101

1
1

17080502010101

46171801010101

48070601010101

1
1
1

-1/270
-1/270
1/135
1/135
-1/54

14171802010101

14080507010101

13141708010101

17050804010101

271
271

48170601010101

1/270
1/270

17180503010101

271
271

13150708010101

1/45

14180307010101

1
1
1
1
1
1
1
1

1/270
1/270

14180507010101

27
27
27
27
27
27
27
27
27
27
27

13180207010101

-1/108
-1/108
-1/108
-1/108
1/54
1/54

17161804010101

15070608010101

15181706010101

16080702010101

15170806010101

17180306010101

-3xzeta(3)"2/pi~6+11/12960
-3*zeta(3)"2/pi~6+11/12960
-3*zeta(3)"2/pi~6-13/6480
-3*zeta(3)"2/pi~6-13/6480

-59/12960
59/12960

58141207010101

1
1
1

38170502010101

48151702010101

58120307010101

45121708010101

271
271

35180207010101

-3*zeta(3)"2/pi~6-11/4320
-3*zeta(3)"2/pi~6-11/4320

19/12960
-19/12960

1/270
1/270

48121703010101

58140207010101

1
1

27
27
27
27
27
27
27
27
27
27

38461701010101

38460701010101

56121718010101

1
1
1
1
1

56070208010101

-1/270
-1/270
-1/270
-1/270

47151812010101

47050802010101

47181512010101

47080502010101

11/4320

58121607010101

1
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11/4320

38170206010101

1
1
1
1

27
27
27
27

-11/4320
-11/4320
-1/270

46171802010101

58120706010101

48121607010101

-1/480
1/480

45121803010101

271
271

35140208010101

1/2880
1/2880
1/360

34151802010101

45120308010101

271
271

35141208010101

-1/360
1/432
1/432

35180204010101

58121703010101

1
1
1
1
1

27
27
27
27
27
27
27
27
27
27
27
27

38140207010101

-1/432
-1/432
1/270
1/270

38151702010101

48120307010101

38141207010101

58170204010101

-2/945
2/945

16181513140101
06080503040101

1
1

-1/210
1/210

16141518030101
14020506080101

-1/270
-1/270
1/945

37151814010101

1
1

37050804010101

48121516170101

-1/945
-1/270

48020506070101

271
271

34181517010101

-1/945
1/945

15181314020101
13060804050101

1
1
1
1
1
1
1
1

27
27
27
27
27
27
27
27
27
27
27
27

27/8xzeta(3)"2/pi~6-53/3024

15181604030101
15160308020101
13151604080101
18150602030101
38141507010101

-27/8*zeta(3) "2/pi~6+53/3024
-3*zeta(3) "2/pi~6+377/90720
3*zeta(3)"2/pi~6-377/90720

-9/8xzeta(3)"2/pi~6-89/12960
-9/8xzeta(3)"2/pi~6-89/12960
-3/4xzeta(3)"2/pi~6-13/6480
3/4xzeta(3)"2/pi~6+13/6480

58170304010101

35141708010101

34180507010101

1
1
1

3/2%zeta(3)"2/pi~6-53/45360

13181206040101
13140608050101

-3/2%zeta(3)"2/pi~6+53/45360
-3/8%zeta(3)"2/pi~6+11/2268
3/8%zeta(3)"2/pi~6-11/2268
-3/4*zeta(3)"2/pi~6+1/360
-3/4*zeta(3)"2/pi~6+1/360
-9/8%zeta(3)"2/pi~6+7/6480
-9/8%zeta(3)"2/pi~6+7/6480
3/4*zeta(3)"2/pi~6-91/6480

13151208040101
14180603050101

1
1

34151708010101

45180307010101

58141703010101

271
271

38140507010101

45171803010101

-3/4xzeta(3)"2/pi~6+91/6480
9/8*zeta(3) "2/pi~6-173/30240

35140807010101

1
1
1
1
1
1
1
1
1

27
27
27
27
27
27
27
27
27

16181204030101
15140806030101
18121604030101
15140603080101
38151704010101

-9/8xzeta(3)"2/pi~6+173/30240

-27/8*zeta(3)~2/pi~6+377/90720
27/8xzeta(3)"2/pi~6-377/90720
-9/8xzeta(3)"2/pi~6-13/1440
-9/8xzeta(3)"2/pi~6-13/1440
-9/8xzeta(3)"2/pi~6+11/18144
9/8%zeta(3)"2/pi~6-11/18144

