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Abstract

We study the Laurent property, the irreducibility and the coprimeness for lattice equa-
tions (partial difference equations), mainly focusing on how the choice of initial value
problem (the choice of domain) affects these properties. We show that these proper-
ties do not depend on the choice of domain as long as they are considered together.
In other words, these properties are inherent to a difference equation. Applying our
result, we discuss the reductions of lattice equations. We show that any reduction
of a Laurent system, even if the lattices have torsion elements, preserves the Laurent

property.

1 Introduction

A difference equation is said to have the Laurent property if every iterate is expressed as
a Laurent polynomial in the initial values [2]. Such a difference equation is often called a
Laurent system [7, [8], [5].

This property, also known as the Laurent phenomenon, is closely related to the theory
of cluster algebras. It is well known that each cluster variable is expressed as a Laurent
polynomial in the initial cluster [I]. Therefore, one can generate a Laurent system using
a specific sequence of mutations for a cluster algebra [4, [3]. LP (Laurent phenomenon)
algebras were proposed to generalize cluster algebras [23]. The Laurent property for cluster
algebras and LP algebras is shown using the Caterpillar Lemma.

A Dbasic strategy to prove the Laurent property is to show that several iterates are
mutually coprime as Laurent polynomials. For example, this idea is used in Hickerson’s
method [0, B1] and the proof of the Caterpillar Lemma [2]. On the other hand, the
coprimeness for a Laurent system is a global property and focuses on the coprimeness of
every pair of iterates [19]. We will review the definition of the coprimeness for Laurent
systems in Definition
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We say that a Laurent system satisfies the irreducibility if every iterate is irreducible
(or a unit) as a Laurent polynomial in the initial variables (Definition [[L.T6l). This property
holds for many Laurent systems and often helps us show the Laurent property and the
coprimeness. However, some Laurent systems are known to satisfy the coprimeness but
do not have the irreducibility [22].

Some non-Laurent systems can be transformed into Laurent systems by changing de-
pendent variables, and this procedure is called Laurentification [I3, [19] [8]. The trans-
formation of dependent variables corresponds to the singularity patterns of the original
equation. Therefore, Laurentification, in conjunction with the coprimeness, reveals the
(global) singularity structure for non-Laurent systems, leading to the concept of the co-
primeness for non-Laurent systems [19]. In addition, this procedure allows us to compute
the degree growth for the original equation [13] 20, 27]. When calculating the degree
growth, we often use the tropical dynamics of the Laurentified equation.

When considering the Laurent property for lattice equations (partial difference equa-
tions), the choice of initial value problem, i.e., the choice of domain, is essential. Since an
initial value problem for a lattice equation has infinitely many initial variables, some con-
ditions on a domain are necessary when we show the Laurent property. In fact, a Laurent
system often loses the Laurent property if considered on a pathological domain [25]. The
conditions on a domain required for the Laurent property were first considered for several
concrete lattice equations in [2] and then clearly stated for discrete Hirota bilinear equa-
tions in [25, 26]. The conditions for general lattice equations, defined in Definition [[.11]
are described by the future and past light cones [9].

Some Laurent systems on multi-dimensional lattices can be obtained from a (sequence
of) mutation(s) for a cluster or LP algebra. For example, Okubo constructed quivers that
generate the discrete KAV (Korteweg-de Vries) equation and the Hirota-Miwa equation
(the bilinear form of the discrete KP equation), respectively [28 29], and later obtained
an LP-algebraic expression of the bilinear form of the discrete BKP equation [30]. Even
some non-integrable Laurent systems on multi-dimensional lattices are constructed from
LP algebras [I7]. Note that a cluster (or LP) algebra that generates a lattice equation
defined by a single recurrence relation is not of finite rank since an initial value problem has
infinitely many initial variables. On the other hand, the author and collaborators recently
constructed a quiver of finite rank whose commuting sequences of mutations generate a
lattice equation on Z? [15], As-case].

Proving the Laurent property for a lattice equation without constructing a cluster or
LP algebra, i.e., without relying on the Caterpillar Lemma, is sometimes very difficult
because no general method to show that several iterates are mutually coprime is known.
In this process, we need to check that an iterate does not divide another iterate. For now,
the most commonly used strategy to show this is to check that an iterate is irreducible by
substituting numerical values for (some of) the initial variables or by focusing on a specific
initial variable that appears only in one of two iterates. This strategy is most effective
when working on a specific domain, such as a translation-invariant one [16], 17 [18].

In this paper, we consider how the choice of domain affects the Laurent property, the
irreducibility and the coprimeness of an autonomous, invertible difference equation defined
by a single recurrence relation. We will prove that as long as considered together, these
three properties do not depend on the choice of domain (Theorem [[LT8]).

Let us fix notations and definitions and see what conditions we require on equations.
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Notation 1.1. Let L be a lattice on which we define an equation. In this paper, we use
the term “lattice” to mean a finitely generated Z-module.

Let R be a UFD (unique factorization domain), such as Z, Z[ay, as, - --| and a field. We
consider the Laurent property over the coefficient ring R. Let K be the field of fractions
of R and we use K to denote its algebraic closure.

We say that a nonzero element f of a UFD is irreducible if f does not factorize into a
product of two non-unit elements. It should be noted that, according to this definition,
units are also labeled “irreducible,” while in the field of algebra, units are not considered
irreducible.

Remark 1.2. In our terminology, L can possess a torsion element other than 0. Some
Laurent systems with multiple tau functions, such as the bilinear form of the discrete
mKdV (modified Korteweg-de Vries) equation (Example[2.2]), can be thought of as defined
over a lattice with torsion elements. By the fundamental theorem of finitely generated
abelian groups, taking appropriate generators, we can express L as

L7l o (2 Z) & - - & (Z)amZ)
for some aq,...,a, € Z~1. However, we do not use this expression in this paper.

Assumption 1.3. In this paper, we will consider equations of the following form:

fh :q>(fh+v17"'7fh+vj\r) (hGL)v (11)
where ® is an R-coefficient irreducible Laurent polynomial with N-variables and vy,...,vxy €
L are shift vectors. We suppose that v1,...,vy are all different and ® does depend on all
of fhtvis---s fntoy- If not, we decrease the number of variables of ®.

If @ is a Laurent monomial, then the equation defined by ® can be linearized using a
logarithm. Therefore, we may assume that ® is not a Laurent monomial. In our case, ®
is primitive over R (see Definition [AT]).

Moreover, we may assume that the shift vectors vy,...,vy generate L as a lattice. If
not, we replace L with spany(vy,...,vN).

Remark 1.4. We do not explicitly exclude the cases where the numerator of ¢ has a
monomial factor. However, as studied in [I12] in the ordinary difference case, such a
system does not satisfy the irreducibility or the coprimeness and naturally falls outside
the scope of our research.

Assumption 1.5 ([26]). We think of equation (II]) as defining an evolution on L in

the direction from fr14,,..., fatoy to fn. Therefore, we assume that the shift vectors
v1,...,UN are linearly independent over Z>g. That is, a relation
Z a;v; = 0
i
for ay,...,an € Z>¢ implies

ap = --=ay =0.
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Definition 1.6 ([25] 26]). Define an additive monoid S C L as

S = spanZZo(vl,...,vN) = {Zaivi | ai,...,an € Z>0}
i

and let “<” be the binary relation on L defined as
hi<hy, < hy—hy€S.

That is, hy < hg holds if and only if there exist aq,...,an € Z>¢ such that

hi = ho + Z a;v;.

By Assumption [[.5] this binary relation is a (partial) order on L. Clearly, < is invariant
under translations on L, i.e., for hy < hy and v € L, we have h1 +v < hy + v.

