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Abstract: We consider here the class of fully-nonlinear symmetry-integrable third-order
evolution equations in 1+1 dimensions that were proposed recently in Open Communications
in Nonlinear Mathematical Physics, vol. 2, 216–228 (2022). In particular, we report all zero-
order and higher-order potentialisations for this class of equations using their integrating
factors (or multipliers) up to order four. Chains of connecting evolution equations are also
obtained by multi-potentialisations.

1 Introduction

We recently reported a class of fully-nonlinear symmetry-integrable evolution equations in
1+1 dimensions with rational nonlinearities in their highest derivative [4]. This class of
equations admit an infinite number of higher-order generalised symmetries, also called Lie-
Bäcklund symmetries, and the equations admit recursion operators that generate these sym-
metries. This class of equations is presented by the following four cases:

Proposition 1. [4]: The following evolution equations, in the class ut = F (ux, uxx, uxxx)
where F a rational function in uxxx, are symmetry-integrable:

• Case I: The equation

ut =
u6xx

(αux + β)3u2xxx
+Q(ux), (1.1)
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where {α, β} are arbitrary constants, not simultaneously zero, and Q(ux) needs to
satisfy

(αux + β)
d5Q

du5x
+ 5α

d4Q

du4x
= 0, (1.2)

which admits for α 6= 0 the general solution

Q(ux) = c5

(

ux +
β

α

)3

+ c4

(

ux +
β

α

)2

+ c3

(

ux +
β

α

)

+c2

(

ux +
β

α

)

−1

+ c1. (1.3)

and for α = 0, the general solution is

Q(ux) = c5u
4
x + c4u

3
x + c3u

2
x + c2ux + c1. (1.4)

Here cj are arbitrary constants.

• Case II: The equation

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
, (1.5)

where {λ1, λ2} are arbitrary constants but not simultaneously zero.

• Case III: The equation

ut =
(αux + β)11

[

(αux + β)uxxx − 3αu2xx
]2 , (1.6)

where {α, β} are arbitrary constants but not simultaneously zero.

• Case IV: The equation

ut =
4u5x

(2b u2x − 2uxuxxx + 3u2xx)
2
≡

ux

(b− S)2
, (1.7)

where b is an arbitrary constant and S is the Schwarzian derivative

S :=
uxxx

ux
−

3

2

(

uxx

ux

)2

. (1.8)

The recursion operators for each equation listed in Proposition 1 is given in [4] (regarding
recursion operators we refer to [5] and [2], and the references therein).

The current article is organised as follows: In Section 2 we discuss the method that is
applied here for the potentialisation of the evolution equations. We state a useful Proposi-
tion for the calculation of the conserved currents and define the concept of a higher-order
potentialisation, whereby the “usual” potentialisation (see for example [2]) is defined as the
zero-order potentialisation of an evolution equation. In Section 3 we report all potentisalisa-
tions of the equations listed in Proposition 1 and also perform multi-potentialisations where
possible. In Section 4 we make some concluding remarks.
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2 Our method using higher-order potentialisations

In this section we describe the method that is apply to systematically map the equations listed
in Proposition 1 by using the equations’ conservation laws. The first step in to calculate the
equations’ integrating factors to obtain, in each case, an appropriate conserved current and
flux. We give a short review and introduce our notations.

On the notation: For a given function Ψ(x, u, ux, uxx, uxxx, . . . , unx), where unx denotes the
nth-derivative of u with respect to x, we use the notation Ψ[x, u] to indicate the dependencies.
The order of Ψ is defined by the highest x-derivation in the argument of the function. The
same notation is also used to indicate the dependencies of a linear operator.

It is well known that every integrating factor Λ[x, u] (also known as a multiplier) of a given
nth-order evolution equation

E := ut − F [x, u] = 0 (2.1)

leads to a conserved current Φt and a corresponding flux Φx for (2.1), such that

DtΦ
t[x, u] +DxΦ

x[x, u]

∣

∣

∣

∣

E=0

= 0. (2.2)

Now, Λ is an integrating factor of (2.1) if and only if

Ê[u] (Λ[x, u]E) = 0, (2.3)

where Ê[u] denotes the Euler operator

Ê[u] :=
∂

∂u
−Dt ◦

∂

∂ut
−Dx ◦

∂

∂ux
+D2

x ◦
∂

∂uxx
−D3

x ◦
∂

∂uxxx
+ · · · . (2.4)

Note that condition (2.3) is equivalent to

L∗

E [u]Λ[x, u]

∣

∣

∣

∣

E=0

= 0 (2.5a)

and LΛ[u]E − L∗

Λ[u]E = 0. (2.5b)

Here LE denotes the linear operator

LE [u] =
∂E

∂u
+

∂E

∂ut
Dt +

∂E

∂ux
Dx +

∂E

∂uxx
D2

x +
∂E

∂uxxx
D3

x + · · · (2.6a)

and L∗

E the adjoint of LE, namely

L∗

E [u] :=
∂E

∂u
−Dt ◦

∂E

∂ut
−Dx ◦

∂E

∂ux
+D2

x ◦
∂E

∂uxx
−D3

x ◦
∂E

∂uxxx
+ · · · . (2.6b)

For more details, we refer to [1] and [2], and the references therein. Note that the first
condition (2.5a) requires Λ to be an adjoint symmetry for (2.1), whereas the second condition
(2.5b) requires Λ to be self-adjoint, which means that Λ must necessarily be even-order. If
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Λ is an adjoint symmetry for (2.1), then, due to the linear form of the adjoint symmetry
condition (2.5a), we know that Λ must be linear in its highest derivative. This observation
is essential (see Proposition 2 below).

The relation between a non-zero integrating factors Λ and its corresponding conserved
currents Φt for (2.1) is given by the relation

Λ[u] = Ê[u]Φt[x, u], (2.7)

whereby the flux Φx, say of order m, is related to Λ, F and Φt as follows [2]:

Φx[x, u] = −D−1
x (ΛF ) +

m
∑

k=1

m−k
∑

j=0

(−1)k(Dj
xF )Dk−1

x

(

∂Φt

∂u(j+k)

)

. (2.8)

Following the relation (2.7), it is clear that the order of a conserved current Φt for (2.1)
is closely related to the order of the corresponding integrating factor Λ. To potentialise an
evolution equation (2.1), if at all possible, we make use of the equation’s integrating factors
whereby the corresponding lowest order conserved current Φt are of particular interest. In
this sense the following statement, which follows directly from (2.5a) and (2.5b), is useful:

Proposition 2: Assume that a given nth-order evolution equation of the form (2.1), viz.

ut = F [x, u],

admits an integrating factor Λ of order 2m, where m is a natural number or zero and n > 1.
Then Λ is of the form

Λ[x, u] = g1(x, u, ux, . . . , umx)u(2m)x + g0(x, u, ux, . . . , u(2m−1)x) (2.9)

and the lowest order conserved current Φt of (2.1) is of order m, i.e.

Φt[x, u] = Φt(x, u, ux, . . . , umx), (2.10)

whereby

∂2Φt

∂u2mx

= (−1)mg1(u, ux, . . . , umx). (2.11)

In the current article we are interested in potentialisations of zero and higher-order, which
we define as follows:

Definition: Consider an nth-order evolution equation of the form (2.1) and assume that it
admits an integrating factor Λ with corresponding conserved current Φt and flux Φx.

a) Equation (2.1) is said to be potentialisable of order zero if there exist a new depen-
dent variable v(x, t), where

vx := Φt[x, u], that is (2.12a)
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vt = −Φx[x, u], (2.12b)

such that

Φx[x, u]

∣

∣

∣

∣

vx=Φt

= G0(x, vx, . . . , vnx). (2.12c)

The so constructed evolution equation

vt = −G0(x, vx, . . . , vnx) (2.12d)

is a zero-order potential equation for (2.1), where the explicit form of G0 depends
on the given equation (2.1), on its conserved current Φt, and on the corresponding flux
Φx.

b) Equation (2.1) is said to be potentialisable of order one if there exist a new depen-
dent variable w(x, t), where

wx := DxΦ
t[x, u], that is (2.13a)

wt = −DxΦ
x[x, u], (2.13b)

such that

DxΦ
x[x, u]

