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Abstract

We show that abelian subalgebras of generalized W14 (GWitoo) algebra gives rise to
the multicomponent KP flows. The matrix elements of the related group elements in the
fermionic Fock space is expressed as a product of a certain factor (generalized content
product) and of a number of the Schur functions and the skew Schur functions.

1 Introduction

This work is the remark concerning a question addressed in very old paper [I1] about com-
muting subhierarchies of the “additional symmetries”, later known as W1+oo.

In KP theory there is the current algebra whose abelien part produce what is called KP
higher flows.

I want to choose any of symmetry operator from W1+oo of a given degree and construct
a hierarchy of operators commuting with chosen one, construct multiparametric group flows
and present the answer.

The example is as follows. We choose the Virasoro algebra element L_; € Wy, written
in the KP hierarchy higher times and construct the graded abelian algebra which contains
L_4. Then the related abelian flows gives rise the known [10],[3] expression for the two-matrix
model:

n n @r n —1tr
/ X0 ()R ) VI TT ax, any; T dX,dSYi,
i>j i<j

= S0 BLUEN) g, (L.1)

where the exponential in the right-hand side is the multiparameter group action of the abelian
flows generated by operators L™ ¢ Witeo, n=1,2,...,

L™ LM =0, n,m=12,..., (1.2)
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where

1 0
LW(p,N) = Np1 + ) PP, (1.3)
i>0 !

In the right-hand side, p} are the group parameters, which are also coupling constants of the
matrix model on the left-hand side of (LI]). Then, for the one-matrix model one obtains

/ e T 0 O TTam X, [[ dSXiy = €27 .1 (1.4)
i>] 1<j
If we assign degp, = n, degp! = —n then we are looking for commuting generators Lo,

where deg L™ = n and LM is given. We call such sets of graded elements abelian hierarchy.
More general example is the so-called hypergeometric tau function:

2 (p,p%) = 3 rasa(p)sa(pY), (15)
A

which can be also obtained as the action of certain abelian group of Wi, algebra, where p},
are group parameters; see [10]. In (5] sy is the Schur polynomial, deg sy = |A|, where A is
labeled by a partition A = (A1,...,Anx), |A] = A1 + - + N is the weight of A (see Appendix)
and

mn=][rG-9 (1.6)
)

is the so-called (generalized) content product, given by the choice {r(i) = r;, i € Z} which
can be vied either as a function of the lattice Z, or just as a set of numbers.

We will use the fermionic approach because it is much more compact than any other.

We will generalize the construction given in [I0]. In fact, in the next section we shall
consider the abelian subalgebra of gl generated by graded elements (we call it the abelian
hierarchy).

2 gAlOO algebra, W1+oo algebra and fermions.

Let us remind some notions and facts known from the seminal works of Kyoto school; see [7]
and references therein.
The modes 1, ¢2~L of the Fermi operators on the cirle satisfy the canonical relations

[¢27¢]]+ =0= [T/JZT,T/);]% [¢27¢;]+ = 5i7j7 Zh] €Z (21)

and act in the fermionic Fock space where the (right) vacuum vector |0) is annulated by each
of w;r, ¥_;_1, © > 0. In the Dirac sea picture we consider that in the Dirac sea all states below

sea level are occupied by the fermions ¢¥_1,¢_o,. ...
We take

deg, =n, degil = —n (2.2)

The basis elements Ej; ;, i, € Z of the gAlOo algebra of the (generalized Jacobian) infinite
matrices with entries (E; ;)i jo = d;40; j+ are realized by the normaly ordered bilinear Fermi
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operators : %‘71);- = %‘%T- - (0|¢i¢;|0>. The central extention of the algebra of the infinite
matrices gl is defined by the cocycle

(5,'7,'/5]'7]-/, ifi1<0,j>0

] (2.3)
0, otherwise

w(Ei,j,ENr) = {
and the charge c =1
[a,b] = [a,b] + cw(a,b), a,b€ gl

and in the fermionic realization it is provided by the symbol of the normal ordering. For
details see, for instance [7].
A special role in the Kyoto school approach play the modes of fermionic current algebra

Jn=3 il nez (2.4)
€7
As one can see J,|0) =0 and (0|J_,, = 0 for n > 0.
The current operator J, is related to the matrix Zie 2 B i+n which can be vied as the
diagonal matrix where nonvanisheng entries are located n positions above the main diagonal.
From the commutation relations in gl , one can see that these modes satisfy relations of
the Heisenberg algebra

[Ty Inr) = 06y, myn' € Z (2.5)
The right hand side is the result of the central extention, see (2.3)).

Remark 2.1. Perhaps, the most evident way to understand the number n in right hand side (2.3))
is to consider the action of J_,,, n > 0 on the right vacuum vector looking at ([2.4), namely at J_,|0).
This action pick up and move n fermions ¥_1,...,%_, from the Dirac sea respectively to the positions
Yn_1,...,%o above the Dirac sea level by the action of the terms @[Jn_l@/}T_l, . ,@/JOWL_" in (24) (other
terms elliminate the vacuum). While the consequent action of J,, place these n fermions back at their
places. Thus, (0|J,J_,|0) = n while (0|J_,J,|0) = 0.