48150307010101

18151206040101
15120306080101
13151806040101
15120608030101
13141506080101
18120603050101

-3/2%zeta(3)"2/pi~6+11/18144
3/2%zeta(3)"2/pi~6-11/18144

271
271

3/2%zeta(3)"2/pi~6-53/45360

-3/2%zeta(3)"2/pi~6+53/45360

15/8%zeta(3) "2/pi~6-173/30240

16151308040101
18150306020101

271
271

-15/8%zeta(3)"2/pi~6+173/30240

1/210

14050806020101

1
1

27
27
27
27
27
27
27
27
27
27
27
27
27
27
27

-1/270
1/270

18141516030101
14080506020101

-1/270
1/270
1/945

14181517030101
14050806070101

1
1

34181516120101

-1/945
-1/945
1/945
1/945

34080506020101

1
1

38161214150101

38060204050101

47151816120101

1
1
1

-1/945
-1/945
1/945

47050806020101

15161314080101
18060204050101

-1/270
1/270
-1/90
1/90

14161517080101
18050206070101

1
1

16171803040101
16150307080101
13151708040101
15170608030101
46171803010101

1
1
1
1
1

27
27
27
27
27
27
27
27
27
27

-1/640
1/540

-1/108
-1/108
-1/540
1/540
-1/90
1/90

58140706010101

17181203040101
14150806070101

1
1
1
1

15161708040101
17150308020101

-1/540

14151607080101
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1/540

17180602030101

1
1
1
1

27
27
27
27

-1/108
-1/108
-1/540
1/540

48151607010101

58170306010101

17151208040101
15180306070101
15121604030101
14150602030101

-1/960
1/960
1/960

271
271

13151206040101
14120603050101

-1/960

1
1

27
27
27
27
27
27
27
27
27
27
27
27

-41/4%zeta(3)"2/pi~6+163/11340
-41/4%zeta(3)"2/pi~6+163/11340
3/16xzeta(3) "2/pi~6+943/362880
-3/16*zeta(3) ~2/pi~6-943/362880

38471512010101

38470502010101

57181216030101
67140802030101

1
1

-115/16%zeta(3) "2/pi~6+487/45360
-115/16%zeta(3) ~2/pi~6+487/45360
-T*zeta(3)"2/pi~6+1963/181440
T*xzeta(3)"2/pi~6-1963/181440

38471502010101

38571204010101

1
1

68151214030101
38140602050101

1/16%zeta(3) "2/pi~6+257/362880
-1/16*zeta(3)~2/pi~6-257/362880

13/2%zeta(3) "2/pi~6-31/2880

68151217030101
38140602070101

1
1
1

38151614020101
48120603050101

-13/2*zeta(3)"2/pi~6+31/2880

65/16*zeta(3)~2/pi~6-437/72576
65/16*zeta(3)~2/pi~6-437/72576

17151618030401
15160307020801
67451812130101

1
1

27
27
27
27
27

149/16xzeta(3) “2/pi~6-5239/362880

-149/16+*zeta(3) "2/pi~6+5239/362880

-99/16%zeta(3) "2/pi~6+53/56760
-99/16%zeta(3) "2/pi~6+53/56760

67450802030101

1
1

34161712180501
56140207030801
17161814150302
14150308020607
37151814020101
47120608050101

27/16*zeta(3) ~2/pi~6-289/120960

1
1
1
1
1

27
27
27
27
27
27
27
27
27
27
27
27

-27/16*zeta(3) ~2/pi~6+289/120960
-31/16*zeta(3)"2/pi~6+131/51840
31/16*zeta(3)"2/pi~6-131/51840
-7/8xzeta(3)"2/pi~6-11/45360
7/8*zeta(3)"2/pi~6+11/45360

37141508020101

58121706040101

3/16xzeta(3)"2/pi~6+173/362880

67181302040101

1
1

-3/16*zeta(3)~2/pi~6-173/362880

-2%zeta(3) "2/pi~6+17/6048
2+zeta(3) "2/pi~6-17/6048

48121506070101

38161702040101

67121508040101

1
1
1

-379/32+zeta(3) "2/pi~6+3463/181440
379/32*zeta(3) "2/pi~6-3463/181440
-151/32+*zeta(3) "2/pi~6+191/25920
151/32xzeta(3) "2/pi~6-191/25920
-1/4%zeta(3)"2/pi~6+41/36288
1/4xzeta(3)"2/pi~6-41/36288