∣

∣

∣

∣

wx=DxΦt

= G1(x,w,wx, . . . , wnx). (2.13c)

The so constructed evolution equation

wt = −G1(x,w,wx, . . . , wnx) (2.13d)

is a first-order potential equation for (2.1), where the explicit form of G1 depends
on the given equation (2.1), on its conserved current Φt, and on the corresponding flux
Φx.

c) Equation (2.1) is said to be potentialisable of order p if there exist a new dependent
variable w(x, t), where p ≥ 1 and

wx := Dp
xΦ

t[x, u], that is (2.14a)

wt = −Dp
xΦ

x[x, u], (2.14b)

such that

Dp
xΦ

x[x, u]

∣

∣

∣

∣

wx=Dp
xΦt

= Gp(x,w,wx, . . . , wnx). (2.14c)

The so constructed evolution equation

wt = −Gp(x,w,wx, . . . , wnx) (2.14d)

is a potential equation of order p for (2.1), where the explicit form of Gp depends
on the given equation (2.1), on its conserved current Φt, and on the corresponding flux
Φx.
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Remarks:

1. From the above Definition it is clear that an evolution equation of the form (2.1), which
admits a zero-order potentialisation with vx = Φt, will also admit a first-order poten-
tialisation wx = DxΦ

t for the same conserved current Φt, whereby vx = w. However,
an equation that does not admit a zero-order potentialisation may, or may not, admit
a first-order potentialisation. This is also the case for higher-order potentialisations.

2. Of course, a given equation (2.1) might not admit a potentialisation of any order for
a specific integrating factor. As far as we know, this can not be established a priori
without the knowledge of the integrating factors and the corresponding conservation
laws. It is therefore sensible, in our opinion, to do a classification of all integrating
factors with all possible corresponding potentialisations that follow, in particular for
symmetry-integrable evolution equation.

3. In the current work, we are restricting ourselves to integrating factors that do not
depend explicitly on their independent variables.

3 Potentialisations of the equations of Proposition 1

We now consider each equation listed in Proposition 1, namely Case I, Case II, Case III and
Case IV, and derive all possible potentialisations of the fully-nonlinear symmetry-integrable
equations listed in this proposition and, where possible, we construct further equations by
multi-potentialisations. Diagrams are given in some cases to make the connections between
the equations more clear.

Case I: We consider equation (1.1), viz.

ut =
u6xx

(αux + β)3u2xxx
+Q(ux),

where {α, β} are arbitrary constants, not simultaneously zero, and where Q(ux) satisfies
(1.2).

In its most general form, equation (1.1) admits the following integrating factor of order six:

IΛ[u] =
u4xxu6x

(αux + β)3 u3xxx
+

(

12u3xx
(αux + β)3 u2xxx

−
9αu5xx

(αux + β)4 u3xxx

)

u5x

+

(

24αu2xx
(αux + β)3 uxxx

−
72αu4xx

(αux + β)4 u2xxx
+

36α2u6xx
(αux + β)5 u3xxx

)

u4x

−
9u4xxu4xu5x

(αux + β)3 u4xxx
+

(

27αu5xx
(αux + β)4 u4xxx

−
28u3xx

(αux + β)3 u3xxx

)

u24x

+
12u4xxu

3
4x

(αux + β)3 u5xxx
−

24uxxuxxx
(αux + β)3

+
30α3u7xx

(αux + β)6 u2xxx
+

108αu3xx
(αux + β)4
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−
108α2u5xx

(αux + β)5 uxxx
−

1

2

d3Q

du3x
uxx. (3.1)

Here Q(ux) should satisfy condition (1.2), whereby α and β are arbitrary constant that are
not simultaneously zero. Using the integrating factor (3.1) we obtain the following conserved
current Φt and flux Φx for (1.1):

IΦt[u] = −
u4xx

2(αux + β)3uxxx
+

uuxx

2u2x

(

dQ

dux
− ux

d2Q

du2x

)

(3.2a)

IΦx[u] =
u10xxu5x

(αux + β)6u5xxx
− 2

u10xxu
2
4x

(αux + β)6u6xxx
+

uu6xxu4x

(αux + β)3u2xu
3
xxx

(

dQ

dux
− ux

d2Q

du2x

)

+
u9xxu4x

(αux + β)6u4xxx
−

3αu11xxu4x
(αux + β)7u5xxx

−
15α2u12xx

4(αux + β)8u4xxx
+

15αu10xx
2(αux + β)7u3xxx

+
1

2

(

dQ

dux
− ux

d2Q

du2x

)(

3αuu7xx
(αux + β)4u2xu

2
xxx

+
u6xx

(αux + β)3uxu2xxx

−
6uu5xx

(αux + β)3u2xuxxx

)

+
1

2

dQ

dux

u4xx
(αux + β)3uxxx

−
uuxx

2u2x

dQ

dux

(

dQ

dux
− ux

d2Q

du2x

)

−
1

4ux

dQ

dux

(

ux
dQ

dux
− 2Q

)

. (3.2b)

We find that there is no zero-order potentialisation and no higher-order potentialisation
related to (3.2a) and (3.2b) for any Q that satisfies (1.2).

We now consider integrating factors of equation (1.1) of order less than six. Depending
on the parameters α and β and the form of Q, we obtain the following three distinct cases:

Subcase I.1: Let α 6= 0 and β 6= 0. We find that equation (1.1) viz.

ut =
u6xx

(αux + β)3u2xxx
+Q(ux),

admits two integrating factors of order four that depend on the form of Q, namely for the
case Q(2) = 0 and Q(3) = 0. There exist no integrating factors of order zero or order two.

For Q(2) = 0, that is

Q(ux) = c1ux + c0, (3.3)

where c0 and c1 are arbitrary constants of integration, we find that

ut =
u6xx

(αux + β)3u2xxx
+ c1ux + c0 (3.4)
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admits the following two fourth-order integrating factors:

IΛ1
1[u] =

(αux + β)u4x
u3xx

−
3(αux + β)u2xxx

u4xx
+

2αuxxx
u2xx

(3.5a)

IΛ1
2[u] =

(αux + β)u4x
u4xx

−
4(αux + β)u2xxx

u5xx
+

2αuxxx
u3xx

. (3.5b)

Integrating factor (3.5a) leads to the following conserved current and flux for (3.4):

IΦt
1,1[u] =

αux + β

uxx
(3.6a)

IΦx
1,1[u] = −

2u4xxu4x
(αux + β)2u3xxx

−
5αu5xx

(αux + β)3u2xxx
+

10u3xx
(αux + β)2uxxx

−
c1(αux + β)

uxx
(3.6b)

and integrating factor (3.5b) gives the following conserved current and flux for (3.4):

IΦt
1,2[u] =

αux + β

u2xx
(3.7a)

IΦx
1,2[u] = −

4u3xxu4x
(αux + β)2u3xxx

−
9αu4xx

(αux + β)3u2xxx
+

24u2xx
(αux + β)2uxxx

−
c1(αux + β)

u2xx
−

12

α(αux + β)
. (3.7b)

This leads to

Potentialisation I.1: The only conserved current that leads to a potentialisation of (3.4),
viz

ut =
u6xx

(αux + β)3u2xxx
+ c1ux + c0 ,

is IΦt
1,1 given by (3.6a). The zero-order potential equation of (3.4) is then

vt =
2vxxx

(vxx − α)3
+

6v2xx
(vxx − α)3vx

−
9αvxx

(vxx − α)3vx
+

3α2

(vxx − α)3vx
+ c1vx, (3.8a)

where

vx =
αux + β

uxx
(3.8b)

and the first-order potential equation of (3.4), with wx = Dx(
IΦt

1,1), i.e. w = vx, is

wt =
2wxxx

(wx − α)3
−

6w2
xx

(wx − α)4
−

6wxwxx

(wx − α)3w
−

3(2wx − α)wx

8(wx − α)2w2
+ c1w. (3.8c)
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The conserved current IΦt
1,2 given by (3.7a) does not give a potentialisation of (3.4), of any

order.