Two commuting parts of the Heisenberg algebra consisting of {.J,,, n > 0} and {.J,,, n < 0}
are used to form evolutionary operators

1
Pi(ps) =exp) —Pindin, (2.6)
n>0

where p1 = (p41,p+2,...) are sets of parameters called KP higher times, which are used in
the fermionic construction of the KP and 2KP tau functions:

T;(P(p-‘r) = (0|T+(p+)gl0) (2.7)

7o (P4, p-) = (004 (p+)gT - (p-)[0) (2.8)

Here g can be presented as an exponential of the elements of the g;l o and in this sense (under
some restrictions on the choice of gl ) can be viewed as an element of the group of infinite
matrices with the central extention. The choice of the fermionic operator g defines the choice
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of the tau function. Let us note that u(p) = 29, log 7°F (p, ) solves the equations of the
famous KP hierarchy.

Let us note that gI'_ (p_) in (2.8)) can be viewed as an example of ¢ in (2.7]) which depends
on the set of parameters p_1,p_o,....

Let us recall that the tau function is an arbitrary chosen function of any two higher times,
say, p1,p2 and the dependence on other higher times are given by the evolution equation
which are equations of the famous KP hierarchy of integrable equation. We send the readers
to the works of the Kyoto school for details.

In this paper we address the question what do we get if we replace I'y (p4+) or I'_(p_), or
the both evolutionary operators by the exponentials of elements of different abelian subalge-
bras of gl . In spite of the fact that it is quite natural question which was mentioned in [11]
it was not studied except of the cases considered in [10] and in [13].

3 Irreducible hierarchies of commuting operators

3.1 Generelized currents J_,, n >0

Irreducible functions on Z Let us consider a function r on the one-dimensional lattice
Z. However, we prefer to consider r as a function of one variable on the complex plane C,
which can be restricted on Z.

A given such a function r, let us define the following analogue of it’s k-th root p (one can
call it quantum root of order k)

r(i) =pli)p(i —1)---p(i —k+1), k=1,23..., (3.1)

if it exists. As we see it does not exist in case r has either an isolated zero, or k' consequent
zeries, where k' < k. As we also see, any, say s consequent zeroes of p results in at least k + s
zeroes of r.

For a given k we call r k-reducible if there exists a solution to equation (BI]). Otherwise,
we call r k-irreducible. Is r k-irrreducible, or it is not the case depends only on the location
of zeroes of r and the number k.

Example 1.
r(x)=2", n=12,3,... (3.2)
rz—a—1
is k-irreducible. While r(x — a) for non-integer a is k-reducible with p(z) = % be the
k
solution to (B.1).
Example 2.

n

r(z) =[]z — a)™ (3.3)

i

is n-reducible for a; = i+, i =1,...,n, a € C with p(x) = x—a;. It is also reducible in case
each a; is non-integer. And it is n-irreducible, for instance, in case a; = 1,1 =1,...,n — 1
and a, # 0,n.
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Irreducible graded hierarchies of commuting operators Here we will consider g?loo
operators parametrized by an integer p # 0 and by a function r on Z as follows

Anp(r) =Y r(iyr(i—p) - (i —pn+1)) ], 1, np=1,2,... (3.4)
1€Z

These operators generalize currents J_p,

J_pp(r) = Z : ¢Z~1/);'_pn o on,p=1,2... (3.5)

€7

If we take deg; = i, deg wg = —i, and degr(i) = 0 then deg J_,, = deg A,,(r) = —np.
The set {A,,(r),n > 0} generalizes the set {J_p,,n > 0}. The difference between A,(r)
and J_, is the prefactor r(i). The set of commuting operators {J_,,,n > 0} is the subset
of the larger sets of commuting operators {J_,,n > 0}. The similar statement can be either
valid, or not valid depending of the location of zeroes of the function r and the integer p. We
call the hierarchy of operators either reducible or irreducible depending on is there exists an
integer k such that r which enter (3.4) is either k-reducible or k-irreducible. For a given p
and r one can get a set K of different numbers k such that r is k-reducible. The reducible
hierarchy {A,,(r), n =1,2,3,... } is a subhierarhy of the hierarchy {A4,,(p), n =1,2,3,...}
where ¢ = mink, k € K and where p is the the quantum root of r of order ¢.

In what follows we will consider only irreducible hierarchies {A,,(r), n = 1,2,3,...},
namely hierarchies which are not subhierarchies of another commuting sets {Ag,(p), n =
1,2,3,... }, where ¢ < p (this unequality is important).

Remark 3.1. In the next section we will show that for p > 1 the hierarchy of commuting operators
{Apn(r), n =1,2,3,...} is a subhierarchy of different commuting operators {A4,,(r'), n =1,2,3,...},

where 7’ is a certain p-parametric deformation of r.

Example 3. An example of (3.4) with n =1 is the element of the Virasoro algebra L,:

Ayr=L_p+NJ_p = (i+ Nyl (3.6)
1€Z
where r(i) =i+ N. The subcase p = —1 is of use in the context of the two-matrix model [3]

where N plays the role of the matrix size.
Example 4. The other example is the following element of W1, algebra

Ap(r) =G+ N, (3.7)

€7

which also p-irreducible. The case r(i) = (N +14)™ and p = 1 is used for the Ginibre ensemble
of the n complex matrices.