Assumption 1.7. We assume that equation (L.IJ) is invertible in the following sense.
First, we assume that the set of shift vectors

{0,?)1, oo ,’UN}
has a unique minimal element (i.e., a minimum element) with respect to the order <. The
minimum element is not 0 since it is the maximum. As the ordering of v1,...,vy can be

changed at will, we may assume that the minimum element is vy.
Solving (LI)) in the opposite direction is to solve it with respect to fj1,,. Here, we
suppose that (L)) can be solved with respect to f,1,, by a Laurent polynomial as

fh-H)N = qI(fh-‘,—vp cee 7fh+vN717 fh)7

where ¥ is an R-coefficient Laurent polynomial. Since vy is the minimum element of the
set {0,v1,...,un}, the above equation defines an evolution in the opposite direction.
Finally, we assume that ¥ is irreducible as an R-coefficient Laurent polynomial.

Remark 1.8 ([25, 26]). All discrete Hirota bilinear equations satisfy Assumption [L.7]
because of the balancing condition of the shift vectors.

Remark 1.9. ¥ is not a Laurent monomial since ® is not a Laurent monomial.

Remark 1.10. Although we assume that equation (I.I)) can be solved in the opposite
direction by an irreducible Laurent polynomial, we do not require the Laurent property
in the opposite direction. Thus, our main theorem is valid even for equations that have
the Laurent property only in one direction.

Definition 1.11 (light-cone regular domain [2, 25| 26] 9]). A nonempty subset H C L
is said to be a light-cone regular domain for equation (1)) if it satisfies the following
conditions:

1. For any h € H, the intersection between the domain and the past light cone ema-
nating from h is a finite set, i.e., the set

(WeH|W<h (=Hn(h+8)

is finite.



]OCI’] m p[ Domain independence of the Laurent property, and more 83

2. For any h € H, the future light cone emanating from A is contained in the domain,
i.e.,

{WeL|hW>htCcH (&h-SCH).

For a light-cone regular domain H, we define Hy C H as
Hy={heH|Ti:h+v; ¢ H},
which we call the initial boundary for H.

Remark 1.12. A domain that satisfies the above conditions is sometimes called a “good
domain,” which was named by the present author [25]. In this paper, however, we in-
troduce the new term “light-cone regular,” which is more appropriate because the name
represents its properties.

Remark 1.13. The terms “past and future light cones” for difference equations have first
been explicitly defined in [9] for quad equations. In the case of equation (III), using the
monoid S, the past (resp. future) light-cone emanating from h € L can be easily expressed
as h+ S (resp. h — 5).

Notation 1.14 (Rr, Kr). For a subset T' C L, we introduce the notation
Rr=R[fif' |heT), Kr=K[fi'|heT]

It is obvious that Ry C Ryg for T C T’. Note that f, (h € T) are not always
independent because they can have relations determined by equation (LII). We will often
use Ry, and Kp, in this paper. In such cases, fj, (h € Hp) do not have any relation, i.e.,
they are algebraically independent over K, and thus can be thought of as if they were
independent variables.

Definition 1.15 (Laurent property). Let H C L be light-cone regular. Equation (L)
has the Laurent property on H if every iterate can be written as a Laurent polynomial in
the initial variables, i.e.,

fn€ Ru, (= R[fy" | ho € Ho))
for all h € H.

Definition 1.16 (irreducibility, coprimeness). Let H C L be light-cone regular and sup-
pose that equation (II]) has the Laurent property on H.

1. Equation (L)) has the irreducibility if every iterate is irreducible as a Laurent poly-
nomial, i.e., for any h € H, f} is an irreducible element of the ring Rp,.

2. Equation (L)) has the coprimeness if every pair of iterates is coprime, i.e., for any
hi,hy € H (h1 # h2), fn, and fp, are coprime to each other in the ring Ry, .

As we will see in Example 2.4] a Laurent system sometimes has a unit element as an
iterate. The following proposition, which we will prove in Section Bl guarantees that such
a phenomenon can never occur if a Laurent system has the coprimeness.
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Proposition 1.17. Suppose that equation (L)) has the Laurent property and the co-
primeness on a light-cone regular domain H. Then, for h € H, f}, is a unit in Ry, if and
only if h € Hy.

The following is our main theorem in this paper.

Theorem 1.18. Let H C L be light-cone regular and suppose that equation ([L.I]) has the
Laurent property, the irreducibility and the coprimeness on H. Then, for any light-cone
regular domain H C L, equation ([LT)) has these three properties on H, too. That is,
if considered together, these three properties do not depend on the choice of light-cone
regular domain.

Thanks to this theorem, once we prove that an equation has these three properties on
one domain, these properties immediately follow on any light-cone regular domain.

The paper is organized as follows. Section [2] consists of examples of Laurent systems.
We see that most Laurent systems in the literature satisfy the assumptions and conditions
introduced in the introduction. We prove our main theorem in Section Bl Our main
strategy is to substitute specific numerical values for initial variables, even in the case of
general lattice equations. In Section M we consider reductions of Laurent systems, i.e.,
the procedure to obtain a difference equation defined on a lower-dimensional lattice by
requiring some translation invariance on the original equation. Reductions are the most
important application of showing the Laurent property on a general domain. We show
in Proposition that any reduction of a Laurent system is also a Laurent system, even
if the lattices have torsion elements. In Appendix [Al we recall some basic properties of
Laurent polynomial rings, which play an essential role in Section Bl

2 Examples

In Section [I, we introduced some assumptions on equation (I.I]). In this section, we check
that many Laurent systems in the literature satisfy these conditions.

Example 2.1 (discrete KdV equation). The bilinear form of the discrete KdV equation
is

afm—2,nfm,n—1 + Bfm—l,nfm—l,n—l
fm—2,n—1 ’

fm,n =

where a and 3 are nonzero constants [10]. Let R be an arbitrary UFD and let a, 8 € R\{0}
be coprime to each other in R. We sometimes impose a condition on «, 8 such as a+8 =1,

but in this paper, we do not need such a restriction. Let L = Z? and define vy, ...,v5 € L
as
o v = (—2,0),
e vy = (0,—1),
e v3 = (—1,0),
(
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® Vs = (—2,—1).

Using h = (m,n), the discrete KdV equation is written as

& frtoy fhtve + Bfntvs fhtus

fh - f h+uvs
The graphical representation of the shift vectors 0,v1,...,vs is
vy vy O
vs V4 U9
which leads to the linear independence of vy,...,vs over Z>o. The monoid S generated

by these shift vectors is
S ={(m,n) € L | m,n <0}

and the corresponding order < on L is expressed as
(m,n) < (m',n') & m<m andn<n.

With respect to this order, vs is the minimum element of the set {0,v1,...,v5}. Solving
the discrete KdV equation in the opposite direction, we obtain

o afh—i—vl fh-i—vz + ﬁfh-ﬁ-vg fh+v4

fh+v5 - fh )

the RHS of which is an irreducible Laurent polynomial. Therefore, the discrete KdV
equation satisfies all the assumptions in Section [l It is well known that the discrete
KdV equation has the Laurent property, the irreducibility and the coprimeness on any
light-cone regular domain [2] 25| 19].

Example 2.2 (discrete mKdV equation). The bilinear form of the discrete mKdV equa-
tion is written by two functions f© and f@) as

0) (1 0 1 0 1
fé(,n)zfé(—)l,m—l = aff(—)l,mfﬁ(m)z—l + Bfé(,n)m—l é(—)l,m’

1) (0 1 0 1 0
e(%, e(—)1,m—1 = aff(—)l,mff(m)@—l + Bfé(,rzl,—l e(—)1,m=

where a and 3 are nonzero constants [11]. Let R be an arbitrary UFD and let a, 8 € R\{0}
be coprime to each other in R. Let L = Z? ® (Z/2Z) and define vy,...,vs € L as
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where the third entries correspond to the Z/(2Z)-part. Then, the discrete mKdV equation
is written by a single function f5 (h € L) as

_ afh—i—vl fh-i—vz + ﬁfh-ﬁ-vg fh+v4
fn=
fh+v5

)

the RHS of which is an irreducible Laurent polynomial. Since the ¢- and m-coordinates of
each generator are non-positive but do not vanish simultaneously, these shift vectors are
linearly independent over Z>q. The monoid S generated by the shift vectors is

S={{,m,n) e L|{,m<0}
and the corresponding order < on L is expressed as
l,m,n) < (l',m',n") & <0 andm<m.