-1/216
1/216

58121604030101

38161502040101

38141506020101

58121306040101

271
271

58161304020101

38151206040101

18161503040101
16150802030101
13161208040101
18140603050101

271
271

1/270

-1/270
-1/1080
1/1080
1/270
1/270
1/945

1
1
1
1
1
1
1
1
1

27
27
27
27
27
27
27
27
27

18151306040101
15120806030101
47181516010101

47080506010101

48151612170101

-1/945
-1/270
1/270

48060507020101

18141517030101
14080506070101

-1/945
1/945
1/945

13070206040501
34161512180101

1
1

27
27
27
27
27

34060508020101

-1/945
-1/945

16171513140801
18070206040501

1
1

1/270

17080506020101

1
1

27
27
27
27
27
27
27
27
27
27
27
27

-1/945
1/945

14151618030101
14060508020101

7/1080
7/1080

56171804010101

1
1
1
1
1

38150706010101

-43/4320
43/4320
-1/270
-1/270
1/270

17181604030101
16150708030101
38141607010101

48170506010101

13171208040101
14170608050101

1
1
1

-1/270

-1/2160
1/2160

18141506070101
17120806030101

-19/4320
19/4320
-7/1080
-7/1080

18151706040101
16120307080101
38151607010101

271
271

48170306010101

1
1
1
1
1
1
1
1

27
27
27
27
27
27
27
27
27
27

-19/4320
19/4320
-1/2160
1/2160

17151308040101
15170806030101
17181306040101
13150806070101
45171806010101

-23/2160
23/2160
1/270

35180706010101

13141607080101
18170603050101

-1/270

-43/4320

17151604080101

1
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43/4320

-59/32*zeta(3) ~2/pi~6+779/362880
59/32*zeta(3)~2/pi~6-779/362880
-25/32%zeta(3) "2/pi~6+13/13440
-25/32%zeta(3) "2/pi~6+13/13440
-17/16%zeta(3) "2/pi~6-37/90720
-17/16%zeta(3) "2/pi~6-37/90720
-35/8%zeta(3)"2/pi~6+121/15120
35/8*zeta(3)"2/pi~6-121/15120
-33/2*zeta(3)"2/pi~6+103/4536
-33/2*zeta(3)"2/pi~6+103/4536
11/8%zeta(3) "2/pi~6-53/30240
11/8%zeta(3) "2/pi~6-53/30240
-5/4*zeta(3)"2/pi~6+131/72576
-5/4*zeta(3)"2/pi~6+131/72576
-11/8*zeta(3)~2/pi~6+137/45360
11/8%zeta(3) "2/pi~6-137/45360
-27/16*zeta(3) "2/pi~6+43/120960
-27/16*zeta(3) "2/pi~6+43/120960
1/2xzeta(3)"2/pi~6+1/4480
1/2%zeta(3)"2/pi~6+1/4480
-17/16%zeta(3) "2/pi~6+9/4480
-17/16%zeta(3) "2/pi~6+9/4480
-17/16%zeta(3) "2/pi~6+131/181440
-17/16%zeta(3) "2/pi~6+131/181440
-35/16%zeta(3) "2/pi~6+37/12096
35/16*zeta(3)~2/pi~6-37/12096
1/4*zeta(3)"2/pi~6+1/12960
-1/4*zeta(3)"2/pi~6-1/12960
1/1440