Remark 3.2. This is the case where one can send r to a canonical form
r(i) — 6(i) (3.8)

where 6 is either 1 or 0 (one can call 6 characteristic function).
Namely there exists a diagonal matrix 7', such that

T App(r)T = App(0) (3.9)
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Here
T=exp | Y Tipi] = > Tilo; (3.10)
i<0 i>0
and
r(i) = el h (3.11)

Remark 3.3. From the point of view of the algebra gAlOO realized as the algebra of infinite matrices,
the operator A;,,(r) is related to the infinite diagonal matrix A;,(r) whose diagonal is placed on the
p steps above (below) the main diagonal in case p > 0 (in case p < 0) and (Au;p(r)); ; = 7(1)8i,i4p-
Then the matrix related to A,,(r) is the n-th power of Aj;.,(r). Then if we have an isolated zero on
the diagonal caused by r(i — 1) # 0, (i) = 0, (¢ + 1) # 0 then the n-th power yields n consequent
zeroes.

Colored partitions and p-component fermions. The structure of an operator
> rwil, (3.12)
i
prompts to split the set Z of indices i into the subsets classes modulo p. So, let us introduce
multicomponent fermions in a way it was done in [7]:

B = ipre, 01 = Yo c=0,...p—1 (3.13)
We get
iy =0 =l 0l el ) =0ty ez (3.14)

Then, each basis Fock vector |\) can be decomposed as the direct product of states |A(9)),
where each M%) is defined as follows:
We introduce coordinated of Fermi particles which yield the basis vector |A) by the relation

Then each coordinate x; has a color ¢ according to the rule

X :pxg.c(z) +e, i=1,...,4\), ¢=0,...,p—1, (3.16)
where £(\) denotes the length of the partition A, or the same, the number of non-zero parts of

A. The values of j are to be defined, and j(i) > j(¢ —1). Then we have the set of p partitions
(XN e¢=0,...,p—1} defined by

2=l (3.17)

Example: let p =3 and A = (5,5,1). Then ¢(\) = 3 and according to (3.I5]) we have three

coordinates
l‘l:5—1:4,ZE2:5—2:3,3}3:1—3:—2.

We have ¢ = 0, 1,2, and we can define the colors of the coordinates and there subscript label:

T] = 3x§1) + 1, 20 = 3x§0) + 0, z3 = 3:17%1) + 1.
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As we see, the coordinate x5 has a color ¢ = 0 and a:&o) = 1. The coordinates x1 and x3 have

the color ¢ = 1, and xgl) =1, xél) = —1. And there no coordinates with the color ¢ = 2.
Thus, according to BI7), we get A(®) = (0), because )\go) = xgo) +1 = 3. Next, () with two
parts, A1) = (3, 3), because ()\gl) =2+1 and )\gl)) =1+2, see (BI7). At last, the partition
A2 is empty.

Wider commutative hierachy. Now one can observe that we have more opportunities
to get abelian subalgebras. We have

p—1
Anplr) = - AT (1), (3.18)
c=0
where
Anc;)l(r(C)) _ Z rO@r 3G —=1) - rOG —n+ 1)@0)1/;3&2 (3.19)
€7

and r(9)(i), i € Z is the following set of functions
i) = r(pi + ¢) (3:20)

Therefore one can write

1 L
[pr(p) :==exp Z EpnAnp(r) = H I‘g;i(c) (p) (3.21)
n>0 c=0

Matrix elements of the abelian multiparametric group We are interested in

(ALpr(P)I 1)

Using (B821)) and the results of [10] we can write

(Alpir(P) 1) = T2/ /u(P) (3.22)
.
- H TAC(a/“(c) $x@ /ute) (P) (3.23)
c=1

4 Generalized currents J,, n > 0

In the similar way, for a given k and a given function 7 we consider
(i) =p@)p(i —1)---p(i —k+1), k=1,2,3..., (4.1)

and call 7 k-irreducible if there no p which solves ([T]).
For a given p-irreducible 7 we present the hierarchy of commuting operators

Anp(7) =Y 7 @)F (i +p) -7 (i +p(n — 1)) i), 5, mEZ (4.2)
i€Z
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In the same way we obtain
. 1 -
Tpi(p) = exp ) —nAny(7) (4.3)

For a given p and p = (p1,p2,...) we define

p=1(0,...,0,p1,0,...,0,p2,...) (4.4)
~—— ~——
p—1 p—1
and
Pu= [ 7pi—pi) (4.5)
(i,5)EX

Lemma 4.1. We have

(D557 (D)IA) = Fr/u82/u(D) (4.6)
T
- H fAc(c)/H(c) SXE@) /o) (P) (4.7)
c=1

where 7 and 7 are related by (320) and p and P are related by ([F-F).

5 Discussion

This note is a more complete answer to a remark in the article [II] on commuting flows
built on additional symmetries, and also develops [10], where the exponent of the Abelian
subalgebra is W1+ (namely, the one associated with the subalgebra {07 ,n > 0) was applied
to obtain a series of perturbations for a two-matrix model (see Section [Bl below) and for
the one-matrix model [3]. In [I0], the role of the zeros of the r function is also indicated.

It would be interesting to explicitly construct differential equations in which the indepen-
dent variables are the group parameters of abelian symmetries, and analyse these equations.
In particular to get analogues of Leznov-Savel’ev open Toda lattices and to obtain analogues
of open Todov chains of Leznov-Saveliev [25] and also semi-open (“forced”) Toda chains [1].
Let us note that they will posses symmetries related to multicomponent KP flows.

It is interesting to relate this study to the interesting works [26], [27], [28], [29] (and also
[30]. In certain sense it can be viewed as creation-annihilation point of view at the coherent
states formed by abelian subalgebras of Wi, o, algebra.)

The similar example with the BKP hierarchy was considered in [31] and will be considered
in more details in the next article.
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A KP and Wi,

In this section we recall and re-write certain known facts about KP symmetries. We consider
abelian subgroups and their action on vacuum. Examples contain three well-known matrix
models.