The shift vs is the minimum element of the set {0, v1,...,v5} and we can solve the equation
for fnivs by an irreducible Laurent polynomial. Therefore, this equation satisfies all the
assumptions in Section [

Remark 2.3. Not only the discrete (modified) KdV equation but all the discrete Hirota
bilinear equations, including the Hirota-Miwa equation, the bilinear form of the discrete
BKP equation and their nontrivial reductions, satisfy the assumptions in Section [l

Although our main topic in this paper is lattice equations, we do not exclude Laurent
systems defined on a one-dimensional lattice. However, as the following two examples
show, some Laurent systems on a one-dimensional lattice do not have the irreducibility or
the coprimeness.

Example 2.4. Let r € Z>; and consider the system

_ faa 1

fn fn—2

over the coefficient ring Z. It is well-known that this equation can be obtained from a
cluster algebra and has the Laurent property, i.e., f, € Z] gﬂ, 13:1] for all n > 0 [1].

If r = 1, this system is the Lyness map [24]. It is periodic with period 5 and has
the irreducibility. In particular, it does not have the coprimeness since f,+5 = f. Since
f5 = fo is a unit in Z][ Oil, fﬂ], this equation has a nontrivial unit as an iterate.

On the other hand, if » > 2, the equation is not periodic anymore. In this case, the
equation has the irreducibility over Z if and only if r is a power of 2 (i.e., the first iterate
is irreducible). However, the equation always has the coprimeness [22].

Example 2.5. Consider the equation

_ fn—lfn—G + fn—3fn—4

fn fn—?
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on H = Zx, i.e., the initial values are fo,..., fs. Since it can be obtained as a reduction
of the Hirota-Miwa equation, this equation has the Laurent property. However, since
~ fife+ f3fa
fr=—F",
fo
~ Jfofafs + fifafe + fof3fa
fs = :
fof1
_ (fofs + f2f3)(f1fe + f3fa)
f9 — ;
fofifa

this equation does not satisfy the irreducibility or the coprimeness. Using

p= fife + f3fs, a= fofafs+ fifofe+ fofafa, 7= fofs+ faf3,

we can write the time evolution of the equation as

fo—=fi, fi—= fo, far fs,
fars fo fa for fse> fo, for &

%7
q pr
P —, g —, TD.
fo fo
Let
0 1 0 0 0 0 0 0 0 0]
0O 01 0 0O0OO0OTUO0ODOUO0OFDVO
0O 001 0O0O0OTO0OTUO0OFPO
0O 0001 O0UO0OO0OTUO0OFPO
A 0O 00 O0OO0OT1O0TO0TUO0OFO
|0 00O0O0OO0OT1TUO0TGO0OTDO
-1 0 00 00O OT1O0TUO
-1 0 00 OO O O0OT1TFPO
-1 0 00 OO 0O O0O01
|0 0 00 00 O 1 0 0]

and define F,go), e ,Ff(LG),Pn,Qn,Rn for n > 0 by

FV=1, FV=...=F%Y=0, Py=Qy=Ry=0
and
- 0 - r 0 -
7Y FY
FT(LG) =A Fy(LG—)1 (n>1).
Pn Pn—l
Qn Qn—l
i Rn ] _Rn—l_
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Then, the general iterate of this equation is expressed as

(0) (1) (6)
fo=fom H - prg@nrtt
which implies that the exponent of each factor grows quadratlcally. This equation can be
reduced to the Lyness map via the transformation g, = ff "J; ’}n . [14].

When considering an equation on Z, we almost always use the domain
{neZ|n>a}

for some a € Z. However, some ordinary difference equations have another type of light-
cone regular domains.

Example 2.6. Consider the discrete Hirota bilinear equation

afp—2fn-s + Bfn-3fn- 4
fn 7

where « and 8 are nonzero constants. Then, the domain

fn =

H={0}u{neZ|n>2}

is light-cone regular for this equation because f,_1 does not appear in the RHS of the
equation. The initial boundary for H is

Hy={7}uU{ne€Z|n>9}.

Since this equation satisfies all the assumptions in Section [I, we can apply Theorem [L.I§
to this equation. That is, if it has the three properties on H, then the equation also
satisfies them on {n € Z | n > a}.

It is known that some non-integrable systems have the Laurent property, the irreducibil-
ity and the coprimeness.

Example 2.7 (extensions of the discrete Toda equation [17]). Let R = Z, a,b € Z~( and
let k1,...,kqqp, 01, Lary € Z~g. Suppose that

GCD(k1, ... kasp, l1, -+ s Lasp)

is a power of 2, where GCD stands for the greatest common divisor. Express a vector
n € 7%t ag

a+b
n=(ny,...,Ngsp) = Zniei,

where e; € Z%t? is the unit vector in the i-th direction. Then, an extension of the discrete
Toda equation is

a k; l; a+b k; £
Hi:l ft—ll,n—i-eiftil,n—ei + Hj:a—l—l ftil,n—i-ej ftil,n—ej

ft—2,n (2'2)

ft,n =
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Note that this equation has a realization as an LP-algebraic object.
Let us check that the equation satisfies all the assumptions in Section [Il Let

a+b
L= {(t,n) €CZOL | t—i—Zni: even}
i=1
and define vy,...,v2412p+1 € L as
voi—1 = (—1,€;), wvyi=(-1,—¢) (i=1...,a+0b), wvaatat1 =(-2,0).
Using h = (t,n), the equation can be written as

a ki L a+b k; ¢
HiZI fh—li-vgifl fhl—i-vgi + Hj:ll+1 fhj—vgjfl fhii-vgj

fh+v2a+2b+1

fn=

The shift vectors vy, ..., vaq425+1 are linearly independent over Z>q since their ¢-coordinates
are all negative. The monoid S is written as

S = Spanzzo (Ulu s 7U2a+2b)7

where the number of generators in the RHS is already minimum. The corresponding order
< is described explicitly as

a+b
(tn) < (f,n) © t<tand Y |nj—ni| <t -t
=1

With respect to this order, the shift vector ve,49p+1 is the minimum element of the set
{0,v1,...,v24 19511} because of the relation

V2i—1 + V2; = V2q4-2b41

fori=1,...,a+ b. Solving the equation in the opposite direction, we obtain
Ha fk)z ffz + Ha"rb fkj fzj
=1 Jhtog 1 I htuyy j=a+1 Jh4vg;_1J h+vg;
fh+v2a+2b+1 - fu :

Therefore, the equation satisfies all the assumptions in Section [l
Example 2.8 ([21] 18], 27]). For an even positive integer k, the lattice equation
a b

Tmp = —Tm—1n—1 T = +
m—1,n

k
xm,n—l

is not integrable in the sense of degree growth but passes the singularity confinement test.
One of its generalizations to a higher-dimensional lattice is

d
(073 bz
Tt n + Tt—2n = Z k; + 7. )
X

7
i=1 t—1,n+e; xt—l,n—ei

where
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e d is a positive integer,

R

ki, ¢; are positive even integers satisfying

min ((;k; — 1) > max (¢;, k;),

1<i<d 1<i<d
e ay,by,...,aq,by are variables (i.e., algebraically independent over Q),
e the coefficient ring is R = Z[a1, b1, . .., aq, bg).

This equation can be Laurentified via the transformation

x _ ft,nft—2,n
t,n —
" E—l,n ’

where
d
_ ki l;
F;t,n - H ft,;H—ei ft,zn—ei .
=1

The obtained Laurent system is

d ki 15
foo =~ Ftnfian < aili-10Fioone, bifi1nFilon e, ) . (23)
=1

F1t—3,n ft—2,nff—il,n+eiff—i3,n+ei ft—27nffil,n—eiffi3,n—ei
As far as the present author knows, equation (2.3]) is the Laurent system with the most
complicated concrete expression in the literature. Note that this equation does not have
a cluster- or LP-algebraic expression because f;n and f;—4n do not appear in a product
form, i.e., we cannot apply the Caterpillar Lemma.