For Q(3) = 0, that is

Q(ux) = c2u
2
x + c1ux + c0, (3.9)

where c0, c1 and c2 6= 0 are arbitrary constants with c2 6= 0, we find that

ut =
u6xx

(αux + β)3u2xxx
+ c2u

2
x + c1ux + c0 (3.10a)

admits only one integrating factor of order four, namely (3.5a) with the following conserved
current and flux:

IΦt
1,3[u] =

αux + β

uxx
(3.10b)

IΦx
1,3[x, u] = −

2u4xxu4x
(αux + β)2u3xxx

−
5αu5xx

(αux + β)3u2xxx
+

10u3xx
(αux + β)2uxxx

−
(2c2ux + c1)(αux + β)

uxx
+ 4c2(αu+ βx), (3.10c)

We find that equation (3.10a) admits no potentialisation of any order related to the integrating
factor (3.5a) and its corresponding conserved current (3.10b) for c2 6= 0.

Subcase I.2: Let α = 0 and β = 1. Equation (1.1) then takes the form

ut =
u6xx
u2xxx

+ c3u
3
x + c2u

2
x + c1ux + c0, (3.11)

where cj , with j = 0, 1, 2, 3 are arbitrary constants. We find two distinct cases, namely one
case where c2 and c3 are both zero, and the case where both c2 are c3 are non-zero.

Let c2 = 0 and c3 = 0: The equation (3.11) then takes the form

ut =
u6xx
u2xxx

+ c1ux + c0. (3.12)

Equation (3.12) admits the following two fourth-order integrating factors (no zero-order or
second-order integrating factors exist):

IΛ2
1[u] = k1

(

u4x

u3xx
−

3u2xxx
u4xx

)

(3.13a)

IΛ2
2[u] = k2

(

u4x

u4xx
−

4u2xxx
u5xx

)

. (3.13b)
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Integrating factor (3.13a) leads to the following conserved current and flux for (3.12):

IΦt
2,1[u] =

k1

2uxx
(3.14a)

IΦx
2,1[u] = k1

(

−
u4xxu4x

u3xxx
+

5u3xx
uxxx

−
c1

2uxx

)

. (3.14b)

The second integrating factor (3.13b) leads to the following conserved current and flux for
(3.12):

IΦt
2,2[u] =

k2

6u2xx
(3.15a)

IΦx
2,2[u] = k2

(

−
2u3xxu4x
3u3xxx

+
4u2xx
uxxx

−
c1

6u2xx
+ 2ux

)

. (3.15b)

This leads to

Potentialisation I.2:

a) Using the conserved current IΦt
2,1, given by (3.14a), we find that equation (3.12), viz

ut =
u6xx
u2xxx

+ c1ux + c0 ,

admits the zero-order potentiaisation

vt =
vxxx

v3xx
+

3

vxvxx
+ c1vx, (3.16)

where k1 = 22/3

vx =
2−1/3

uxx
(3.17)

The first-order potentialisation of (3.12) with wx = Dx(
IΦt

2,1) i.e. w = vx, is then

wt =
wxxx

w3
x

− 3
w2
xx

w4
x

− 3
wxx

ww2
x

−
3

w2
+ c1wx. (3.18)

b) Using the conserved current IΦt
2,2, given by (3.15a), we find that equation (3.12), viz

ut =
u6xx
u2xxx

+ c1ux + c0 ,

admits no zero-order potentialisation. However, with

wx = Dx

(

k2

6

1

u2xx

)

(3.19)
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we find the following first-order potential equation for (3.12) in w:

wt =
w3/2wxxx

w3
x

−
3w3/2w2

xx

w4
x

+ c1wx, (3.20)

where k2 = 3 · 2−5/3.

Let c3 6= 0 and c2 6= 0: The equation (3.11), viz

ut =
u6xx
u2xxx

+ c3u
3
x + c2u

2
x + c1ux + c0

admits one fouth-order integrating factor (none of zero or second-order)

IΛ2
3[u] =

u4x

u3xx
−

3u2xxx
u4xx

, (3.21)

which leads to the following conserved current and flux for (3.11):

IΦt
2,3[u] =

1

2u2xx
(3.22a)

IΦx
2,3[x, u] = −

u4xxu4x

u3xxx
+

5u3xx
uxxx

−
3c3u

2
x

2uxx
−

c2ux

uxx
−

c1

2uxx
+ 6c3u+ 2c2x. (3.22b)

Using the conserved current IΦt
2,3 given by (3.22a), we find that equation (3.11), with c3 6= 0

and c2 6= 0, does not lead to any zero-order or higher-order potentialisation.

Subcase I.3: Let α = 1 and β = 0. Equation (1.1) then takes the following form:

ut =
u6xx

u3xu
2
xxx

+Q(ux), where uxQ
(5)(ux) + 5Q(4) = 0. (3.23)

We find that (3.23) admits fourth-order integrating factors only in the case where

Q(ux) = c2u
2
x + c1ux + c0. (3.24)

No zero-order or second-order integrating factors exist for (3.23). Two distinct cases must be
considered here, namely the case c2 = 0 and c2 6= 0.

Let c2 = 0: Equation (3.23) then takes the form

ut =
u6xx

u3xu
2
xxx

+ c1ux + c0. (3.25)

Equation (3.25) admits the following two fourth-order integrating factors:

IΛ3
1[u] = 2

(

uxu4x

u3xx
−

3uxu
2
xxx

u4xx
+

2uxxx
u2xx

)

(3.26a)
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IΛ3
2[u] =

uxu4x

u4xx
−

4uxu
2
xxx

u5xx
+

2uxxx
u3xx

. (3.26b)

Integrating factor (3.26a) leads to the following conserved current and flux for (3.25):

IΦt
3,1[u] =

ux

uxx
(3.27a)

IΦx
3,1[u] = −

2u4xxu4x
u2xu

3
xxx

−
5u5xx
u3xu

2
xxx

+
10u3xx
u2xuxxx

−
c1ux

uxx
. (3.27b)

and the integrating factor (3.26b) gives the following conserved current and flux for (3.25):

IΦt
3,2[u] =

ux

6u2xx
(3.28a)

IΦx
3,2[u] = −

2u3xxu4x
3u2xu

3
xxx

+
4u2xx
u2xuxxx

−
3u4xx

2u3xu
2
xxx

−
2

ux
−

c1ux

6u2xx
. (3.28b)

This leads to

Potentialisation I.3: Using the conserved current IΦt
3,1, given by (3.27a), we find that

equation (3.25), viz

ut =
u6xx

u3xu
2
xxx

+ c1ux + c0 ,

admits the zero-order potentiaisation

vt =
2vxxx

(vxx − 1)3
+

3(2vxx − 1)

2vx(vxx − 1)2
+ c1vx, (3.29)

where

vx =
ux

uxx
. (3.30)

The first-order potentialisation of (3.25) with wx = Dx(
IΦt

3,1) i.e. w = vx, is then

wt =
2wxxx

(wx − 1)3
−

6w2
xx

(wx − 1)4
−

6wxwxx

w(wx − 1)3
−

3wx(2wx − 1)

w2(wx − 1)2
+ c1wx. (3.31)

No zero or higher-order potentialisations can be obtained for (3.25) with the conserved current
IΦt

3,2, given by (3.28a).

Let c2 6= 0: The equation

ut =
u6xx

u3xu
2
xxx

+ c2u
2
x + c1ux + c0 (3.32)
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admits the same fourth-order integrating factor (3.26a) as equation (3.25) and no zero or
second-order integrating factors. This leads to the following conserved current and flux for
(3.32):

IΦt
3,3[u] =

ux

uxx
(3.33a)

IΦx
3,3[u] = −

2u4xxu4x
u2xu

3
xxx

−
5u5xx
u3xu

2
xxx

+
10u3xx
u2xuxxx

+ 2c2

(

u2x
uxx

+ 2u

)

−
c1ux

uxx
. (3.33b)

We find that (3.32) has no zero-order or higher-order potentialisations using (3.33a).

Case II: We consider (1.5), viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
.