A.1 Notations
We denote the charged free fermions ¢; and ¢;f

Wil =655, [ w5l =[] ¢l =0, i,j €. (A1)
For a given Dirac sea level n we have
GilN) =9l IN) = 0= (N[¢] = (N|¢1-j, i <N. (A-2)

The charged fermionic fields
W(z) =Y g2, i) =D ol (A3)
JET JET
In case we were interested to change the variable z, both fermionic fields transform as semi-
forms (dz)z, see [12].
Let k and p = (p1,pa,...) be a set of parameters. The vertex operators

X(z) = eis0 $2Pigh yOK—3 o= Ding 2 Op; _ Z zi_%Xi, (A.4)
€L
XT(,Z) = e Zi>0 %leie_’%z%_a”eZi>0 27 0p; Zzl_%XiZ (A5)
€L
(where 29 is the shift operator: z%e* = ze*eP*) act in the bosonic Fock space, which consists
on polynomials in the variables py,ps, ... times e®V:
Pol(p1,pa, ... )™, (A.6)

where £ is a formal parameter and the set {¢; := %pi, i > 0} is called the set of KP higher
times. The integer variable N is the discrete time variable of the so-called modified KP and
also the lattice variable of the relativistic Toda lattice [5],[I5], which can be viewed as a
certain KP symmetry. The anti-commutation relations of X (z) and of XT(2) coinside with
the anti-commutation relations (A.2)), where (%) is replaced by X (z) and t(2) is replaced
by XT(z).

Formula (A.4) sometimes is written as

X(z) = et (2):, XT(z) = e ") (A7)
where
1. .
P (2) = Kk + (9, — $)logz + Z gzzpi - Z 270y, , (A.8)
>0 >0

and where A’ means that each shift-operator e*%:, i > 0 is moved to the right of the factor

¢F17'Pi and the ’zero mode’ shift operator zt% is moved to the right of the factor e**.
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Currents. Consider
()Yl (2) =Y LI (A.9)
meZ

Symbol : A : denotes the fermionic normal ordering, which, for A a bilinear in the fermions
A, can be equated to A — (0|A|0).

Operators
JL = Z L hiigm = res 2™ ()T (2) : dz (A.10)
1€EZ

are called fermionic currents.
As one can see

[T T] = kbmik0 (A.11)
and

JENY = IN)N,  2D|N) = [NV, (A.12)
One can introduce the operator J£+ by

e 4y = igre” €J£+¢ZT = TZ),T+1€J£+ (A.13)
and by

HFITINY = [N+ k), (A.14)
which result in

[T o] = =0mo. (A.15)

The Fermi fields can be written as

P(z) = eXmso w0 i e mso w2 (dz)% , (A.16)

Pi(z) = e Xm0 w0 IS 0 (dz)% (A.17)
or, it can be written as

P(z) = e? Gl p(z) =lem¢ () (A.18)
where

o' (z) = J + Jflog 2 + ngo %szim — mZ>:O %z‘men , (A.19)

and where :A: means that the currents Jf, i > 0 are moved to the right of the currents
Jif, 1 < 0 while ’zero mode’ JSJF is moved to the left of Jé.
The formula of this type was first discovered in the work of Pogrebkov and Sushko [14] [
Bosonic currents are defined as

moy,,, m >0
JP =<Spy, m=0 : (A.20)
P-m, m<O0

!The preprint of this work was not published in journal version for long, because referees decided that it is
too unusual and can be wrong.
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Remark A.1. As one can verify this definition is equivalent to

JP = lim res 2™ <5X(z(1 + X (2(1-Y)): - 1) B g (D - X(z))XT(z)f% , (A.21)

y—0 z Yy z

where :A: (which means that the shift-operators et%i i > 0 of the both vertex operators are moved

to the right and e®* are moved to the right), according to the Campbell-Hausedorff formula, is results

~1
in the appearence of the factor (1 — ;%) = ; +0(1).
2

Fermion-boson correspondence

Y(z) «— X(2) (A.22)
Ui(z) «— X(2) (A.23)
IN) «— N (A.24)

In particular, we have

R +— ¢€° (A.25)

JLo— Jb (A.26)

¢l(z) = ¢°(2) (A.27)

Ty JLN) = ey ey, (A.28)

We shall omit the superscripts f and b and hope that it does not produce a mess.

A.2 Wy, algebra and it’s abelian subalgebras

Let us use few notions from the textbook [4]. Parition is a non-increasing set of nonnegative
integers, say A = (A1,...,A\;), Ay > -+ > XN > 0. The sum ), \; =: |A] is called the weight of
A. The number of the nonvanishing parts of A is called the length of A and denoted by £(\).
The numbers z) and 2z} are equal respectively to []; m;!i"™ and to [], m;! where m; is the
number of times the integer i occurs in A. For A = 0 we put zp = z; = 1. (The number 2}
will be used in (A.35]) below). We denote the set of all partitions (including zero partition)
by P.
There is the well-known relation

_ 1 5
ezm>0 %Pmpm = Z Z—pAp)\ , (A29)
AEpP

where p = (p1,p2,...) and p = (p1,p2....) are two (infinite) sets of parameters and where

(A ~ L(N) ~ . ~
Py = Hi(:l) Dx;s DA = Hz(:l) Da,- It is assumed that pg = po = 20 = 1.
By this relation and by (A6) one gets:

1 1 (z\"z IR L
v ) = =5 (%) 5 g e,

where

o Ji = Hf(:)‘l) J)f\i and Jf := 1 (don’t miss with Jp)
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) Jf_u = Hf(:”l) Jf_ and J' =

o (:E/y))\ = HZ(_ )( — ™M) Hf(:)‘l) )\iz in case A # 0 (the last product changes z) in (A.29])
to 2z} in (A.30)), and (x/y) =1

o (z/y)u = HZ(“)(x‘“ yH) T2 ) —i in case u # 0 and (z/y)o =1

Yy

. ¥ _ .
I. Let us write x = ze2, x = ze~ 2 and assign degz = 1.