Let us check that the equation satisfies all the assumptions in Section [Il Let

d
L= {(t,n) EZEBZd]t—FZni:even}.

i=1

We do not explicitly write down the set of shift vectors, but those vectors are linearly
independent over Zx>( since their ¢-coordinates are all negative. The monoid S can be
written as

S =spany_ {(-1,%e;) [i=1,...,d}

and the minimum element of the set of shift vectors is vy = (—4,0). Solving the equation
in the opposite direction, we obtain

d ki l;
B—3,nft,n ( aiFt—3,nF;t—l2,n+ei biﬂ—37nFti2,n—ei )
)

ft—an=— +
" Ft—l,n

ki ki l; l;
i=1 ft—27nft—11,n+eift—l3,n+ei ft—2,nftil,n—eifti3,n—ei

the RHS of which is an irreducible Laurent polynomial since its degree with respect to f
is 1. Therefore, the equation satisfies all the assumptions in Section [
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It is sometimes much easier to show the Laurent property, the irreducibility and the
coprimeness on a specific domain than on a general light-cone regular domain. For ex-
ample, the present author and collaborators proved these properties for equations (2.2])
and (2.3) on some translation-invariant domains [17, [18]. Using Theorem [[.I8] we imme-
diately obtain these properties on any light-cone regular domain. Moreover, according to
Proposition [[.TT, the iterates of these equations have no unit element except on the initial
boundary.

Corollary 2.9. Equation (2.2]) in Example 2.7 has the Laurent property, the irreducibility
and the coprimeness on any light-cone regular domain. Moreover, the iterates do not
contain any nontrivial unit, i.e., if an iterate f;, of the equation is a Laurent monomial,
then (t,n) must belong to the initial boundary.

Corollary 2.10. Equation (23] in Example[2Z8 has the Laurent property, the irreducibil-
ity and the coprimeness on any light-cone regular domain. Moreover, the iterates do not
contain any nontrivial unit.

3 Proofs

In this section, we prove Proposition [L.I7] and Theorem .18l

Lemma 3.1. Let H C L be light-cone regular. Then, its initial boundary Hj can be
expressed as

Hy={heH|h+uvy ¢ H}.

Proof. We only show that Hy C {h € H | h + vy ¢ H} since the opposite is clear by
definition.
Let h € Hy. Then,

h+v; ¢ H
for some 7. Since vy < v; by Assumption [I.7] we have
h+vn < h+wv;.

Therefore, it follows from condition 2lin Definition [[.TT]that h4+vx ¢ H. Hence, h belongs
to the RHS. |

Lemma 3.2. Let H C L be light-cone regular and let hq,...,h, € L. Then, we have
hi,....hm € H+ vy (={h+/lun|he H})
for a sufficiently large ¢ € Z~.

Proof. It is sufficient to consider the case m = 1. Take an arbitrary h € H. Since the shift
vectors vy, ...,vyN generate the lattice L by Assumption [[3] there exist aq,...,any € Z
such that

hi—h=avy+---+anvn.
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Using
g=>g+vj>g+uon

forge Land j =1,...,N, we have
hy :h—i—Zaivi zh—i—Z\ailvi zh—i—Z\ai\vN.

Therefore, if £ > " |a;|, then we have
hl Z h + E’UN.

Since h + lvy € H + fvy and the domain H + fvy is light-cone regular, it follows from
condition 2 in Definition [[L.T1] that hy € H + fvy. [

Lemma 3.3. Let H C L be light-cone regular. Let h € H and hy € Hy. If hg £ h
(meaning that hg < h does not hold), then fj is independent of the initial variable fp,,.
That is, if fj, depends on the initial variable f,, then hg < h.

Proof. Let hy £ h. We show that f; does not depend on fp,, by induction on h with
respect to the order <.

If h € Hy, then fj, is an initial variable. Therefore, it is sufficient to consider the case
h € H\ Hy. Since hg £ h+ v; for all i by the definition of the order <, frivys-- - fotoy
are all independent of fy,. Hence, f3, which is determined by friv,,- .-, fatoy. 1S also
independent of fp,. |

Lemma 3.4. Let H C L be light-cone regular and assume that equation (II]) possesses
the Laurent property, the irreducibility and the coprimeness. Then, the equation also
has these three properties even when considered over the coefficient ring K (the field of
fractions of R). That is, for any h € H \ Hy, fp, is an irreducible element of the ring Kp,
and for any pair hy, ha € H (h1 # h2), fn, and fp, are coprime in Kp,.

Proof. The Laurent property immediately follows from Ry, C Kg,. If f), € Rg, is irre-
ducible, then f, is also irreducible as an element of K, which leads to the irreducibility
over K. The coprimeness follows from Lemma [A.3] |

Remark 3.5. While the Laurent property and the coprimeness are preserved under any
extension of the coefficient ring, the irreducibility is not in general. For example, the
Laurent system

2 +1
fn—2

has the irreducibility over R (or Z, Q) but the RHS itself factorizes over C. Therefore,
extending the coefficient ring R to an algebraically closed field from the beginning does
not always work well.

fn:

Lemma 3.6. Suppose that equation (II]) has the Laurent property on a light-cone regular
domain H. Then, for any h € H, there exists A’ € H such that h < b’ and f;+ is not a
Laurent monomial in the initial variables.
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Proof. Seeking for a contradiction, assume that there exists h € H such that for any
I > h, fp is a Laurent monomial in the initial variables. Let ¢ = h — vy. Then,
fg+v1>+-+» fg+vy are all Laurent monomials. Moreover, fyiv,, ..., fg+vy are algebraically
independent over K since they have no algebraic relation. Therefore, it follows from
Lemma [A.12 that fg = ®(fg4vi,---, fg+vy) IS DOt a Laurent monomial, which leads to a
contradiction. |

Definition 3.7 (dg(h) [18]). For a light-cone regular domain H C L and a point h € H,
we define dy(h) € Z>; as

dg(h) =#HN(h+S)) (=#{W € H|K <h}),

where # denotes the cardinality of a set. Note that the set H N (h + S) is always finite
since H is light-cone regular.

Lemma 3.8. Let H C L be light-cone regular and suppose that hy,he € H satisfy
h1 < ho. Then, we have

dp(h1) < dp(hs)
and the equality holds if and only if hy = ho.
Proof. The statement immediately follows from the inclusion
{he H|h<hi}C{heH]|h<ha}.
[

Lemma 3.9. Let H C L be light-cone regular and let hg be a minimal element of H with
respect to the order <. Then, H' = H \ {ho} is light-cone regular, too. In particular, if
h € H, hg < h and hg # h, then dg/(h) < dg(h).

Proof. It is sufficient to show that H' is light-cone regular. Let h € H'.
First, we show condition [l in Definition [LII} It follows from H' C H that

(W eH |W<hC{WeH|W<h}

Since the RHS is a finite set, so is the LHS.
Next, we show condition [2]in Definition [[L.TIl Since hg is minimal in H and h # hg, we
have h £ ho. Hence, we have

{WeH|W>ht={hWeH|NWN>h}CH.
|

Definition 3.10 (domain mutation). We will call the above procedure to obtain H’ from
H the mutation of H at hy. We also call H' the mutation of H at hg.

The term “mutation” comes from the theory of cluster algebras.
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Lemma 3.11. Let H C L be light-cone regular and let H' be the mutation of H at a
minimal element hg € H. Then

Hy = (Ho \ {ho}) U {ho — vn}.
Proof. The statement immediately follows from Lemma 3.1 [

The following lemma, which gives the converse of Lemma 3.9, is helpful when one
obtains a Laurent system from a cluster or LP algebra, although we do not use it in this

paper.

Lemma 3.12. Let H C L be light-cone regular, h € H and let H' = H \ {h}. If H' is
light-cone regular, then h is minimal in H.