1/1440

-49/16*zeta(3) "2/pi~6+1849/362880
49/16*zeta(3) "2/pi~6-1849/362880
-31/8*zeta(3)~2/pi~6+893/90720
-31/8*zeta(3)~2/pi~6+893/90720
143/16*zeta(3) "2/pi~6-53/4032
143/16*zeta(3) "2/pi~6-53/4032
71/16*zeta(3)~2/pi~6-1/160
71/16*zeta(3)~2/pi~6-1/160
53/8*zeta(3)"2/pi~6-163/18144
-53/8*zeta(3)"2/pi~6+163/18144
29/8*zeta(3)"2/pi~6-41/9072
29/8*zeta(3)"2/pi~6-41/9072
5/4xzeta(3)"2/pi~6-1019/362880
-5/4xzeta(3)"2/pi~6+1019/362880
-zeta(3)"2/pi~6+293/181440
zeta(3)"2/pi~6-293/181440
95/8*zeta(3)"2/pi~6-1301/72576
95/8*zeta(3)"2/pi~6-1301/72576
-5xzeta(3)"2/pi~6+71/10080
b*zeta(3)"2/pi~6-71/10080
179/16xzeta(3) "2/pi~6-2029/120960
179/16xzeta(3) "2/pi~6-2029/120960
-3/8xzeta(3)"2/pi~6-109/60480
-3/8%zeta(3)"2/pi~6-109/60480
9/4%zeta(3)"2/pi~6-29/11340
-9/4%zeta(3)"2/pi~6+29/11340
1/4xzeta(3)"2/pi~6-11/13440
1/4xzeta(3)"2/pi~6-11/13440
-57/16%zeta(3) "2/pi~6+85/18144
57/16*zeta(3)~2/pi~6-85/18144
1/8%zeta(3)"2/pi~6+331/90720
1/8%zeta(3)"2/pi~6+331/90720
17/4%zeta(3) "2/pi~6-121/25920
-17/4*zeta(3)~2/pi~6+121/25920
5/4*zeta(3)"2/pi~6-227/51840
5/4*zeta(3)"2/pi~6-227/51840
-35/16*zeta(3) "2/pi~6+11/7560
35/16*zeta(3)"2/pi~6-11/7560
1/2xzeta(3)"2/pi~6+353/181440
1/2xzeta(3)"2/pi~6+353/181440
17/4*zeta(3)"2/pi~6-1709/181440
-17/4*zeta(3) ~2/pi~6+1709/181440
zeta(3)"2/pi~6-43/17280
-zeta(3)"2/pi~6+43/17280
-15/8%zeta(3)"2/pi~6+13/5040
15/8xzeta(3) "2/pi~6-13/5040
3/16*zeta(3)"2/pi~6-23/13440
3/16*zeta(3)"2/pi~6-23/13440
-3/4*zeta(3)"2/pi~6+7/2592
3/4*zeta(3)"2/pi~6-7/2592
1/4320

-1/4320

1/2160

-1/2160
-7/4*zeta(3)"2/pi~6+17/6720
-7/4*zeta(3)"2/pi~6+17/6720
-1/420
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1/1890