Consider
Fp(zet)yl(zem2) = Y0 2T gyl = (A.31)
1, mMEZ
m— TL 1 m— n
= Y Y vl = Y ey, (A.32)
meZ,n>0 €L meZ,n>0
In other words
ann =res: (z_%D”z_% 'w(z)) Yi(2) 1 dz (A.33)

The set {W, m ns >0, m € Z} is the set of the generators of the Wy, algebra.

The bosonic counterparts can be written down as follows. For practical calculations in the
bosonic Fock space one prefers to have normal ordered expressions.

There are two ways to present explicit formulas for it. In both cases, it is convinient to
take into account that : A := A — (0|A|0) and write the bosonic counterpart of (A3]]) as
follows:

y _y 1 1
X(ze2) X (2e72) = —f—— = Z — ™ ly"W:ﬂm (A.34)

n!
meZ,n>0

where :A: means that the shift-operators parts of the both vertex operators are moved to the
right which, according to the Campbell—Hausedorff formula, is equivalent to the appearence

of the factor 1 . Thus, this symbol :: means the bosonic ordering, in which all derivatives
with respect to p, Varlables are moved to the right of functions of p; variables.

I The first way to write down

X(Ze%)XT(ZE_%) — eya“ ezk>0 %Zk (ek%—e*k%>pkezk>0 z*lC (ek%—e*k%>8pk’
Yyt 1 1 . Yyt Y
X(2e2)X(ze72) — — v~ ¥ — (X (ze2)XT(ze 2)i—1
zez —ze 2 ze: — ze 2
= 2,7_1 €Yor Z ! A=l sinh!, (¥) sinb!, (9)prd, — 1| (A.35)
sinhiy) (%) e 232, 2 p\2
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® D) :=py Py, if Ay > 0. In case A = 0 we put pg :=1

° (‘L = (,ulapm) (Mkapﬂk)’ where pi > 0. In case p = 0 we put do == 1.

e sinh(¥) := sinh (3A\1y) - - -sinh (M) HZ( ) 2 1 % incase \; >0 and sinh) (%) := 1 in case
A=0
e sinhj, (%) := sinh (3p1y) -+ sinh ($p01y) HZ 1 E and sinh/, (%) := 1 in case p = 0

Let us replace J, by it’s eigenvalue py.
Let us introduce

h b, (¥
evro 10 A(h) S, (), 1-e03)- = >y fi(A 1, po) (A.36)
s ()(2) i>0
o)
= 1+ypo+y° %( _% +L2+24Z/\3+24Z/‘z +o (A.37)

where fo(A\, i, N) =1 and fi(A\, u, N) = N.
In particular,

1
. ny,OOO)_1+y——+

e% e 22 3|
yev
7 = > _y'fi(0,0,N)
€z —¢ 2 >0
Then !
D Y W =
meZ,n>0
m PA@M )+e(p) 1+ 1
=2 " > v i N) = ——— . (A.38)
mezZ A\ LEP >\ i>0 e2 —e 2
A= ul=m
which results in
PAd,
> > fihs i, N) == = fnr1(0,0,0), (A.39)
0<i<n+1 [A=]p A7

N +(p)+i=n+1

where pg = 9y = 2z = fo = 1, and in

Z n|anb _ Z p)\aﬂ Z A)+L(w) 1+Zf ()\ 1, N), m # 0.

n>0 A\, LEP “ >0
A= [l =m0
or, the same
p)\éu
= > > fiu, N) =2 m #£0. (A.40)
232y,
0<i<n Azl A|—|ul=m#0

L(N)+HL(p)+i=n+1
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As one can see for given m,n we get a contribution of terms in the right hand side of
(A40) conditioned by

Al = [ul =m (A.41)

AN +lp)=n+1—i, i=0,....,n+1 (A.42)

Remark A.2. For m = 0, formula (A39)) yields the generating (in the parameter y) function of the
Hamiltonians of the quantum KdV equation in free fermion point (see [19], [20] where it was written
in another way).

Remark A.3. The case i = n+ 1 is related to the A = = 0 term (the ’free term’) in case m =0
is fn+1(0,0,N) — f,4+1(0,0,0). Due to (A4I) there is no free term in case m # 0 and in this case
one studies i = 0,...,n. In case m # 0 the terms where ¢ > 1 exists only due to the prefactor which
appears thanks to the bosonic ordering while in case m = 0 there is the additional contribution of
the fermionic ordering which enters the free term for any given n. That is why the summation ranges

over ¢ in (A:39) and in (A.4Q) are different.

Examples.

(a) In (A39) m = n = 0. Then we have two terms, i = 1 and ¢ = 0 at most in the sum on
the right hand side of (A.39]). The case i = 0 is impossible because the conditions |A| = |u|
(which follows from m = 0) and the condition £(\) + ¢(u) = 1 (which follows from n = 0) are
inconsistent. Due to the ¢ =1 term we get Wy o = f1(N) — f1(0) = N.