Proof. Suppose that h is not minimal in H and we show that H' is not light-cone regular.
Since h is not minimal, there exists hg € H such that hg < h and hg # h. Since

ho€ H', h>hy, h¢H,
the domain H’ does not satisfy condition 2 in Definition [LTI1 [

Remark 3.13. The above lemma implies that when one obtains a Laurent system on a
lattice from a cluster algebra as in [28] 29], any mutation-eligible vertex (meaning that the
mutation there produces the equation) in each step must always be minimal in the sense
that the corresponding lattice point is minimal in the domain with respect to the order <.

Example 3.14. Consider the discrete KdV equation (Example 2]) and define H C L as
H = {(m,n) € L[m,n>0}\{(0,0),(L,0)}.

Then, H is light-cone regular (see Figure [I).
Let hg = (0,1), which is a minimal element of H. The mutation H' of H at hg is

H' ={(m,n) € L | m,n>0}\{(0,0),(1,0),(0,1)}.
Let h = (3,3) € H. Then, it follows from Figure [ that
dg(h) =14, dg(h) =13.
Let us prove Proposition [[LI7l

Proof of Proposition .17l The “if” part is trivial. Let h € H \ Hy. We show that f,
is not a unit.
Let

BZ{hoEH(]“IoSh}.

Then, it follows from Lemma 3.3l that f, € Rg. Therefore, by Lemma [A.g] it is sufficient
to show that there exists a family o = (o )pep of elements of K such that

h fb%ab(bEB)
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Figure 1. Domain mutation at hg in the case of the discrete KdV equation. The initial boundaries
consist of the points marked by black disks, respectively. The boxed regions represent the past
light cones emanating from h, respectively.

By Lemma [3.6], there exists h’ € H \ Hgy such that ' > h, b’ # h and fj/ is not a
Laurent monomial in the initial variables. Let
H=H—W+h.
Since H is nothing but a translation of H, the equation has the Laurent property and the
coprimeness on H. Moreover, f, € R o is not a Laurent monomial, i.e., not a unit in this

ring. It follows from the coprimeness on H that fn is coprime to f; for any b € B in the
ring Ry . Therefore, by Lemma [A.8] there exists a family (5;);. 7, of elements of K x
such that

In

=0, fp £0 (Vbe B).

f5: B (heHo) f5: 4B (he Ho)

Let us define oy, € K~ for each b € B as

ap = Jp PO
f fz%ﬁﬁ(hEH@)

Then, by construction, we have

= fn =0

<85, (heHo)

h fb(—ab(bEB)

(see Figure 2)). Hence, f, is not a unit in Ry, . |

The following two lemmas play essential roles in the proof of Theorem LISl

Lemma 3.15. Let H, H C L be light-cone regular. Suppose that equation (L.I)) has the
Laurent property, the irreducibility and the coprimeness on H. Suppose also that the
equation has the Laurent property on H. Let hg € H be a minimal element and let H' be
the mutation of H at hg, i.e.,

H'=H\{ho}, Hy=(Ho\ {ho})U{ho—vn}

Then, the equation also possesses the Laurent property on H'.
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Figure 2. Main strategy of the proof of Proposition[[LI7]in the case of the discrete KAV equation.
Here, H is a staircase domain (marked with the small circles) and H is a translation of H (marked
with the big circles). If we consider the equation on H, each f, (b € B) is an initial variable. On
the other hand, if considered on H , fo is a Laurent polynomial in f; (?L € ﬁo). This strategy is
also used in the proofs of Lemmas and
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Proof. Let h € H'. We show by induction on dy/(h) that f, € Rpy;. Since the domain
H' is fixed throughout this proof, we simply use d(h) to denote dg(h).

Step 1. If h € H|, then the statement is clear. From here on, we only consider the case
h € H'\ H,.

Step 2. We show that f; € Ry [fh_ol].
It follows from the Laurent property on H that f;, € Rpy,. On the other hand, As-
sumption [L7 implies that fp, € Rpy. Using the inclusion

Ry C Ri[fi ) = Rug [,

we have

fn € R [f3)]-

Step 3. We show thlat the ringi extension Ry, C Ry [f};ivl, cee fhj:vl] is a localization
and that f;, € RHé[fh_Jrvl, e ’fh_—i-vN]'
Since d(h + v;) < d(h) for each ¢, it follows from the induction hypothesis that

fh+v17"' 7fh+UN € RH(/)

Therefore, the extension R m, C RH(/) [fr ‘&Ul’ oo o J:UN] is a localization.
Since it is defined by (L)), fj clearly belongs to R4y, . h+vy}- Using the inclusion

_ -1 —1
Rintorehtony © BEIU gy ofniont = Bl Uiy Froy )
we have
fn € Ry 1f} Frton]
h Hyl htvyo s 0 Jhton

Step 4. By steps[2 and Bl we have
fh € RH(’)[fh_Ol] N RH(’)[fh__&vlv ceey fh_-i}vN]
If fp, is coprime to fp4,, in RH(/) for all 4, it follows from Lemma that
-1 -1 -1
RH(’) = RH(’)[th ] N RH(’)[fh+v17 s ’fh-H)N]’

which implies the statement: f; € Ry .

Step 5. From here on, we fix ¢ = 1,..., N and show that f;, and f4,, are coprime
in Ry;. By Assumption [T, fp, is irreducible but not a unit in Ry . Therefore, it is
sufficient to show that f3, does not divide fj1,, in R HY-
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Step 6. Since R H) has infinitely many variables, we introduce a sub-algebra with only
finitely many variables. Let

B={be H)|b<h+uv orb<hy—uvy}

Since H' is light-cone regular, B is a finite set. By Lemma [3.3] when we think of fj,1,, as
a rational function in f% (hy € Hyp), the indices of the variables needed to express fp iy,
all belong to B. In particular, fj4,, belongs to Rg. Moreover, since

th € R{h0+U1_UN7---7h0+UN71—UN7hO—UN}

by Assumption [T fp, also belongs to Rp.

Step 7. We claim that there exists a family a = (ap)pep of elements of K~ such that

=0 )
Tho foap(beB) Juto fos—ap(bEB)
Assume this claim for the moment. Then, it follows from Lemma [A.§] that f;, does not
divide fj4,, in Kp and thus f;, does not divide f,, in the ring Rp, either, which
completes the proof.
Therefore, it is sufficient to show the claim, i.e., to construct such a family o = (ap)pep-

Step 8. Let us construct such a.
By Lemma B.2] we have

BU{ho,h+U¢}Cﬁ+€’UN

for a sufficiently large ¢ > 0 since the LHS is a finite set. Since the Laurent property,
the irreducibility and the coprimeness are all invariant under a translation on the whole
lattice, translating H if necessary, we may assume without loss of generality that

BU{ho,h—l—UZ’}Cﬁ\ﬁo.

By Lemma B3], the Laurent property, the irreducibility and the coprimeness on H are
all preserved under the extension of the coefficient ring from R to K. Therefore, fr,, fhtu;
and f, (b € B) are all irreducible elements of K i1, Moreover, since hg ¢ H, h+v, € H
and B C H’, it holds that

ho#h-ﬁ-’ui, ho%B.

Thus, it follows from the coprimeness over K that fp, is coprime to any of f5,, and f
(b € B) in the ring K .
It follows from Proposition [LT7 that f, is not a unit in Kz . Thus, by Lemma A8

there exists a family 8 = (5;);. g, of elements of K™ such that

70, fo #0 (vbe B).

In -~ =0, fayy - -
Ol 5 85 (he Ho) v f5, <85 (h€Ho) f5B;(h€Ho)
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We define oy € K~ for each b € B as

ay = fp .
fz(—ﬁﬁ(hEHo)

Then, by construction, we have

o

)tho

fo—op(bEB f5:+B;5 (heHo)

#0,

= fh—i—vi

Tht fot—cuy(bEB)

5B (heHo)

which implies that f3, does not divide fp,4y,.
Hence, we have fj, € Ry, and the proof is completed. |

Lemma 3.16. Let H, H C L be light-cone regular. Suppose that equation (L)) has the
Laurent property, the irreducibility and the coprimeness on H. If the equation has the
Laurent property on H, then it also satisfies the other two properties on H.