-1/1890

-1/720

-1/720

-1/4320

1/4320

1/540

1/540

1/2*zeta(3)"2/pi~6-29/36288
1/2*zeta(3)"2/pi~6-29/36288
-1/1440

-1/1440

-1/1440

-1/1440

1/1440

1/1440

-11/16*zeta(3) "2/pi~6+1349/1451620
11/16*zeta(3) "2/pi~6-1349/1451520
-199/16%zeta(3) ~2/pi~6+1961/103680
-199/16%zeta(3) "2/pi~6+1961/103680
-45/8%zeta(3)"2/pi~6+4237/483840
-45/8%zeta(3)"2/pi~6+4237/483840
-197/32x*zeta(3) "2/pi~6+14659/1451520
197/32xzeta(3) "2/pi~6-14659/1451520
-37/4%zeta(3)"2/pi~6+10153/725760
-37/4%zeta(3)"2/pi~6+10153/725760
-187/32+*zeta(3) "2/pi~6+2495/290304
-187/32+zeta(3) "2/pi~6+2495/290304
-175/32%zeta(3) "2/pi~6+593/72576
175/32xzeta(3) "2/pi~6-593/72576
289/32*zeta(3)"2/pi~6-707/51840
-289/32%zeta(3)"2/pi~6+707/51840
153/32xzeta(3) "2/pi~6-9907/1451620
-163/32%zeta(3) "2/pi~6+9907/1451520
71/16*zeta(3)"2/pi~6-4519/725760
71/16*zeta(3)"2/pi~6-4519/725760
105/32*zeta(3) "2/pi~6-6407/1451620
105/32x*zeta(3) “2/pi~6-6407/14561520
-15/16*zeta(3) "2/pi~6+479/241920
-15/16*zeta(3) "2/pi~6+479/241920
45/32*zeta(3)"2/pi~6-37/15120
-45/32%zeta(3) "2/pi~6+37/16120
-17/16*zeta(3) "2/pi~6+787/725760
17/16*zeta(3) ~2/pi~6-787/725760
-29/16%zeta(3) "2/pi~6+2243/725760
29/16*zeta(3)~2/pi~6-2243/725760
15/32x*zeta(3) "2/pi~6-17/40320
15/32x*zeta(3) "2/pi~6-17/40320
1/8*zeta(3) "2/pi~6-299/362880
1/8*zeta(3) "2/pi~6-299/362880
-5/2xzeta(3)"2/pi~6+347/90720
5/2*zeta(3) "2/pi~6-347/90720
113/32xzeta(3) "2/pi~6-7801/1451620
113/32*zeta(3) "2/pi~6-7801/1451620
55/32*zeta(3)~2/pi~6-1303/483840
-55/32*zeta(3) "2/pi~6+1303/483840
1/4*zeta(3)"2/pi~6-89/60480
-1/4*zeta(3)"2/pi~6+89/60480
-1/4%zeta(3)"2/pi~6+1/90720
1/4*zeta(3)"2/pi~6-1/90720
1/4*zeta(3)"2/pi~6-157/181440
-1/4%zeta(3)"2/pi~6+157/181440
41/16*zeta(3)~2/pi~6-313/90720
-41/16*zeta(3) "2/pi~6+313/90720
21/8xzeta(3)"2/pi~6-23/6480
-21/8*zeta(3)~2/pi~6+23/6480
-19/8*zeta(3)~2/pi~6+73/24192
19/8%zeta(3) "2/pi~6-73/24192
-83/32*zeta(3) "2/pi~6+1427/362880
83/32*zeta(3)"2/pi~6-1427/362880
81/32xzeta(3)"2/pi~6-799/181440
-81/32*zeta(3)"2/pi~6+799/181440
-59/32%zeta(3) "2/pi~6+3701/1451520
-59/32%zeta(3) "2/pi~6+3701/1451520
19/16%*zeta(3) ~2/pi~6-19/11520
19/16*zeta(3) ~2/pi~6-19/11520
19/16*zeta(3) ~2/pi~6-419/241920
-19/16%zeta(3) "2/pi~6+419/241920
51/32*zeta(3)~2/pi~6-607/207360
-51/32%zeta(3) "2/pi~6+607/207360
-3/16*zeta(3)~2/pi~6+143/362880
3/16xzeta(3)"2/pi~6-143/362880
-1/2xzeta(3)"2/pi~6+191/181440
1/2*zeta(3)"2/pi~6-191/181440
45/16*zeta(3)~2/pi~6-1429/362880
45/16*zeta(3)"2/pi~6-1429/362880
-3/4xzeta(3)"2/pi~6+11/8640
-3/4xzeta(3)"2/pi~6+11/8640
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-3/4xzeta(3)"2/pi~6+1/896
-3/4xzeta(3)"2/pi~6+1/896

34171812050601
56171304080201
38171512040601
58161304070201
15171314080601
18120703050601
57241618130101

1
1
1
1

27
27
27
27

-67/8%zeta(3)"2/pi~6+217/17280
-67/8%zeta(3)"2/pi~6+217/17280
-1/2%zeta(3)"2/pi~6+13/22680
-1/2%zeta(3)"2/pi~6+13/22680