(b) In (A40) n = 0 and m # 0. Then ¢ = 0,1. The case ¢ = 1 is impossible because
condition ([A.42]) (where we get A = p = 0) is inconsistent with (A.41]) where m # 0. Then,
for i = 0 we have either A = (m), p =0 in case m > 0, or A =0, . = (—m) in case m < 0.
In both cases 2} = 2}, = 1 and we get Wy, 0 = J®,,.

(c) In (A39) take n = 1 and m = 0. In this case i = 0,1,2. The terms with ¢ = 2 and
fi=2(0,0,0) form the free term f2(0,0, N) — f2(0,0,0) = (N — 3)?. The terms i = 1 does
not contribute because (A.41]) and (A.42)) are inconsistent for ¢+ = 1. The terms i = 0 gives
the sum over k > 1 over partitions A = u = (k) and in this case 2} = zL = 1. We obtain

Woi =3(N—3)*+ Z kprOp, =: Lo (A-43)
k>0

(d) Take n = 1 and m = |A| — |u| # 0. In this case i« = 0,1; see Remark [A:3l The
contribution of ¢ = 1 terms results in either A\ = (m), u =0 (for m > 0), or in A = 0, p =
(—=m) (for m < 0), thus, it is equal to fi—1(\, u, N)JP,,. The contribution of i = 0 terms
consists of two groups. The first group is related to A = (k,m — k) (if £ > m — k) and to
uw=0=1incase m >0 and to u = (k,m — k) (if k > m —k) and to A = 0 in case m < 0.
The second group is related to A = (k), p = (m — k). Taking into account (zi\zL)_l factor

we finelly get
Wm,l =

Npm + Zk>m pr(k —m)0p,_,, + % Zo<k<m PkPm—k, m >0
(N =32+ 20 kpOp,, m =0 (A.44)
—mNOy_,,, + >y Pk = m)Op,_,, + %20<k<m k(=m —k)0p,0p_,, ,, m <0

where % aprior the second sums appear from the restriction k¥ > m —k in partitions (k, m —k)
and separately from the factors z) and z, for partitions (k, k).
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Remark A.4. The combination
Lm = W_m71 - NW_m)Q (A45)

coincides with the Virasoro algebra element LJ, presented in formula (3.7) of [I2] where we put j = %

IT it is convinient to take into account that : A :== A — (0| AJ0) and write

X(ze?) X (ze™3) - <5X(ze%)XT(ze—%)ze—% - 1)

1
= Z mzm_ly"Wfl’n s (A46)
meZ,n>0

where :A: means that the shift-operators parts of the both vertex operators are moved to the
right which, according to the Campbell-Hausedorff formula, is equivalent to the appearence

Ly .
of the factor 21_1:,5 . Thus, this symbol :: means the bosonic ordering, in which all derivatives
with respect to p; variables are moved to the right of functions of p; variables.

Using

z z

res 2™ <€%DX(Z)> (e_%DXT(z)) :dz = res: ((e%D sz e%D> -X(z)> XT(2)idz

=resz ™ (ey(D_%) . X(z)) XT(2)idz
we can rewrite (A.48))-(A.46]) as follows:

wh o =
res %yn_l Y e% g iyk res z_m: (Dk . X(Z)) XT(Z):d—Z -0 0 (A 47)
y=0 7 1—e¥ — k! z ' "z m ’
dy 1 Y my 1 k e .dz
= Ly —= E — m. — | — O A48
zfg% Y vz e~y ° k>0 k‘!y oS s ck((2)) z 0 ( )

where ¢ (p(2)) = (DF-e#(?)) e¢(2) = (zJ(2)F + -+ DFL20(2), @ = J(2), X(2) =

:e#():; see (A8). As we see the normally ordered bosonic expressions are more involved than
normally ordered ferionic ones.

In what follows we omit the superscripts ¥ and P and hope it does not produce a misun-
derstanding.

In particular the formula (A.4])) yields

Pm, m >0
Wmo=4N, m=0

-m0Oy_,,, m<0
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and
Zk>0 (kp’f—mapk + %k(m - k)a 5 Op k) ;o m>0

Win1 =24 Ypso kpidp, + 3N, m =0
> k>0 (kpk—mapk + %pkp_k_m) , m<O0

ITI. The third way is as it was done in [11] (in this work it was done almost without
examples). Consider

sz 4 Yl (2) =Pz + )l (2) — % =: Z zm_le”anm (A.49)
meZ,n>0

One can write

8"?!)( )

Qf_mn = i' res 2’ : Yi(z) : d (A.50)
n!l z
= G =90 =8 —n— bl (A.51)
JEL
In particular,
Qomy = j il —5m (A.52)
JEL
compare to
i1
Woma =D il + BT = Lo 2 (A.53)
i€Z

which is the element of the Virasoro algebra

(L3, 3] = (n —m)Li, ., + (652 — 6] + 1)~ = im0 (A.54)
n—1
> (% +i) = 3(n® —n)
=1
m—1
m?+ > =am®+ (b+1)m? +em+d=a(m+1°+bm+1)?+c(m+1)+d
j=1
a+b+c=0, 0=3a+2b 1=3a
m—1
P2=4m® —Im® + tm=m(Em® — im+3)
j=1
m—1
—1
j= m(m —1)
7j=1
1
X4+ oXT(2) =X(z+)X(2) - = = Z zme"Q%n (A.55)