Proof. First, we prove the irreducibility.
Step 1. Let h € H. It follows from the Laurent property on H that f;, € Rp,. We

show by induction on dg(h) that fj, is irreducible in Rp,. If h € Hy, then the statement
is clear. Thus, we only consider the case h € H \ Hj.

Step 2. The proof of the irreducibility is complicated because we do not fix the domain
H. To make sure, let us describe what we assume in the induction step. Our induction
hypothesis is as follows:

Let H' C L be light-cone regular and suppose that equation (LI]) has the
Laurent property on H'. If i/ € H' satisfies

dH/(h/) < dH(h),

then fjs is irreducible in the ring Ry, .

Step 3. Since the set
{WeH|NW<h}

is finite and nonempty, one can take a minimal element hg of this set. Note that hy € Hy
and hg # h. If h = hg — vy, then the statement is clear because h + vi,...,h + vy all
belong to Hy. From here on, we only consider the case h # hg — vy.

Let H' be the mutation of H at ho, i.e.,

H' = H\ {ho}, Hj=(Ho\{ho})U{ho—vn}.

By Lemma [3.15], the equation has the Laurent property on H' and thus we have f;, € R Y-
Since dg(h) < dg(h), it follows from the induction hypothesis that fj is irreducible in
Ry

0
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Step 4. It follows from Assumption[Ll.7]that f3, € Ry Consider the inclusion relations
among localized rings:

Ru, C Ragy[fro o ) = Ruy [f] D Ry,

By Lemma [A5 the irreducibility of fj, in Rp, follows from the coprimeness of f; and
Fro—uy in Ra,.

By Assumption [L.3] fp,—,, is irreducible in Rp,. Therefore, it is sufficient to show
that fp,—v, does not divide f; in Rp,.

Step 5. Since Ry, has infinitely many variables, we introduce a sub-algebra with only
finitely many variables. Let

B:{bEHQ‘bﬁhOI‘bﬁho—’UN}.

Since H is light-cone regular, B is a finite set. By Lemma B.3] when we think of fj, and
fho—vy as Laurent polynomials in f% (hy € Hp), the indices of the variables needed to
express fp and fp,—y, all belong to B. In particular, we have fy, f% € Rp.

Step 6. We claim that there exists a family o = (ap)pep of elements of K such that

0, _ =0

In foi—ay (bEB) 7 Tho—un fos—ap(bEB)

Assume this claim for the moment. By Lemmal[A.8] f5,_,, does not divide f, in the ring
Kp. Then, fp,—y, does not divide fj, in Rp, either, which completes the proof of the
irreducibility. Thus, it is sufficient to construct such a.

Step 7. Let us construct such a. ~
Equation (LI) has the Laurent property, the irreducibility and the coprimeness on H.
Since H is light-cone regular and B is a finite set, it follows from Lemma that

BCﬁ-ﬁ-g’l}N

for a sufficiently large £ > 0. Since the Laurent property, the irreducibility and the
coprimeness are all invariant under a translation on the whole lattice, translating H if
necessary, we may assume without loss of generality that

BCH.
Since hg € B C I;T, we have
ho—’UNEﬁ\ﬁo.

It follows from Proposition [[.I7 that fs,—,, is not a unit in K i7,- Thus, by Lemma A8

there exists a family 8 = (53;) of elements of K such that

TLEFIO

fho—vN = 07 fh

- 0, 0 (vVbe B).
f < B; (he Ho) 7 B 70 ( )

fr4B5,(h€Ho) f<B;,(heHo)



]OCI’] m p[ Domain independence of the Laurent property, and more 101

Define oy € K~ for each b € B as

ap = fp

f5 65 (heHo)
Then, by construction, we have

=0,

= fho—vN

Tho—uw oty (bEB)

£0

I

h fb%ab(bEB) -

which implies that f5,—,, does not divide f;. Hence, we conclude that fj, is irreducible
in Ry and the proof of the irreducibility is finished.

Step 8. We show the coprimeness on H.

Let hi,he € H\Hp and let hy # hg. Because of the irreducibility, fp,, fn, are irreducible
in Rpy,.

Define a finite set B C Hj as

B:{bEHQ‘bﬁhlorbShg}.

Then, fp, and fp, are irreducible not only in Rp but also in Kp.
In order to show the coprimeness, it is sufficient to show that there exists a family
a = (ap)pep of elements of K™ such that

fh #07 fh2 =0

U fp—ap(beB) foi—ap(beB)
since these relations imply that f;,, does not divide f, by Lemma[A.8] However, we can
construct such « in the same way as in step [7
Hence, the proof of the coprimeness is completed. |

Let us show our main theorem.

Proof of Theorem [I.18l Let H C L be light-cone regular. By Lemma B.16] it is suffi-

cient to show the Laurent property on H. Let h € H \ Hyo. We show that f, € Ry,.
Roughly speaking, our strategy is to construct a sequence of domain mutations from H

to H to use Lemma To avoid an intricate proof, we will give a proof by induction.

Step 1. Let
G={g9eH|g<h}
and define a set of light-cone regular domains as

H= {H " ¢ L: light-cone regular ‘ G C H'; the equation has the Laurent property on H '}.

Note that while H is defined only by the Laurent property, the definition implicitly includes
the other two properties because of Lemma, For each H' € H, define a nonnegative
integer D(H') as

DH)=#{W e H | W <h; h' ¢ H}.

Roughly speaking, D(H') measures the distance between the domains H and H' (but we
ignore the region outside the past light cone emanating from h).
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Step 2. We claim that there exists H' € H such that D(H') = 0. We assume this claim
for the moment and show that f, € Rg,. Let

G'={geH |g<h}

First, we show that G C G’. If g € G, then g < h. Since G C H' by the definition of
H, we have g € G'.
Next, we show that G = G'. Since G C G, it follows from the definition of D(H') that

D(H') = # (G'\G) .

Since D(H') = 0, we have G' = G.
Using G’ = G, we conclude that H and H’ coincide in the range of the past light cone
emanating from h. Therefore, it follows from the Laurent property on H' that f, € Ry,.
From here on, we show the claim.

Step 3. We show that H # . Since G is a finite set, by Lemma [B.2] we have
G C H + tuy

for a sufficiently large ¢ > 0. Since the Laurent property is invariant under a translation
on the whole lattice, we have

]‘NI-I-EUNG'H,

which implies H # 0.

Step 4. Since H # (), we can take H' € H that achieves the minimum value of D. Let
us show that D(H') = 0. Searching for contradiction, we assume that D(H') > 0.
Let

B={neH |W<h hW¢H}.

Then, the set B is finite but nonempty since #B = D(H') > 0. Therefore, we can take a
minimal element hg of B.

We show that hg is minimal in H’. Suppose that g € H' satisfies g < hg. Since g < hg
and hy < h, we have g < h. On the other hand, since g < hy and hy ¢ H, it follows
from the conditions on a light-cone regular domain that g ¢ H. Thus, we have g € B.
Therefore, it follows from the minimality of hg € B that g = hg. Hence, hg is minimal in
H'.

Let H” be the mutation of H' at hg. By Lemma [3.15], the equation has the Laurent
property on H”. Moreover, since hg ¢ G by the choice of hgy, we have G C H”. Therefore,
we have H” € H. Because of hg, however, D(H") must be strictly less than D(H"), which
contradicts the minimality of D(H’). Hence, we conclude that D(H’) = 0 and the proof
is completed. |
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4 Reductions

As shown in [26], Proposition 3.4], if a (possibly non-autonomous) discrete Hirota bilinear
equation has the Laurent property on any light-cone regular domain, then its reductions
also have the Laurent property. Because the proof of this proposition does not rely on the
specific bilinear structure of equations, it is easy to extend this result to general equations
with the Laurent property on any light-cone regular domain. Note that while it is now
common, the strategy to prove the Laurent property for a lattice equation to show that
an equation on a lower dimensional lattice has the Laurent property was first used in [2],
where, using the Caterpillar Lemma, the Laurent property for the Hirota-Miwa equation
and the bilinear form of the discrete BKP equation was proved.