-1/1890

1
1

27
27
27
27
27

1/1890
-1/1890

57240608030101

37161214150801
34180702050601

1
1

1/1890

1/4xzeta(3)"2/pi~6-13/45360
-1/4xzeta(3)"2/pi~6+13/45360

34171512080601
-1/720

56181307040201
13020101010101

1
1

27
27
27
27
27
27
27
27
27

1/108
-1/108

14180201010101

13020801010101

1
1

1/540
-1/540

34121801010101

34020801010101

1/1080
1/1080
1/1080

34120801010101

1
1

34180201010101

38270101010101

1/72
-1/2880

15180302010101

271
271

35141802010101

1/2880
-1/480

34120508010101

34271801010101

271
271

1/480

34270801010101

-1/360
-1/108
-1/108

45180302010101

1
1

27
27
27
27
27
27
27
27
27
27
27
27

15181702010101
15080702010101

1/54
-1/270

14180207010101

1
1
1
1
1

14161518030101
14050206080101

1/270
-1/270

35121718010101

1/270
-1/90

45080702010101

16181504030101
16150308020101
35121708010101

1/90
-1/640

1
1
1

1/540

34180207010101

1/540
-1/540

18140306020101
45171802010101

271
271

1/540

-1/108
-1/108
-1/640

35120807010101

48151703010101

1
1

27
27
27
27
27
27
27
27
27
27
27
27
27
27
27

58140307010101

38271601010101

1/540
-1/540

38270601010101

1
1
1
1
1

18121504030101
15140306080101
34121708010101

1/540
1/270
1/270
-1/108

45180207010101

17181504030101
16140307080101
17151608040101
17140308020101
34571208010101

1/108
-1/108

1
1
1

1/108
3/2%zeta(3)"2/pi~6-11/25920

3/2%zeta(3)"2/pi~6-11/25920

35471802010101

1
1

1/540

57161218030101

1/540
1/540

35471812010101

271
271

34580207010101

1/540

58140306020101

1
1

27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27
27

11/8640

67121504080101

-11/8640
1/864

37181504020101

68121504030101

1
1
1
1
1

-1/864
1/945

38161504020101

34151216180101

-1/945

34050206080101

-3/4*zeta(3)"2/pi~6+53/90720
-3/4*zeta(3)"2/pi~6+53/90720
-3/8*zeta(3)"2/pi~6+17/90720
-3/8*zeta(3)"2/pi~6+17/90720
-9/8%zeta(3)"2/pi~6+1/360
-9/8%zeta(3)"2/pi~6+1/360

36151814020101
34120608050101

38251714010101

1
1
1

34280507010101

35241718010101

35240708010101

-3/2%zeta(3)"2/pi~6+377/181440
-3/2%zeta(3)"2/pi~6+377/181440
-3/8%zeta(3)"2/pi~6-11/5040
-3/8%zeta(3)"2/pi~6-11/5040

36121508040101
35161802040101
34271508010101

1
1

35271804010101

1
1

-15/8%zeta(3)"2/pi~6+13/6480
-3/4xzeta(3)"2/pi~6+11/36288
-3/4xzeta(3)"2/pi~6+11/36288
3/4xzeta(3)"2/pi~6-53/90720
3/4xzeta(3)"2/pi~6-53/90720

1/420

35241807010101

35121806040101

36141508020101

1
1

34121506080101

56181304020101

45181612030101
56140803020101

1
1

-1/420
-1/540
-1/540

17141516030201
14150603070201

1
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-1/540
-1/540
1/1890

35121718040101
56140807020101

1
1
1
1

27
27
27
27

67451312180101

-1/1890
1/1890

67450302080101

34151216080101
45180602030101

-1/1890
1/540

271
271

45161812070101

-1/1080
-1/1080
-1/1080
-1/1080
-1/1080
-1/1080
-1/432
-1/2160
1/4320
1/4320
1/720
1/720
1/540

36181704020101
36121507080101
38271604010101

1
1

27
27
27
27
27
27
27
27
27
27
27
27

38271506010101

1
1

36171508020101
36121704080101

17151603020401
16121504070301
46181517020101
35120806070101

1
1

1
1

38251716010101

35270806010101

48161517030101
58140306070101

-1/640

1
1

27
27
27
27
27

-1/1890
1/1890
-1/540
-1/640
1/1890
1/1890
1/540

58241316170101

58240306070101

17141518030201
15140306070801
34151216170801
45180602070301
45181612070101
56170803020101

1
1

1
1

27
27
27
27
27
27
27
27
27
27
27
27

-1/540
-1/540
-1/540
-1/1890
-1/1890

7/2160

17141516080201
18140306070201
46151218030101
35140602080101

1
1
1
1
1

67181504030101

-7/2160

37161504080101

-43/8640
-43/8640
-1/4320
-1/4320
-1/720
-1/720

18171604020301
15171604080301
36141708020101
45181206070101
34261807010101

1
1
1

271
271

35261807010101

-19/8640
-19/8640
-1/4320
-1/4320

16121504080301
16181504070301
18121504070301
13151607040801
36171504080101
34121607080101