€
meZ,n>0
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~ Jim <X(z +oxt(z) - %) Y %e" ana)iff)XT(z) (A.56)
n>1

e—0

where the first term with lim contains vanishing e~! term and also the term € (linear in
currents, see below).
The right hand side is not convinient in the bosonic realization. It is convinient to write

X+ oxf(z)—L=1 (fX(z +oxt(z)— > (A.57)
€ €
1 ,. 0" X (2 . "o
ZmE aT—i—E)XT(Z) = Z Z € Q]:n’n (A58)
n>0 meZ,n>0
Or
_1 m-1:0"X(2) g
Qo —jTes z St X (z):dz (A.59)
Then
Vno = Jom | (A.60)

2
. . d
Q1 = % res z7 M % <Z Zk_le> T+ Z(k’ — 1)Zk_2Jk 72 (A.61)
k k

Graded elements which we use. For our purposes, the elements of the Wi, algebra
in the bosonic Fock space will be [2] chosen as
dz 0

Wi|F] = res (z"F(D)- X(2)) XT(z)j, n#0 D:= S (A.62)

The case n = 0 will be recalled separetely. The pseudodifferential operator F'(D) acts on the
formal series in the powers of z according to the rule F(D) - 2% = F(k)z*, k € Z where F is
a function on the lattice. We consider it to be bounded except the case n = 0. Zeroes are
admissible.

In the fermionic Fock space these are

dz

WlF] = res: (2"F(D) - 9(2)) v(2) - > (A.63)
=" Fliygiel,, (A.64)

€L
Here : A : denotes A — (0] A]|0).
In case it does not produce a misunderstanding we shall omit the superscript f which says
that we deal with the fermionic version.
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Definition. For a given function F' on the lattice Z, we introduce the characteristic function
§[F] defined on Z which takes values 1 and 0 and whose zeroes coinsides with the zeroes of
F.

Example: We take §[x 4+ n](z) = 0 in case z = —n, otherwise it is equal to 1.

We introduce the degree putting degz = 1, then we get deg(W,[F]) = n independent of
the choice of F.

One can verify the

Lemma A.1. For any choice of F1 and Fo we have
[WolF1], WolFa]) = |WolF], WolF]| =0 (A.65)

Proposition A.2. For a given F, there exists T acting in the fermionic Fock space such that

Wy [F] = TW,[3[F] T (A.66)
and deg T = 0.
(Thus, all W/![F] with a given ®(F) belong to the same orbit.)
Proof.
WAl = > SIFI iy, (A.67)
Let
T = eXi<o Tiwjilfi—zizo Tipinp] —. WolT] (A.68)

where each T; is a finite number; then
Ty T = e Dapy, Topl T~ = logp! (A.69)

Formaly, the set {1}, i € Z} can contain infinite numbers. Then one can get 0 in the right
hand sides of relations (A.69).
Thus,
Tt~ Ti[F) (i) = F(i)

one can construct the set of {T;, i € Z} with this property in a recurrent way.

Abelian subalgebras. For a given n and F', introduce the set

Im(n, F) := res (Z"F(D)™ - X(2)) XT(z)d;, m=1,2,3,... (A.70)

where Jy(n, F) = W,[F]; see (A.62)).
Proposition A.3. For a given F' and a given n € Z, we have
[T (n, F), Jpr (n, F)] =0, m,m’' =1,2,3,... (A.71)

Remark A.5. In the BKP case below we have different situation: odd and even n are rather
different.
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Proof. We write

ZF (t+n)F(i+2n)--- F(i +n(m— 1))1/1Z1/12+nm (A.72)
and perform the explicit calculation.
We call
T Jpn(n, F) T~ Zs (i +n)F( + 2n) - F(i + n(m — D)l (A.73)

canonical form of Jy,(n, F).
Example 1. Consider F' = 1. In this case J,(n, F) = Jpm, where

Je= > i, (A.74)
IE€EL
is the current which is used to construct the KP tau function.
Example 2. Consider F(z) = z + N, where N is a positive number. Then

Tl F) = res ((2"(D + N)™ - 9(2)) v (2) 2 = (A.75)
SN +)(N +i+n)(N+i+2n) (N +i+n(m— 1)), (A.76)
€L

In this case Ji(n, F) = L, + NJ,, where
Lo+ NJy =Y (i+ Nyl (A.77)

1€Z

is the Virasoro generator. It’s canonical form is

T Lo+ NJ)T= Y vl

i#=—N

which is different from .J,, because the term i=-N is absent in the sum in the right-hand side.
This abelian subalgebra (A.75]) with

n=-1 (A.78)

will be of use in matrix models below where NN is the size of matrices.

B The model of normal matrices

The model of normal matrices was introduced by O.Zaboronskii in [22].
Consider the following model of normal matrices

In(p,p") = /e_tr((MT)qu)eZ»o T (pitrMiprte(MY)) g p (B.1)

N
—c [ T[S i, (82
i=1
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The case p = ¢ = 1 was intensively studied in the context of Laplacian growth problem
[23]. The perturbation series of the integral (B.I]) in the couplinf constants p and p* was
considered in [3] and [21].

We have

N
Iv(p.p) = Y5 p)a (") [ s, @IA@PE [[e i (B.3)
19N =1

B.1 Action on the vacuum and matrix models

The trivial example is
1 1
eZm>0 ESmJ*m = eZm>0 Es””p””.