Definition 4.1 (reduction. cf. [26, Definition 3.2]). A surjective Z-linear map p: L — L’
(L' being a lattice) is called a reduction of equation (LI) if p(v1),...,p(vy) € L' are
linearly independent over Z>o. The equation obtained by the reduction is given by

J = <I>(fh’+gp(v1)a"'7fh’+gp(vN)) (h/ € L/)v
which we also call a reduction of equation (I.T]).

Note that we require the linear independence of ¢(v1),...,p(vy) € L' over Zs( so that
the obtained equation defines a proper evolution in the direction from fj, ;v - - - 5 fate(on)
to fn. If p: L — L' is a reduction, then, using " = spany__ (¢(v1),...,p(vy)), one can
define the order <;/ and light-cone regular domains on L’ in the same way as on L.

Proposition 4.2 (cf. [26, Proposition 3.4]). Let ¢: L — L’ be a reduction of equation
(LI) and let H' C L' be light-cone regular for the equation obtained by the reduction.
Then, the lift of the domain ¢! (H’) C L is also light-cone regular for the original equation.
In particular, if equation (II]) has the Laurent property on ¢~ '(H'), then the equation
obtained after the reduction also has the Laurent property on H’'.

The proof we give here is based on that of [26] Proposition 3.4]. The proposition in
[26] was shown under the following conditions:

e equation (L)) is a discrete Hirota bilinear equation,
e ¢ does not decrease the number of terms of the defining equation,
e L and L' are free lattices.

However, we do not use these assumptions in this paper. Since the first two assumptions
were not essential even in the proof in [26], the only difficulty here is that lattices can now
contain torsion elements. Moreover, we will not use the following assumptions, either.

e & is irreducible (Assumption [L.3]),
e & is not a Laurent monomial (Assumption [[3)),

e There exists an irreducible Laurent polynomial ¥ that solves the equation in the
opposite direction (Assumption [L.7]).

Proof of Proposition Let H = o~ 1(H'). We show that H C L is light-cone regu-
lar.
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Step 1. Taking generators z1,...,z, € ker ¢, we can decompose ¢: L — L' as
L— L/Zxy— - — L)(Zxy + - Zay) 2 L.

Therefore, it is sufficient to show that H is light-cone regular in the case L' = L/Zx for
some x € L.

Step 2. The proof in [26] to show condition 2lon a light-cone regular domain is still valid.
Therefore, we only check condition [[in this paper. As the proof in [26], it is sufficient to
show that for each 2’ € S’, the set ¢~ 1(2') N S is finite.

Step 3. If x € L has finite order, then the cardinality of the set ¢ ~1(2/) coincides with
the order of z. In particular, p=1(2') N S is a finite set.
From here on, we consider the case where x € L has infinite order.

Step 4. Let
Lr =L®R, L :L/®R, QDRZQD(@idR:LR—)L],R.
For example, under the expression in Remark [[.2] we have
LR ~ RrankL.

In particular, if L (resp. L) is not free, then the Z-linear map L — Lg (resp. L' — Lf) is
not injective. Note that this Z-linear map decomposes into a surjection and an injection
as

L — L/tor(L) — Lg,

where tor(L) denotes the submodule > consisting of the torsion elements of L. For y € L
(resp. v’ € L'), we use § € Lg (resp. ¥’ € L) to denote the image of y by L — Ly (resp.
of y by L' — Lp). Let

Sr = spanRZO(ﬁl, cee ,@N) C Lg.

Then, Sg is a closed convex cone.

Step 5. Let us show that ¢(v1),...,¢(vn) € L are linearly independent over Rxg.
Using L'/tor(L') < Lg, we can think of p(v1),...,¢(vn) € L'/tor(L') as lattice
points in L. Therefore, it is sufficient to show that ¢(v1),...,¢(vn) € Ly are linearly
independent over Zxg.
Suppose that ay,...,an € Zx>q satisfy

> aip(vi) = 0.
i
By definition, there exists ¢’ € tor(L’) such that

Z agp(vi) =y




]OCI’] m p[ Domain independence of the Laurent property, and more 105

Since y' € tor(L'), there exists m € Z~( such that my’ = 0 in L’. Therefore, we have
> maip(vi) =0,
i

which implies
ap=---=ay=0

since ¢(v1),...,¢(vy) are linearly independent over Zxg.

Step 6. We show that ¢ ~1(z/) N S is a finite set. Searching for contradiction, assume
that ¢~ (2/) N S is an infinite set.

Let z € o (/)N S. Since ¢ 1(2') = 2z + Zz and ¢~ 1(2’) N S is an infinite set, there
exists an infinite sequence of distinct integers mq, mo, -+ such that z + m;z € S for all 4.
Since

0,2,Z + m;xT € Sr

for all i, one can show that T € Sg in the same way as in the proof in [26]. Thus, there
exist ai,...,an € R>q such that

T = E a;U;.
A

Since € L has infinite order, T € L is not 0. Thus, at least one of aq,...,ay must be
nonzero. Applying ¢r, we have

0= ZGWR(@') = Zaiw(”i)’

which contradicts step Bl Hence, ¢~1(2') NS is a finite set and the proof is completed. M

Corollary 4.3. Any reduction of equation (2.2]) or (2.3) has the Laurent property on any
light-cone regular domain.

Example 4.4. Let us check that a reduction of equation (2.2]) to a one-dimensional free
lattice has the following form:

a ki 4; a+b k; 4;
[T fon—a, fn—cra, T 15Zar1 Fra—a, Fon—cta,
fm = )
Sm—c

where ¢, dy,...,dqyp € Z satisfy

0<d;<e, O0<c—d;<c GCD(C,dl,...,d[H_b):l.
Let ¢: L — Z be a reduction of (2.2]) and let

c=—p(vagyapr1) = ¢(2,0), di = —p(vei1) = p(1, —e;).
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As the sign of the lattice Z can be changed at will, we may assume that ¢ > 0. Then, a
direct calculation shows that

o(l,e;) = —c+d;.

Since ¢(v1), ..., p(vn) must be linearly independent over Z>q, we have
e(v;) <0 (i=1,...,2a+2b+1),

i.e.,
0<di<e, O<c—d;<ec.

The GCD condition follows from the surjectivity of ¢.

Remark 4.5. In [26], we only consider reductions that do not reduce the number of terms
of a defining bilinear equation. The Laurent property is, however, always preserved under
any reduction in the sense of Definition [1] even if the reduction decreases the number of
terms and the ®(fy/yo(0,), - -+ fr4p(y)) in Definition Bl is not irreducible as a Laurent
polynomial in fu/4 o), -+ fr/4o(uy) anymore. While the Laurent property is preserved
under reductions, the irreducibility and the coprimeness are not in general, as seen in
Example

Remark 4.6. In this paper, we only considered autonomous equations. However, Propo-
sition holds even in the non-autonomous case because we only proved that the lift of
a light-cone regular domain is also light-cone regular. To consider a reduction for a non-
autonomous lattice equation, we need to impose some conditions on the equation. For
example, if ¢: L — L' is a reduction of a non-autonomous version ®;, (h € L) of equation
(L), then ®;, must be (ker )-invariant, i.e., @y, = @, for all = € ker ¢.

5 Conclusion

In this paper, we studied how the choice of domain for a lattice equation affects the
Laurent property, the irreducibility and the coprimeness. We showed that if it has these
three properties on one light-cone regular domain, a lattice equation must also satisfy
them on any light-cone regular domain. That is, as long as we work on light-cone regular
domains, these properties are independent of the choice of domain and are inherent to a
lattice equation.