271
271

-23/4320

1/540
1/540

1
1

27
27
27
27
27
27
27
27
27

56181704020101
56481712030101

1/8%zeta(3) "2/pi~6+1/25920
1/8%zeta(3) "2/pi~6+1/25920

1/2880
-1/2880

1
1
1
1
1
1

67451203080101

18151716020403
16151708020304
56481713020101

15/16%*zeta(3) "2/pi~6-13/10080
15/16*zeta(3) ~2/pi~6-13/10080
25/16*zeta(3)~2/pi~6-7/1920

46571208030101

57482316010101

-25/16%zeta(3) "2/pi~6+7/1920
-9/8%zeta(3)"2/pi~6+29/22680
9/8*zeta(3) "2/pi~6-29/22680
3/8*zeta(3)"2/pi~6-7/5184

34275806010101

271
271

36481517020101

34571206080101

35671812040101

271
271

-3/8%zeta(3)"2/pi~6+7/5184

1/8640
1/8640
1/4320
1/4320

47251603080101

68171512040301
38161504070201
48171516020301
68121504070301
46181217050301
36171508020401
68451213070101

1
1

27
27
27
27
27
27
27
27
27
27
27
27

-7/8xzeta(3)"2/pi~6+17/13440
7/8%zeta(3)"2/pi~6-17/13440
-1/4xzeta(3)"2/pi~6+1/90720
-1/4xzeta(3)"2/pi~6+1/90720

1
1
1
1
1

48561703020101

-1/4xzeta(3)"2/pi~6+89/60480
-1/4xzeta(3)"2/pi~6+89/60480

1/1440
1/1440

34171216080501
56181704020301
38171216050401
58171604020301
35471612080101

1
1
1

-3/8%zeta(3)"2/pi~6+17/15120
3/8%zeta(3)"2/pi~6-17/15120

1/1728

68251703040101

38571612040101

271
271

-1/1728

68271504030101

5/16xzeta(3)~2/pi~6-7/17280

37161814150201
34120708050601

-5/16%zeta(3)"2/pi~6+7/17280

1
1

15/16*zeta(3) ~2/pi~6-31/30240

34271618150101

27

-15/16*zeta(3) ~"2/pi~6+31/30240

34270608050101

11/16%*zeta(3) "2/pi~6-179/181440

34251816170101

1
1

27
27
27
27
27

-11/16*zeta(3) ~2/pi~6+179/181440
-3/16*zeta(3)"2/pi~6+61/90720
3/16xzeta(3)"2/pi~6-61/90720
3/8*zeta(3)"2/pi~6+23/181440

34250806070101

46181517020301
36121508070401
35261817040101

1
1
1
1

-3/8xzeta(3)"2/pi~6-23/181440
3/4xzeta(3)"2/pi~6-1/40320

34251607080101

38251716040101

27
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-3/4xzeta(3)"2/pi~6+1/40320

37251604080101

1
1
1
1

27
27
27

-1/2xzeta(3)"2/pi~6+191/181440
-1/2%zeta(3)"2/pi~6+191/181440
-1/4%zeta(3)"2/pi~6+167/181440
-1/4*zeta(3)"2/pi~6+157/181440

67151814030201
34151207080601
34171218050601
56171304020801
38261517040101

-15/16%zeta(3) "2/pi~6+319/181440

271
271

15/16*zeta(3) ~2/pi~6-319/181440

zeta(3)"2/pi~6-59/40320

38241506070101

46151718020301
36121507040801
35261814070101

-zeta(3)"2/pi~6+59/40320
3/16xzeta(3)"2/pi~6-11/24192

1
1

27
27
27
27
27
27
27
27

-3/16%zeta(3)"2/pi~6+11/24192
3/16xzeta(3)"2/pi~6-1/2880

34251806070101

36151714020801
35121807040601
35241617080101

1
1

-3/16*zeta(3)~2/pi~6+1/2880

-1/8xzeta(3)"2/pi~6+121/90720

1/8%zeta(3)"2/pi~6-121/90720
5/8*zeta(3) "2/pi~6-353/362880

35261708040101

1
1
1
1
1

38251614070101

-5/8xzeta(3)"2/pi~6+353/362880

409/362880

38251706040101

35461812070101

27
27
27

409/362880

46251703080101

1/1440
-1/1440

46171812050301
36171504080201
45171816020301
67121504080301
47151216080301
35161802070401
46171512080301
36181504070201
46151218070301
36141507020801
18141516070302
16121504070803
34151216070801
56181307020401
15140302010101