Equation (1.5) admits the following four fourth-order integrating factors (no zero-order or
second-order integrating factors exist for this equation):

IIΛ1[u] =
u4x

u
3/2
xx (λ1 + λ2uxx)3/2

−
3

2

(λ1 + 2λ2uxx)u
2
xxx

u
5/2
xx (λ1 + λ2uxx)5/2

(3.34a)

IIΛ2[u] =
(λ1 + 2λ2uxx)u4x
u2xx(λ1 + λ2uxx)2

−
2λ2(λ1 + 2λ2uxx)u

2
xxx

u2xx(λ1 + λ2uxx)3
−

2u2xxx
u3xx(λ1 + λ2uxx)

(3.34b)

IIΛ3[u] =
u4x

uxx(λ1 + λ2uxx)2
−

(λ1 + 3λ2uxx)u
2
xxx

u2xx(λ1 + λ2uxx)3
(3.34c)

IIΛ4[u] =
u4x

u2xx(λ1 + λ2uxx)
−

(2λ1 + 3λ2uxx)u
2
xxx

u3xx(λ1 + λ2uxx)2
. (3.34d)

The four listed integrating factors, (3.34a) - (3.34d), lead four essentially different subcases,
which we now discuss in detail under Subcase II.1 to Subcase II.4 below.

Subcase II.1: We consider the integrating factor IIΛ1 given by (3.34a) for equation (1.5),
viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
.

We now discuss the case λ1 6= 0 and λ2 6= 0, the case λ1 = 0 and λ2 = 1, and the case λ1 = 1
and λ2 = 0 below.

Let λ1 6= 0 and λ2 6= 0: The integrating factor (3.34a) then leads to the following conserved
current and flux for (1.5):

IIΦt
1,1[u] = −

2

λ2
1

u1/2xx (λ1 + λ2uxx)
1/2 (3.35a)
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IIΦx
1,1[u] = −

2

λ2
1

(λ1 + 2λ2uxx)(λ1 + λ2uxx)
5/2 u4x

u3xxx

+
4

λ2
1

(λ1 + λ2uxx)
3/2(λ2

1 + 3λ1λ2uxx + 3λ2
2u

2
xx)

u
3/2
xx

uxxx
. (3.35b)

Let λ1 = 0 and λ2 = 1: Equation (1.5) then takes the form

ut =
u6xx
u2xxx

(3.36)

and the integrating factor (3.34a) leads to the following conserved current and flux for (3.36):

IIΦt
1,2[u] =

2−1/3

uxx
(3.37a)

IIΦx
1,2[u] = 22/3

(

−
u4xxu4x

u3xxx
+

5u3xx
uxxx

)

. (3.37b)

Let λ1 6= 0 and λ2 = 0: Equation (1.5) then takes the form

ut = λ3
1

u3xx
u2xxx

(3.38)

and the integrating factor (3.34a) leads to the following conserved current and flux for (3.38):

IIΦt
1,3[u] = λ

−3/2
1 u1/2xx (3.39a)

IIΦx
1,3[u] = λ3/2

(

u
5/2
xx u4x

u3xxx
−

2u
3/2
xx

uxxx

)

. (3.39b)

This leads to

Potentialisation II.1

a) Using the conserved current IIΦt
1,1, given by (3.35a), we find that equation (1.5) viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx

admits the zero-order potentialisation

vt =
λ3
1

4

(

1 + λ2
1λ2v

2
x

)3/2(
v3xvxxx

v3xx
−

3v2x
vxx

)

, (3.40)

where

vx = −
2

λ2
1

[uxx(λ1 + λ2uxx)]
1/2

.
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The first-order potentialisation for (1.5) with wx = Dx(
IIΦt

1,1) i.e. w = vx, is then

wt =

(

λ3
1

4

)

(1 + λ2
1λ2w

2)3/2w3wxxx

w3
x

−

(

3λ3
1

4

)

(1 + λ2
1λ2w

2)3/2w3w2
xx

w4
x

+

(

3λ3
1

4

)

(1 + λ2
1λ2w

2)1/2(2 + 3λ2
1λ2w

2)w2wxx

w2
x

−

(

3λ3
1

4

)

(1 + λ2
1λ2w

2)1/2(2 + 5λ2
1λ2w

2)w. (3.41)

b) Using the conserved current IIΦt
1,2, given by (3.37a), we find that equation (3.36) viz.

ut =
u6xx
u2xxx

admits the zero-order potentialisation

vt =
vxxx

v3xx
+

3

vxvxx
, (3.42)

where

vx =
1

21/3uxx
.

The first-order potentialisation for (3.36) with wx = Dx(
IIΦt

1,2) i.e. w = vx, is then

wt =
wxxx

w3
x

−
3w2

xx

w4
x

−
3wxx

ww2
x

−
3

w2
. (3.43)

Turning to the multi-potentialisation of (3.36), we find the zero-order potentialisation
of (3.42) in

ṽt =
ṽ6xṽxxx

ṽ3xx
− 3

ṽ5x
ṽxx

, (3.44)

where

ṽx = −
1

vx
,

as well as the zero-order potentialisation of (3.44) in

Vt =
V 2
x Vxxx

V 3
xx

+
Vx

Vxx
−

8

9
x, (3.45)

where

Vx = −
1

27

1

ṽ3x
.
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The first-order potentialisation of (3.42), with vx = W , gives

Wt =
Wxxx

W 3
x

− 3
W 2

xx

W 4
x

− 3
Wxx

WW 2
x

−
3

W 2
; (3.46)

and the first-order potentialisation of (3.44), with ṽx = W̃ , gives

W̃t =
W̃ 6W̃xxx

W̃ 3
x

− 3
W̃ 6W̃ 2

xx

W̃ 4
x

+ 9
W̃ 5W̃xx

W̃ 2
x

− 15W̃ 4. (3.47)

Another first-order potentialisation for (3.44) is

Ṽt = −
Ṽ 3/2Ṽxxx

Ṽ 3
x

+ 3
Ṽ 3/2Ṽ 2

xx

Ṽ 4
x

, (3.48)

where we have applied the following integrating factor of (3.44):

Λ[ṽ] = −
3

2

ṽxx

ṽ4x
(3.49)

and the corresponding conserved current

Φt[ṽ] =
1

4

1

ṽ2x
(3.50)

for the first-order potentialisation Ṽx = Dx(Φ
t), so Ṽ = 4−1ṽ−2

x . Moreover, the first-
order potentialisation of (3.45), with Vx = q, gives

qt =
q2qxxx

q3x
− 3

q2q2xx
q4x

+
qqxx

q2x
+

1

9
. (3.51)

Diagram 1 displays this multi-potentialisation of equation (3.36).

c) Using the conserved current IIΦt
1,3, given by (3.39a), we find that equation (3.38) viz.

ut = λ3
1

u3xx
u2xxx

admits the zero-order potentialisation

vt = −
λ3
1

4

(

v3xvxxx

v3xx
− 3

v2x
vxx

)

, (3.52)

where

vx = kλ
−3/2
1 u1/2xx

for any non-zero constant k. We now consider λ1 = −1, so equation (3.38) takes the
form

ut = −
u3xx
u2xxx

(3.53)
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Turning to the multi-potentialisation of (3.53), we find the zero-order potentialisation
of (3.52) in

ṽt = 2
ṽ3xṽxxx

ṽ3xx
− 3

ṽ2x
ṽxx

≡ 2
ṽ4x
ṽ3xx

S[ṽ], (3.54)

where

ṽx = v2x (3.55)

and S is the Schwarzian (1.8). Furthermore (3.54) admits the zero-order potentialisa-
tion

Vt =
Vxxx

V 3
xx

− 3 · 2−2/3 1

Vxx
− 2−1/3x, (3.56)

where

Vx = 2−1/3 ln(ṽx). (3.57)

Equation (3.56) does not admit a zero-order potentialisation.