Proposition B.1. For a given n < 0 we obtain

eXmzo men I 1 =N gy (s)sa(p) [[ FG— ) (B4)
\ (i.7)EA

where the sum is performed over the set of all partitions, where sy is the Schur func-
tion written as a polynomial of the KP higher times where s is the set of higher times
(0,...,0,81,0,...,0,82,0,...) and t = (tl,tg,tg,...).

Example 1

In particular, if F(x) = x + N we get the commuting hierarchy which includes Virasoro
element L_q.

In this case

eXmmo womInF) 1 = N sy (s)sy(6) [ (N +5 — 1) (B.5)
A (3,7)EX

The right hand side is the perturbation series for the famous two-matrix model
/ etrXY—I—X:m>1 (%smter-‘r%Pmter) dQ(X, Y) (BG)

where X and Y are both N x N Hermitian matrices. The identical perturbation series one
gets in case X and Y are complex matrices and Y = X and also in case X and Y ar

e X .Y both Hermitian
e X =YTcGLy(C)

e X = YT normal (= diagonalizable via unitary matrix: X = Udiag(z1,...,zn5)UT, U €
Un)

Let me recall that the famous one-matrix model can be obtained as the particular case
of the two matrix model (where both matrices are Hermitioan) via the specification of any
of the sets (either s or t) by putting all times to be zero except the second one. Say, is
Sm = 02, then by Gauss integration over X one obtains one-matrix model. Therefore with
this speicification the series (B.3]) serves also the one-matrix model; details see in [3].
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Example ...F = ...
eXm>0 msmIm(mF) ] — ZS)\(S)S)\(t) H (N+j—1) (B.7)
A (4,7)EX
_ /etrXTYT+Zm>1(ibsmter—i-71npmter)dQ(X)dQ(Y) (BS)
X and Y ar

e X, Y both are unitary
e X, Y are both complex
e X, Y both are normal

e normal matrices and Y = XT.
Remark B.1. For Hermitian matrices X and Y the measure is defined as

aXx,v)=Cy [[ drxi;[[dsxi,; J[ dwrvi, [[dsv:, (B.9)
i>j>N i>j i>j>N i>j
For complex matrices X the measure is defined as
[e—“XX*} d(X, X1 = Oy [ —“XX*} [T arx., [ doxi, (B.10)
i>j>N i>j>N

where the Gaussian weight in square brackets can be included. However later we prefer to include the
weight 7(XY') given by a KP tau function (details see below).

For normal matrices X = Udiag(ry,...,xn)U ! (where z1,..., 2y are the eigenvalues of X and
U € Un) the measure is defined as

dx, xh=coy [[ lzi-=P? [] e dzav (B.11)
i<j<N 1<i<N

where d,U is the Haar measure on Uy.
Here N is the matrix size. Above it is supposed that, in each case, Cy f dQ =1.

Let us mark that thank to the factor in the right hand side, actually, the sum is cutted if
the length of \ exceeds V.
The canonical of this example is the sum

T eXm>0 mémImmF=)p—1 1 _ D sa(®)salt) (B.12)
Z(A;SN

(where T is the bosonic version of T above) where the sum is restricted by partitions whose
length do not exceed N. Such sums is the parturbation series for Brezin-Gross-Witten (BGW)
matrix model [10]

/ im0 msmtUm+ LU= 17 (B.13)
u)

where d,U is the Haar measure on Uy, we assume fU d.U = 1. In different context the
right hand side (B.12)) was studied in the paper of Tracy and Widom [18].



156 Jocnmp| A. Yu. Orlov

Example 3. Consider F(z) = (x + N)~! for z # —N and F(x) = 0 for x = —N. Such
F' has the same characterisitc function as in the previous example. One obtains

1
e2m>0 msmIm(nF) 1 — Z sx(s)sa(t) H (N+j—i)™"
(V<N (6,5) €A
This series is equal to the value of the two-matrix integral where both matrices are unitary:
1 m

Tt 1
/ ezm>o msmtrUT" o trlU Uy ezm>0 mpmtrUﬁnd* U1d,Us (B.14)
UN XUN

Example 4. The rather general example is the perturbation series in the parameters
$1,89,... and t1,ts,... for the integral

[ 107X (V)X V) = 7a(s.p) (B.15)
where 71 9 and 7 are the following series
Ta(s, X) =Y sa(X)sals) [ falG—14), a=1,2 (B.16)
A (4,5) €A
and
T(XY) =Y sx(XY)sa(Iv) [] 96 —9) (B.17)
A (5,5)EN
each of which is a KP tau function (more precisely: each is KP tau function of the hyperge-

ometric type [17], [10]). Here fi 2 and g are functions on the lattice.
In this case 73 in the right hand side has the similar type (which was called hypergeometric

type):
rylst) = Y sa)sa(t) [[ FIN+j— i), (B.18)
A (4,9)EX
where
F(z) = fi(z) f2(x)g(2)k(z) ,
where the choice of k depend on the choice of the matrices; see Remark [B.1k

e X, Y both Hermitian
e X =YTecGLyN(C)

e X =Y normal

e XY €Uy

This case includes the cases form previous examples.
Example 5. The genralization of (B.I3):

/ (s, D)UY, p)d.U = > sn(X)sa(s) [[ G —i)falG —9) (B.19)
Un by (i.5)E
where the right hand side is of the similar type.
Thus, the action of abelian groups of KP symmetries on the vacuum tau function (the tau
function equal to 1) results in a number of matrix models.
This was a collection of basically known facts related to matrix integrals and the KP
hierarchy.
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