Our key idea was to show that an iterate of a general equation does not divide another
iterate by constructing a family of elements of K™ such that only the former iterate
vanishes when substituting the values for the initial variables. This strategy is a theoretical
generalization of substituting concrete numerical values for initial variables, which is often
used for a concrete equation.

It is sometimes much easier to show these properties on a specific domain, such as a
translation-invariant one. In fact, until now, these properties of some lattice equations
were proved only on specific domains [16] 17, [18]. Now, our main theorem guarantees that
such an equation has these properties on any light-cone regular domain.
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We also considered the reductions of Laurent systems. Generalizing Proposition 3.4 in
[26], we showed that any reduction of a lattice equation that satisfies the Laurent property
on any light-cone regular domain must also satisfy the Laurent property, even if the lattices
have torsion elements.

Showing the Laurent property for an ordinary difference equation is sometimes more
difficult than for a lattice equation because an ordinary difference equation has only finitely
many initial variables. We sometimes take a lattice equation with the ordinary difference
equation as a reduction and show that the lattice equation has the Laurent property on
the domain corresponding to the reduction. Our study in this paper allows us to replace
the latter step with proving the Laurent property, the irreducibility and the coprimeness
on one arbitrary light-cone regular domain.
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A Algebraic tools used in this study

In this appendix, we recall some basic knowledge of algebra. We only give proofs of some
lemmas since the others are well-known facts or can be shown in the usual way. We use
X1,X5,Y1,- -+ to denote variables of Laurent polynomial rings. Note that in this paper,
we consider units of a ring to be irreducible (Notation [I.T]).

Definition A.1. Let R be a UFD. A nonzero Laurent polynomial f € R [Xlil, X2i1, .- ]
is primitive if the GCD of all the coefficients of f is 1. That is, f is primitive if and only
if f cannot be divided by any element of R\ R*.

Lemma A.2. Let R be a UFD and K be its field of fractions.

1. Let f,g € R [Xlil,XQﬂ, . ] and suppose that f is primitive. If f divides g in the
ring K [Xlil,Xzﬂ, .- -], then f also divides g in the ring R [Xlil,X;l, e ] This is
the Laurent polynomial version of Gauss’s Lemma.

2. Suppose that f € R Xlil,Xzil,---] is not a Laurent monomial. Then, f is irre-
ducible in R [leﬂ,X2 1. :l if and only if f is primitive in R [Xlil,X;l, . ] and
is irreducible in K [Xfcl,X2 L ]

Lemma A.3. Let R be a UFD and K be its field of fractions. If f1, fo € R [Xlil, X2i1, . ]
are coprime to each other, then they are also coprime as elements of K [Xlil, X;El, e ]

Proof. We show the contrapositive. Suppose that f; and fo share a nontrivial factor
geK [Xlil, X2il, e ] Multiplying an element of K * if necessary, we may assume that
g belongs to and is primitive in R [Xlil, X;El, e ] Then, it follows from Gauss’s lemma
that g divides both f; and fy in R [Xlil,XQﬂ, e ] Hence, f1 and fy are not coprime in
R[Xi X5 . |
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Definition A.4. Let A be an integral domain and let K be its field of fractions. For
fi,-oos fm € A\ {0}, the localized ring (localization) A [fl_l,--- ,fmt] is defined as a
sub-ring of K as

Al Z{%.JMGKIQGA; Tl,---vrmGZZO}'
1 m

The localized ring A [fl_l, - -] for fi, fa,--- € A\ {0} is defined in the same way:

A[fl_l,fgl,"'] :{L€K|96A; ’il,...,imGZZl; T’l,...,T’mEZZo}.

f”‘l R )
11 im

Lemma A.5. Let A be a UFD and let f € A\ {0}.
1. The localization A [ f _1] is also a UFD.

2. Let {q1,...,qm} be the set of the prime elements (up to unit multiplication) that
divide f. If g € A is irreducible in the localized ring A [ f‘l], then there exist
T1,...,"m € Z>o and an irreducible element p € A such that

m
g=p]]d4"
=1

In particular, if g € A is coprime with f and is irreducible in A [ f _1], then g is also
irreducible in A.

Lemma A.6. Let A be a UFD (for example, A = R [Xlil,Xzil,---]) and let f € A.
Then, the following conditions are equivalent:

1. f is irreducible in A.

2. f isirreducible in the Laurent polynomial ring A [Ylil], where Y7 is an independent
variable (i.e., Y7 is transcendental over A).

Lemma A.7. Let A be a UFD and let f, f1,..., fm € A\ {0}. If f is coprime with f; in
Afori=1,...,m, then A is reproduced by localized rings as

A=Al UnAf -

Lemma A.8. Let K be a field and let K be its algebraic closure. Let us use X =
(X1,..., X,) to denote variables and consider the Laurent polynomial ring A = K [X il] =
KX XGEY.

1. For f € A, the following three conditions are equivalent.

e f is a nonzero Laurent monomial in X.

e f is a unit element of A.
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_ m
e There does not exist a family a € (K X) such that

=
X+a

” to denote the substitution of « for X.
X+«

where we used “

2. Let f1, fo € A. If there exists a family o € (Fx>m such that
—0, fy 0,
fl‘X<—a f2 X+—a ?é
then f1 does not divide f5 in A.

3. Let f,f1,...,fn € A and suppose that f is not a unit, i.e., f is not a Laurent
monomial. If f is coprime with any of fi,..., f, in A, then there exists a family

a € (Fx>m such that

f‘ =0, fi

X+a

4. All the above statements hold even when A has infinitely many variables (i.e., m =
00) since finitely many Laurent polynomials can contain only finitely many variables.

Remark A.9. The statements [Iland [B]do not hold if we only consider a family of elements
of K*, instead of K”~. For example, f = X2 +1 € R[X lil] is nonzero for the substitution
of any real value for Xj.

Lemma A.10. Let K C E be a field extension and let f1,..., f,, € E\ {0} be distinct
elements. Then, the following three conditions are equivalent:

1. fi,..., fm are algebraically independent over K.

2. The set of monomials
(A S Vi, i € Zo)
is linearly independent over K.
3. The set of Laurent monomials
{F' - S L, im €2}
is linearly independent over K.

Lemma A.11. Let K be afield and let fq,..., fxy € K[Xlil, ..., X£! be nonzero Laurent
monomials. Then, fi,..., fy are linearly independent over K if and only if their total de-
grees are all different. Here, the total degree of a nonzero Laurent monomial cX{'1 e X
(ce K*, j1,...,jm € Z) is defined as (ji,...,Jm) € Z™.

Note that the “total degree” used in this paper differs from that introduced in [9].
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Lemma A.12. Let K be afield and let fq,..., fxy € K[Xlil, ..., X! be nonzero Laurent
monomials. Let ® € K[Y;™!,...,Yx'] and consider the substitution

) = ®(f1,..., fn) € K[XTY, ... XEY.

If f1,..., fn are algebraically independent over K and ® is not a Laurent monomial in

Yi1,..., YN, then @ is not a Laurent monomial in X1, ..., X,,, either.

Yifi(Vi)

Proof. We use the standard multi-index notation, such as
o X =(X1,...,Xn),
o f=(f1,.--,fN),
.« 3(f)=

Yie fi(Vi)
° Yj :Y1]1Y]<[N fOI']: (]1,,]]\/’) GZN

Let us express @ as
=) a;Y7,

where J C Z" is a finite set and aj € K\ {0} for j € J. Since fi,..., fx are algebraically
independent over K, Lemma [A.T0limplies that the set {f7 | j € J} is linearly independent
over K. Therefore, by Lemma [AT1] the total degrees of f/ (j € J) as Laurent monomials
in X are all different. Thus, the expression

o(f) = a;f!

jeJ

as an element of K[X] is unique, i.e., it is impossible to decrease the number of the terms
in the RHS. Since ® is not a Laurent monomial in Y, #J must be greater than 1. Hence,
®(f) has at least 2 terms and we conclude that it is not a Laurent monomial in X. W
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