Turning to the first-order potentialisations of (3.53), we find the following:

• With vx = w, equation (3.52) takes the form

wt =
1

4

w3wxxx

w3
x

−
3

4

w3w2
xx

w4
x

+
3

2

w2wxx

w2
x

−
3

2
w; (3.58)

• With ṽx = w̃, equation (3.54) takes the form

w̃t = 2
w̃3w̃xxx

w̃3
x

− 6
w̃3w̃2

xx

w̃4
x

+ 9
w̃2w̃xx

w̃2
x

− 6w̃; (3.59)

• With Vx = W , equation (3.56) take the form

Wt =
Wxxx

W 3
x

− 3
W 2

xx

W 4
x

+ 3 · 2−2/3Wxx

W 2
x

− 2−1/3. (3.60)

We find that equation (3.56) admits also a second-order potentialisation which is ob-
tained from equation (3.60) with Wx = p, namely

pt =
pxxx

p3
− 9

pxpxx

p4
+ 12

p3x
p5

+ 3 · 2−2/3 pxx

p2
− 3 · 21/3

p2x
p3

. (3.61)

Note that (3.61) is a spacial case of one of the integrable equations list in [6], namely
equation (4.1.34). Interestingly, equation (3.61) admits only one integrating factor,
namely Λ[p] = 1, which leads to the following zero-order potentialisation of (3.61):

qt =
qxxx

q3x
− 3

q2xx
q4x

+ 3 · 2−2/3 qxx

q2x
, (3.62)
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where qx = p. Diagram 2 displays this multi-potentialisation of equation (3.53).

Furthermore we find that (3.62) admits three integrating factors of order zero (none of
order two or order four), namely

Λ1[q] = 1, Λ2[q] = q, and Λ3[q] = exp
(

3 · 2−2/3q
)

, (3.63)

which give the following potentialisations for (3.62):

• For Λ1[q] = 1 we obtain the following zero-order potentialisation of (3.62):

Q1,t =
Q1,xxx

Q3
1,xx

− 3 · 2−2/3 1

Q1,xx
, (3.64)

where

Q1,x = q. (3.65)

Obviously the first order potentialisation of (3.64) leads back to (3.62).

• For Λ1[q] = q we obtain the following zero-order potentialisation of (3.62):

Q2,t =
Q

3/2
2,xQ2,xxx

Q3
2,xx

− 3 · 2−2/3 Q2,x

Q2,xx
+ 3 · 2−5/3 x, (3.66)

where

Q2,x =
q2

4
. (3.67)

The corresponding first-order potentialisation of (3.62) is then

Q̃2,t =
Q̃

3/2
2 Q̃2,xxx

Q̃3
2,x

− 3
Q̃

3/2
2 Q̃2

2,xx

Q̃4
2,x

+
3

2

(

Q̃
1/2
2 + 21/3Q̃2

)

Q̃2,xx

Q̃2
2,x

−3 · 2−5/3, (3.68)

where

Q2,x = Q̃2. (3.69)

• For Λ1[q] = exp
(

3 · 2−2/3q
)

we obtain the following zero-order potentialisation of
(3.62):

Q3,t =
27

4

Q3
3,xQ3,xxx

Q3
3,xx

−
27

4

Q2
3,x

Q3,xx
, (3.70)

where

Q3,x = exp
(

3 · 2−2/3q
)

. (3.71)
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The corresponding first-order potentialisation of (3.62) is then

Q̃3,t =
27

4

Q̃3
3Q̃3,xxx

Q̃3
3,x

−
81

4

Q̃3
3Q̃

2
3,xx

Q̃4
3,x

+ 27
Q̃2

3Q̃3,xx

Q̃3
3,x

, (3.72)

where

Q3,x = Q̃3. (3.73)

Diagram 3 displays the potentialisation of equation (3.62).

Diagram 1

ut =
u6xx
u2xxx

vx=2−1/3u−1
xxzero-order

��

vt =
vxxx

v3xx
+

3

vxvxx

vx=W

1st-order
//

ṽx=−v−1
xzero-order

��

Eq.(3.46) in W

Ṽt = −
Ṽ 3/2Ṽxxx

Ṽ 3
x

+ 3
Ṽ 3/2Ṽ 2

xx

Ṽ 4
x

ṽt =
ṽ6xṽxxx

ṽ3xx
− 3

ṽ5x
ṽxx1st-order

Ṽ=4−1ṽ−2
xoo ṽx=W̃

1st-order
//

Vx=−27−1ṽ−3
xzero-order

��

Eq.(3.47) in W̃

Vt =
V 2
x Vxxx

V 3
xx

+
Vx

Vxx
−

8

9
x

Vx=q

1st-order
// Eq.(3.51) in q
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Diagram 2

ut = −
u3xx
u2xxx

vx=−i(uxx)1/2zero-order
��

vt =
1

4

v3xvxxx

v3xx
−

3

4

v2x
vxx

vx=w

1st-order
//

ṽx=v2xzero-order
��

Eq.(3.58) in w

ṽt = 2
ṽ3xṽxxx

ṽ3xx
− 3

ṽ2x
ṽxx

ṽx=w̃

1st-order
//

Vx=2−1/3 ln(ṽx)zero-order
��

Eq.(3.59) in w̃

Vt =
Vxxx

V 3
xx

− 3 · 2−2/3 1

Vxx
− 2−1/3x

Ṽx=W

1st-order
// Eq.(3.60) in W

W̃x=p

2nd-order
// Eq.(3.61) in p

qx=pzero-order
��

Eq.(3.62) in q

Diagram 3

Q1,t =
Q1,xxx

Q3
1,xx

− 2−2/3 3

Q1,xx

qt =
qxxx

q3x
−

3q2xx
q4x

+ 3 · 2−2/3 qxx

q2x

Q2,x=4−1q2

zero-order
//

Q1,x=q zero-order

OO

Q3,x=exp(3·2−2/3q) zero-order
��

Eq.(3.66) in Q2
Q2,x=Q̃2

1st-order
// Eq.(3.68) in Q̃2

Q3,t =
27

4

Q3
3,xQ3,xxx

Q3
3,xx

−
27

4

Q2
3,x

Q3,xx

Q3,x=Q̃3

1st-order
// Eq.(3.72) in Q̃3
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Subcase II.2: We consider the integrating factor (3.34b) for equation (1.5), viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
.

Let λ1 6= 0 and λ2 6= 0: The integrating factor (3.34b) then leads to the following conserved
current and flux for (1.5):

IIΦt
2,1[u] =

2−1/3

λ1
ln

(

λ2 +
λ1

uxx

)

(3.74a)

IIΦx
2,1[x, u] = −22/3

(λ1 + λ2uxx)
2u2xxu4x

u3xxx
+ 5 · 2−1/3 (λ1 + λ2uxx)(λ1 + 2λ2uxx)uxx

uxxx

+2−1/3λ2
1 x. (3.74b)

This leads to

Potentialisation II.2

Using the conserved current IIΦt
2,1, given by (3.74a), we find that equation (1.5) viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx

admits the zero-order potentialisation

vt =
vxxx

v3xx
+ λ13 · 2

−2/3 e2
1/3λ1vx + λ2

(

e2
1/3λ1vx − λ2

)

vxx
− 2−1/3λ2

1 x, (3.75a)

where

vx =
2−1/3

λ1
ln

(

λ1 + λ2uxx

uxx

)

. (3.75b)

The first-order potentialisation of (1.5) with wx = Dx(
IIΦt

2,1) i.e. w = vx, is then

wt =
wxxx

w3
x

− 3
w2
xx

w4
x

− 3 · 2−2/3λ1

(

e2
1/3λ1w + λ2

)

wxx
(

e2
1/3λ1w − λ2

)

w2
x

−3 · 22/3λ2
1λ2

e2
1/3λ1w

(e2
1/3λ1w − λ2)2

− 2−1/3λ2
1. (3.75c)

We remark that the case λ1 = 1 and λ2 = 0, as well as the case λ1 = 0 and λ2 = 1, do not
lead to different equations than those already listed in Potentialisation II.1.
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Subcase II.3: We consider the integrating factor (3.34c) for equation (1.5), viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
.

Let λ1 6= 0 and λ2 6= 0: The integrating factor (3.34c) then leads to the following conserved
current and flux for (1.5):

IIΦt
3,1[u] =

1

λ2
1

uxx ln

(

uxx

λ1 + λ2uxx

)

+
1

λ1λ2
(3.76a)

IIΦx
2,1[u] =

2

λ2
1

(λ1 + λ2uxx)
2u3xxu4x

u3xxx

[

λ1 + (λ1 + λ2uxx) ln

(

uxx

λ1 + λ2uxx

)]

−
3

λ2
1

u2xx
uxxx

(λ1 + 2λ2uxx)(λ1 + λ2uxx)
2 ln

(

uxx

λ1 + λ2uxx

)

−
1

λ1

u2xx
uxxx

(λ1 + 6λ2uxx)(λ1 + λ2uxx)− λ1ux. (3.76b)

Let λ1 = 0 and λ2 = 1: In this case the integrating factor (3.34c) is identical to the integrating
factor (3.34b), which has already been described in Subcase II.2.