1/8640

1/8640
5/8%zeta(3)"2/pi~6-149/120960

271
271

-5/8%zeta(3)"2/pi~6+149/120960

-1/1080

271
271

1/1080

1/4xzeta(3)"2/pi~6-29/72576
-1/4xzeta(3)"2/pi~6+29/72576

-1/2880

1
1

27
27
27
27
27
27
27
27
27
27
27
27

1/2880

1
1
1
1
1
1
1
1
1

1/4%zeta(3)"2/pi~6-13/45360

1/4%zeta(3)"2/pi~6-13/45360

1/432
-1/216

18161504030101
16150803020101
45161812030101
56140308020101

1/216

1/540
-1/540
-1/1080
-1/1080
-1/1080
-1/432

36121504080101
36181504020101
38271504010101

271
271

15171608040301

1/8640
-1/8640

46171518020301
36121504070801
38251617040101

1
1

27
27
27
27
27
27
27

1/1440

-1/1440
-1/1080
-1/1080
-1/1296

37251608040101

1
1

45171216080301
67181504020301

17161504030201

1
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2/135
-1/45

141613070501
461517030101

261
261
261

A.2

*xred mod o(h")

-11/1080

372615010101

Encoding 2. In the format described in Im-

plementation [ now weights € Q

-4/315
-2/105
2/315

151406030701
561407030101

261
261

151203060701
151207060301
151206070301
171406030501
171206030501
561403070101

h~0:

1/180
4/105

261

20

-1/270
-2/135
-1/45

1
1
1
1

-1/6
-1/3
1/3

1302
1301
0301

PIESR
7 ¢
ERI- R

11/1080
2/135
1/216

372605010101

1
1

22

151403060701
161507030201
141205030101
341706010101

261
261
261
261
261
261

22

1/120
2/45

-1/6
-1/3
-1/3
1/3
1/6

130201

2/45

151407030101
171503020101

140201

1
1
1

2/45

140101

23
23

040101

2/45

-2/45
4/135
4/135

371605010101

261
261

010101

471605010101

161207030101

1/72
-2/45

15140302
13140502
15140203
15140301
13150201

171405060101
372601010101

261
261

24

11/720

11/180

1/18
-2/45

241
241

1/54

161507030101

261
261
261
261
261

1/144

151403020101

-1/378

151713140206
361512140701
171415160302
352416170101

-1/18
2/45
-2/15
-1/12
-1/3
-1/9
-1/6

14050201

241
241

-31/11340
-1/540
1/567

13040501
15040201

13020101

241
241
24
24
24
24
24
24
24
24
24

-1/378

141207030506
341706020501

261
261
1
1
1
1

15020101

-31/11340
-1/540

1/567
-1/18

15040101

141506030702
352406070101

15010101
05010101

1
1
1
1
1
1
1
1

1/6

170601010101

26
26

1/24
1/18

01010101

-1/144
-1/18
1/15

130201010101

15140101
05040101

130701010101

1/18

371601010101

261
261

1/45
-1/45

14151301
04050301

2/45
1/9

131702010101

141607010101

1/90
1/90

14151302
13050204

1/54
1/36

171605010101

261
261

141702010101

1/60
2/15

1412050301
3416050101

-2/45
-1/9

-1/54
-1/36

130407010101

261
261

25

170206010101

170605010101

2/45

1314050601
1514030601
3416020101

1
1

25

130207010101

261
261
261
261
261
261

1/18

25

1/180
-2/45

141513020101
451617010101

11/360
1/72
-2/45
2/15
1/9

1514030201
1316020101

51
1

25

-4/135
1/135

171416030101
141713060101
151716020101

1314060101

5
5
5

-1/108

1415060101

1
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B The analytic formula of (reduced) affine star-product ¢! mod o6(%")
with harmonic propagators for affine Poisson structures

The analytic formula of seventh order expansion of Kontsevich’s *,g for affine Poisson
brackets reads as follows (this expression is obtained from the reduced encoding without
Riemann ¢(3)?/7% in Appendix [A2} for every affine Poisson bracket this formula with
only rational coefficients is evaluated to the same expression as one obtains from the
graph encoding with Riemann ¢(3)? /7% in Appendix[A.T} the difference of two expressions
amounts to a linear differential operator acting on the Jacobiator 3[P, P] of the Poisson
bi-vector P):
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