Let λ1 = 1 and λ2 = 0: Equation (1.5) then takes the form (3.38) with λ1 = 1, viz.

ut =
u3xx
u2xxx

and the integrating factor (3.34c) leads to the following conserved current and flux for (3.38)
with λ1 = 1:

IIΦt
3,3[u] = uxx ln(uxx)− uxx (3.77a)

IIΦx
3,3[u] =

2u3xxu4x
u3xxx

ln(uxx)−
3u2xx
uxxx

ln(uxx) +
2u2xx
uxxx

− ux. (3.77b)

This leads to

Potentialisation II.3

a) Using the conserved current IIΦt
3,1, given by (3.76a), we find that equation (1.5) viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
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admits no zero-order potentialisation. Equation (1.5) does however admit a first-order
potentialisation with wx = Dx(

IIΦt
3,1), i.e.

w(x, t) =
uxx

λ2
1

ln

(

uxx

λ1 + λ2uxx

)

+
1

λ1λ2
, (3.78)

namely

wt = −
2

λ2

3wxxx

w3
x

(λ2
2uxxw + λ1λ2w − 1)3 + u3xx

(

30λ3
2w + 6λ3

2

w3w2
xx

w4
x

− 18λ3
2

w2wxx

w2
x

)

+u2xx

(

60λ1λ
2
2w − 18λ2 − 15λ2

wwxx

w2
x

(3λ1λ2w − 2) + 18λ2
w2w2

xx

w4
x

(λ1λ2w − 1)

)

+
6

λ3
2

w2
xx

w4
x

(λ1λ2w − 1)3 −
9λ1

λ2
2

wxx

w2
x

(λ1λ2w − 1)2 + 6λ3
1w −

6λ2
1

λ2

+uxx

(

36λ2
1λ2w − 23λ1 +

18

λ2

ww2
xx

w4
x

(λ1λ2w − 1)2

−
12

λ2

wxx

w2
x

(λ1λ2w − 1)(3λ1λ2w − 1)

)

, (3.79)

where uxx needs to be solved algebraically in terms of w from (3.78), which is possible
by the Lambert function.

b) Using the conserved current IIΦt
3,3 given by (3.77a), we find that equation (3.38) with

λ1 = 1, viz.

ut =
u3xx
u2xxx

does not admit a zero-order potentialisation but it does admit a first-order potentialisa-
tion with wx = Dx(

IIΦt
3,3), i.e.

w = uxx ln(uxx)− uxx, (3.80)

namely

wt = −2
wxxx

w3
x

(uxx + w)3 + 6
w2
xx

w4
x

(uxx + w)3 − 3
wxx

w2
x

(uxx + w)(5uxx + 3w)

+6w + 13uxx, (3.81)

where uxx needs to be solved algebraically from the relation (3.80) in terms of w by the
Lambert function.
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Subcase II.4: We consider the integrating factor (3.34d) for equation (1.5), viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
.

Let λ1 6= 0 and λ2 6= 0: The integrating factor (3.34d) then leads to the following conserved
current and flux for (1.5):

IIΦt
4,1[u] =

2−1/3

λ2
1

(λ1 + λ2uxx) ln

(

uxx

λ1 + λ2uxx

)

+
2−1/3

λ1
(3.82a)

IIΦx
4,1[x, u] = 2−2/3 1

λ2
1

u2xxu4x

u2xxx
(λ1 + λ2uxx)

3

[

λ2uxx ln

(

uxx

λ1 + λ2uxx

)

+ λ1

]

−3 · 2−1/3λ2

λ2
1

u2xx
uxxx

(λ1 + 2λ2uxx)(λ1 + λ2uxx)
2 ln

(

uxx

λ1 + λ2uxx

)

−2−1/3 1

λ1

uxx

uxxx
(5λ1 + 6λ2uxx)(λ1 + λ2uxx)

2 − 2−1/3λ1λ2ux − 2−1/3λ2
1x. (3.82b)

Let λ1 = 0 and λ2 = 1: The integrating factor (3.34d) is then identical to integrating factor
(3.34a) described in Subcase II.1.

Let λ1 = 1 and λ2 = 0: The integrating factor (3.34d) then leads to the following conserved
current and flux for (3.38) with λ1 = 1, viz

ut =
u3xx
u2xxx

,

namely

IIΦt
4,3[u] = −2−1/3 ln(uxx) (3.83a)

IIΦx
4,3[x, u] = −22/3

(

u2xxu4x

u3xxx
−

5

2

uxx

uxxx
−

1

2
x

)

. (3.83b)

This leads to

Potentialisation II.4

a) Using the conserved current IIΦt
4,1, given by (3.82a), we find that equation (1.5) viz.

ut =
u3xx (λ1 + λ2uxx)

3

u2xxx
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admits no zero-order potentialisation. Equation (1.5) does however admit a first-order
potentialisation with wx = Dx(

IIΦt
4,1), i.e.

w(x, t) =
2−1/3

λ2
1

(λ1 + λ2uxx) ln

(

uxx

λ1 + λ2uxx

)

+
2−1/3

λ1
(3.84)

namely

wt = −
wxxx

w3
x

(21/3λ2wuxx + 1)3

(λ2uxx + λ1)2
+ 3

w2
xx

w4
x

(21/3λ2wuxx + 1)3

(λ2uxx + λ1)2

−
9λ2

2wxxw
2

w2
x

(2λ2uxx + λ1)u
2
xx

(λ2uxx + λ1)2
+

3 · 22/3λ2wxxw

λ1w2
x

(λ2
2u

2
xx − 4λ1λ2uxx − 2λ2

1)uxx
(λ2uxx + λ1)2

+
3 · 2−2/3λ2wxx

λ2
1w

2
x

(4λ2
2u

2
xx + 11λ1λ2uxx + 4λ2

1)uxx
(λ2uxx + λ1)2

−
3 · 2−2/3wxx

λ2
1w

2
x

(4λ2uxx + λ1)

−
3λ2(2

2/3 − 2λ1w)

λ1

(5λ2
2u

2
xx + 5λ1λ2uxx + λ2

1)uxx
(λ2uxx + λ1)2

+
2−1/3

λ1

(16λ2
2u

2
xx + 11λ1λ2uxx + λ2

1)uxx
(λ2uxx + λ1)2

, (3.85)

where uxx needs to be solved algebraically in w from (3.84) in terms of the Lambert
function.

b) Using the conserved current IIΦt
4,3, given by (3.83a), we find that equation (3.38) with

λ1 = 1, viz.

ut =
u3xx
u2xxx

admits the zero-order potentialisation

vt =
vxxx

v3xx
+ 3 · 2−2/3 1

vxx
− 2−1/3x, (3.86)

where

vx = −2−1/3 ln(uxx). (3.87)

Equation (3.38) also admits a first-order potentialisation with wx = Dx(
IIΦt

4,3), i.e.
vx = w, namely

wt =
wxxx

w3
x

− 3
w2
xx

w4
x

− 3 · 2−2/3wxx

w2
x

− 2−1/3, (3.88)

and a second-order potentialisation with Wx = D2
x(

IIΦt
4,3), i.e. W = wx, namely

Wt =
Wxxx

W 3
− 9

WxWxx

W 4
− 3 · 2−2/3Wxx

W 2
+ 12

W 3
x

W 5
+ 3 · 21/3

W 2
x

W 3
. (3.89)
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Case III: We consider (1.6), viz.

ut =
(αux + β)11

[

(αux + β)uxxx − 3αu2xx
]2 ,

where α and β are arbitrary constants, not simultaneously zero. Equation (1.6) does not ad-
mit zero-order or second-order integrating factors, but the equation does admit the following
three fourth-order integrating factors:

IIIΛ1
1[u] =

u2xxu4x

(αux + β)11
+

2uxxu
2
xxx

(αux + β)11
−

22αu3xxuxxx
(αux + β)12

+
33α2u5xx

(αux + β)13
(3.90a)

IIIΛ1
2[u] =

uxxu4x

(αux + β)8
+

u2xxx
(αux + β)8

−
16αu2xxuxxx
(αux + β)9

+
24α2u4xx

(αux + β)10
(3.90b)

IIIΛ1
3[u] =

u4x

(αux + β)5
−

10αuxxuxxx
(αux + β)6

+
15α2u3xx

(αux + β)7
. (3.90c)

Using (3.90a), (3.90b) and (3.90c), we obtain the following respective conserved currents for
(1.6):

IIIΦt
1,1[u] =

u4xx
(αux + β)11

, IIIΦt
1,2[u] =

u3xx
(αux + β)8

,

and IIIΦt
1,3[u] =

u2xx
(αux + β)5

. (3.91)

We find that all three conserved currents (3.91) do not lead to a potentialisation of (1.6), of
any order.

Let α = 1 and β = 0: Equation (1.6) then takes the form

ut =
u11x

(

uxuxxx − 3u2xx
)2 . (3.92)

In addition to the integrating factors (3.90a), (3.90b) and (3.90c) with α = 1 and β = 0,
equation (3.92) also admits the following fourth-order integrating factors:

IIIΛ2
1[u] =

(

uu2xx
u11x

+
uxx

u9x

)

u4x +

(

1

u9x
+

2uuxx
u11x

)

u2xxx −

(

22uu3xx
u12x

+
16u2xx
u10x

)

uxxx

+
33uu5xx
u13x

+
24u4xx
u11x

(3.93a)

IIIΛ2
2[u] =

(

uuxx

u8x
+

1

u6x

)

u4x −

(

16uu2xx
u9x

+
10uxx
u7x

)

uxxx +
uu2xxx
u8x

+
24uu4xx
u10x

+
15u3xx
u8x

. (3.93b)
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Using (3.93a) and (3.93b), we obtain the following respective conserved currents for (3.92):

IIIΦt
2,1[u] =

1

12

uu4xx
u11x

+
1

6

u3xx
u9x

and IIIΦt
2,2[u] =

1

6

uu3xx
u8x

+
1

2

u2xx
u6x

. (3.94)

We find that both conserved currents (3.94) do not lead to a potentialisation of (3.92), of any
order.

Let α = 0 and β = 1: Equation (1.6) then takes the form

ut =
1

u2xxx
, (3.95)

which admits the following three fourth-order integrating factors (no zero-order or second-
order exist):

IIIΛ3
1[u] = u2xxu4x + 2uxxu

2
xxx (3.96a)

IIIΛ3
2[u] = uxxu4x + u2xxx (3.96b)

IIIΛ3
3[u] = u4x. (3.96c)

Note that the integrating factors (3.96a), (3.96b) and (3.96c) are just the integrating factors
(3.90a), (3.90b) and (3.90c), respectively, with α = 0 and β = 1. No additional integrat-
ing factors up to order four than those listed here were obtained for equation (3.95). The
corresponding conserved currents and fluxes are as follows:

IIIΦt
3,1[u] = 2−1/3 1

512
u4xx (3.97a)

IIIΦx
3,1[u] = 22/3

1

64

(

u3xxu4x

u3xxx
+

3u2xx
uxxx

− 3ux

)

(3.97b)

IIIΦt
3,2[u] = −

1

54
u2xx (3.97c)

IIIΦx
3,2[x, u] = −

1

9

(

u2xxu4x

u3xxx
+

2uxx
uxxx

− 2x

)

(3.97d)

IIIΦt
3,3[u] = 2−8/3u2xx (3.97e)

IIIΦx
3,3[u] = 2−2/3

(

uxxu4x

u3xxx
+

1

uxxx

)

. (3.97f)

This leads to

Potentialisation III.1

a) Using the conserved current IIIΦt
3,1, given by (3.97a), we find that equation (3.95) viz.

ut =
1

u2xxx
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admits no zero-order potentialisation. Equation (3.95) does however admit a first-order
potentialisation with wx = Dx(

IIIΦt
3,1), i.e.

w(x, t) = 2−1/3 1

512
u4xx, (3.98)

namely

wt = −
w9/4wxxx

w3
x

+ 3
w9/4w2

xx

w4
x

−
9

4

w5/4wxx

w2
x

+
3

8
w1/4
x . (3.99)

b) Using the conserved current IIIΦt
3,2, given by (3.97c), we find that equation (3.95) viz.

ut =
1

u2xxx

admits the zero-order potentialisation

vt =
v2xvxxx

v3xx
−

2

9
x, (3.100)

where

vx = −
1

54
u3xx. (3.101)

Equation (3.95) also admits a first-order potentialisation with wx = Dx(
IIIΦt

3,2), i.e.
vx = w, namely

wt =
w2wxxx

w3
x

− 3
w2w2

xx

w4
x

+ 2
wwxx

w2
x

−
2

9
. (3.102)

c) Using the conserved current IIIΦt
3,3, given by (3.97e), we find that equation (3.95) viz.

ut =
1

u2xxx

admits the zero-order potentialisation

vt = −
v
3/2
x vxxx

v3xx
, (3.103)

where

vx = 2−8/3u2xx. (3.104)

Equation (3.95) also admits a first-order potentialisation with wx = Dx(
IIIΦt

3,3), i.e.
vx = w, namely

wt = −
w3/2wxxx

w3
x

+ 3
w3/2w2

xx

w4
x

−
3

2

w1/2wxx

w2
x

. (3.105)
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We obtained one multipotentialisation for equation (3.95) which is a result of the potentiali-
sation of equation (3.100) viz.

vt =
v2xvxxx

v3xx
−

2

9
x,

which we now discuss in detail.

Equation (3.100) admits the following four integrating factors (no zero-order integrating
factor exists):

IIIΛ4
1[v] =

v
2/3
x v4x

v3xx
− 3

v
2/3
x v2xxx
v4xx

+
4

3

vxxx

v2xxv
1/3
x

+
2

9

1

v
4/3
x

(3.106a)

IIIΛ4
2[v] =

vxx

v
4/3
x

(3.106b)

IIIΛ4
3[v] =

vxx

v
5/3
x

(3.106c)

IIIΛ4
4[v] = vxx (3.106d)

The corresponding conserved currents and fluxes for (3.100) are as follows:

IIIΦt
4,1[v] =

v
2/3
x

vxx
(3.107a)

IIIΦx
4,1[v] =

v
8/3
x v4x

v5xx
+

2

3

v
5/3
x vxxx

v4xx
− 2

v
8/3
x v2xxx
v6xx

+
2

9

v
2/3
x

v2xx
(3.107b)

IIIΦt
4,2[v] =

9

4
v2/3x (3.107c)

IIIΦx
4,2[v] = −

3

2

v
5/3
x vxxx

v3xx
+

1

2

v
2/3
x

vxx
(3.107d)

IIIΦt
4,3[v] = 3v1/3x (3.107e)

IIIΦx
4,3[v] = −

v
4/3
x vxxx

v3xx
+

2

3

v
1/3
x

vxx
(3.107f)

IIIΦt
4,4[v] =

1

64
v2x (3.107g)

IIIΦx
4,4[v] = −

1

32

v3xvxxx

v3xx
−

1

32

v2x
vxx

+
5

72
v. (3.107h)

This leads to
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Potentialisation III.2

a) Using the conserved current IIIΦt
4,1, given by (3.107a), we find that equation (3.100)

viz.

vt =
v2xvxxx

v3xx
−

2

9
x ,

admits the zero-order potentialisation

ṽ1,t = ṽ31,xṽ1,xxx, (3.108)

where

ṽ1,x =
v
2/3
x

vxx
, (3.109)

and the first-order potentialisation with w̃1,x = Dx(
IIIΦt

4,1), i.e. ṽ1,x = w̃1, namely

w̃1,t = w̃3
1w̃1,xxx + 3w̃2

1w̃1,xw̃1,xx. (3.110)

Equation (3.108) also admits the zero-order potentialisation

w̃3,t =
w̃3,xxx

w̃3
3,x

− 3
w̃2
3,xx

w̃4
3,x

, (3.111)

where

w̃3,x =
1

ṽ1,x
(3.112)

which corresponds to the integrating factor Λ[ṽ1] = −2ṽ−3
1,xv1,xx admitted by equation

(3.108).

b) Using the conserved current IIIΦt
4,2, given by (3.107c), we find that equation (3.100)

viz.

vt =
v2xvxxx

v3xx
−

2

9
x ,

admits the zero-order potentialisation

ṽ2,t =
ṽ
3/2
2,x ṽ2,xxx

ṽ32,xx
(3.113)

where

ṽ2,x =
9

4
v2/3x , (3.114)

and the first-order potentialisation with w̃2,x = Dx(
IIIΦt

4,2), i.e. ṽ2,x = w̃2, namely

w̃2,t =
w̃

3/2
2 w̃2,xxx

w̃3
2,x

− 3
w̃

3/2
2 w̃2

2,xx

w̃4
2,x

+
3

2

w̃
1/2
2 w̃2,xx

w̃2
2,x

. (3.115)
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c) Using the conserved current IIIΦt
4,3, given by (3.107e), we find that equation (3.100)

viz.

vt =
v2xvxxx

v3xx
−

2

9
x ,

admits the zero-order potentialisation

ṽ3,t =
ṽ3,xxx

ṽ33,xx
, (3.116)

where

ṽ3,x = 3v1/3x (3.117)

and the first-order potentialisation with w̃3,x = Dx(
IIIΦt

4,3), i.e. ṽ3,x = w̃3, namely

w̃3,t =
w̃3,xxx

w̃3
3,x

− 3
w̃2
3,xx

w̃4
3,x

,

which is equivalent to (3.111). Equation (3.100) also admits the second-order poten-
tialisation with W3,x = D2

x(
IIIΦt

4,3), i.e. w̃3,x = W3, namely

W3,t =
W3,xxx

W 3
3

− 9
W3,xW3,xx

W 4
3

+ 12
W 3

3,x

W 5
3

. (3.118)

d) Using the conserved current IIIΦt
4,4, given by (3.107g), we find that equation (3.100)

viz.

vt =
v2xvxxx

v3xx
−

2

9
x ,

admits no zero-order potentialisation. Instead (3.100) admits the first-order potentiali-
sation with w̃4,x = Dx(

IIIΦt
4,4), i.e.

w̃4 =
1

64
v2x (3.119)

namely

w̃4,t = −
w̃

5/2
4 w̃4,xxx

w̃3
4,x

+ 3
w̃

5/2
4 w̃2

4,xx

w̃4
4,x

−
5

2

w̃
3/2
4 w̃4,xx

w̃2
4,x

+
5

9
w

1/2
4 . (3.120)

A graphical description of the above is given in Diagram 4.
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Diagram 4

(3.118) W3

(3.111) w̃3

1st-order

OO

ut =
1

u2xxx

zero-order
��

(3.110) w̃1 ṽ1,t = ṽ31,xṽ1,xxx
1st-orderoo

zero-order

OO

vt =
v2xvxxx

v3xx
−

2

9
x

zero-order

ww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥

zero-orderoo 1st-order //

zero-order

&&▼▼
▼
▼
▼
▼
▼
▼
▼
▼
▼
▼

(3.120) w̃4

ṽ2,t =
ṽ
3/2
2,x ṽ2,xxx

ṽ32,xx

1st-order
��

ṽ3,t =
ṽ3,xxx

ṽ33,xx

1st-order
��

(3.115) w̃2 (3.111) w̃3

2nd-order
��

(3.118) W3

Case IV: We consider (1.7), viz.

ut =
4u5x

(2b u2x − 2uxuxxx + 3u2xx)
2
,

where b is an arbitrary constant. Equation (1.7) is Möbius-invariant [3] and can therefore
conveniently be expressed in terms of the Schwarzian derivative S, namely

ut =
ux

(b− S)2
, (3.121)

where S is given by (1.8). Equation (3.121) admits the following fourth-order integrating
factors for arbitrary constant b (no zero-order or second-order integrating factors exist):

IV Λ1[u] =
Sx

ux
(3.122a)
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IV Λ2[u] =

(

u2xx
u4x

+
2b

u2x

)

Sx +
2uxx
u3x

S2 −
4buxx
u3x

S +
2b2uxx
u3x

. (3.122b)

For the case where b = 0, equation

ut =
ux

S2
, (3.123)

admits, in addition to IV Λ1[u]b=0 and IV Λ2[u]b=0 given (3.122a) and (3.122b) respectively,
also the integrating factor

IV Λ3[u] =

(

uu2xx
u4x

−
2uxx
u2x

)

Sx +

(

2uuxx
u3x

−
2

ux

)

S2. (3.124)

Corresponding to (3.122a) and (3.122b), the respective conserved current and flux for (3.121)
are as follows:

IV Φt
1[u] =

1

4

u2xx
u2x

(3.125a)

IV Φx
1 [u] = −

1

4

u2xx
(S − b)2u2x

+
uxxSx

(S − b)3ux
+

1

2

2S − b

(S − b)2
(3.125b)

IV Φt
2[u] =

bu2xx
u3x

+
1

12

u4xx
u5x

−
b2

ux
(3.125c)

IV Φx
2 [u] = −

1

12

u4xx
u5x(S − b)2

+
2

3

u3xxSx

u4x(S − b)3
+

u2xx(2S − 3b)

u3x(S − b)2
+

4buxxSx

u2x(S − b)3

+
(2S − b)2

ux(S − b)2
. (3.125d)

For the case b = 0 corresponding to the integrating factor (3.124), we obtain an additional
conserved current and flux for equation (3.123), namely

IV Φt
3[u] =

1

12

uu4xx
u5x

−
1

3

u3xx
u3x

(3.126a)

IV Φx
3 [u] = −

1

12

uu4xx
u5x

1

S2
+

1

3

u3xx
u4x

2uSx + uxS

S3
−

2u2xx
u3x

uxSx − uS2

S3
−

4uxx
ux

1

S

+
4u

ux
. (3.126b)

This leads to

Potentialisation IV Using the conserved current IV Φt
1, given by (3.125a), we find that

equation (3.121) viz.

ut =
ux

(b− S)2
,
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admits, for arbitrary constant b, the zero-order potentialisation

ṽt =
1

(

−vxx + bv
1/2
x + v

3/2
x

)3

[

2v3/2x vxxx −
3

2
vx(6vx + b)vxx

+
1

2
(6vx + b)(2vx + b)v3/2x

]

, (3.127)

where

vx =
1

4

u2xx
u2x

(3.128)

and the first-order potentialisation with wx = Dx(
IV Φt

1), i.e. vx = w, namely

wt =
1

(

−wx + bw1/2 + 2w3/2
)4

[

−2w3/2wxwxxx + 2w2(2w + b)wxxx + 6w3/2w2
xx

−3w1/2w2
xwxx − 3w(10w + b)wxwxx +

3

2
(12w + b)w3

x + 4w3/2(6w − b)w2
x

−w2(2w + b)(6w − b)wx

]

. (3.129)

No further potentialisations of any order are possible for equation (3.121) or equation (3.123)
using the conserved currents IV Φt

2 and IVΦt
3 given by (3.125c) and (3.126a), respectively.

4 Concluding remarks

In this article we are reporting all potentialisations of the class of fully-nonlinear symmetry-
integrable equatons listed in Proposition 1 using their integrating factors up to order four,
whereby the integrating factors do not depend explicitly on their independent variables.
Several mappings to equations using the multi-potentialisations process are also given where
possible, although we do not claim to have obtained here a complete list of all possible
multi-potentialisations connected to the equations in Proposition 1.

Our results show that the class of equations in Proposition 1 have a rich structure and
the systematic use of the zero and higher-order potentialisations, as introduced here, leads
to interesting quasi-linear equations, some of which certainly deserve further attention.

We should point out that in all our previous classifications of evolution equations of order
three and order five where we have introduced potentialisations were based only on zero-order
potentialisations. However, in the current work we have shown that there are many cases
where an equation does not admit a zero-order potentialisation but that it can instead admit
first and higher-order potentialisations. This means that some of those earlier classifications
could possibly be extended by considering higher-order potentialisations. We will address
this in the near future.
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