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Abstract

In this paper we systematically consider various ways of generating integrable and
separable Hamiltonian systems in canonical and in non-canonical representations from
algebraic curves on the plane. In particular, we consider Stéckel transform between two
pairs of Stackel systems, generated by 2n-parameter algebraic curves on the plane, as
well as Miura maps between Stéckel systems generated by (n+ N)-parameter algebraic
curves, leading to multi-Hamiltonian representation of these systems.

1 Introduction

This paper is devoted to a systematic (in the sense explained below) construction of various
types of Liouville integrable and separable Hamiltonian systems from algebraic curves.

In [16] Sklyanin noted that any Liouville integrable system (that is a set of n Hamil-
tonians in involution on a 2n-dimensional manifold M) separates in a given canonical
coordinate system (A, ;) = (A1, .., A\ny f1, - - -, fin) if and only if there exists n separation
relations of the form

gpi()\i,,ui,hl,...,hn) :0, iZl,...,TL (1)
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(see also [11]). Alternatively, one can treat the relations (Il) as an algebraic definition of
n commuting, by construction, Hamiltonians h; on M. The canonical variables (A, p) are
then by construction separation variables for all the Hamilton-Jacobi equations associated
with the Hamiltonians h;. This shift of view yields a powerful way of generating many (in
fact, all known in literature) separable Hamiltonian systems from scratch. This approach
has been initiated in [3] and then fruitfully developed in many papers, see for example
[4, 7, [§] as well as the review of the subject in [9].

In this paper we restrict ourselves to the important subclass of separations relations
() where all ¢; are the same, ¢; = ¢ for all i. In such a case the relations (I]) can be
interpreted as n copies of the algebraic curve on the A-u plane

(70()‘7/‘7 hl)"'vhn) = 07 (2)

when (A, p) are consecutively substituted by the pair of variables (\;, ;). One reason
for restricting our attention to separation curves (2] rather than the general separation
relations () is that in the general setting there arise problems with finding the multi-
Hamiltonian formulation of the generated separable systems. Another reason for this
restriction is that it allows us to skip the assumption that the corresponding coordinates
(A, ) on M are canonical. Using this approach, in this article we systematize and de-
velop the idea of constructing various types of finite-dimensional integrable and separable
Hamiltonian systems from parameter-dependent planar algebraic curves. To our knowl-
edge this is the first systematic (albeit certainly not complete) investigation of separation
curves depending on more than n parameters. Relations between integrable systems and
n-parameter hyperelliptic curves were extensively investigated for example in [17] (see also
references there).

Below we present the structure of the article and highlight all the new results.

In Section [2] we establish a number of facts for Poisson structures in 2 dimensions
and of monomial type. We first establish Lemma [2] where we find all Darboux coordinates
associated with the Poisson tensor (@) on the plane with ¢ of the monomial form ¢ = A%/
and then we prove Lemma [B] where we establish canonical maps between arbitrary pair
of Darboux coordinates for 7. These results will be necessary for establishing results of
Section 3.

In the first subsection of Section Bl we prove (Theorem M) that the Hamiltonians h;
obtained by algebraically solving n copies of (2]) constitute a Liouville integrable system
not only if the corresponding coordinates (X, i) on M are canonical, but in a more general
case when the Poisson operator 7 has in the variables (A, p) the form (2I). This is a simple
generalization of the previously known result (see for example [9]). The second subsection
of Section [3] contains basic information on separable Hamiltonian systems, in particular of
Stéckel type. This subsection is necessary for the self-consistency of the article.

In Section Ml we use the results of Section [ to show that each Liouville integrable
Hamiltonian system generated by an algebraic curve (2)) and by the non-canonical Poisson
tensor (@) can also be generated by a one-parameter family of algebraic curves and the
corresponding Poisson tensors in canonical form. Each class represents thus the same
dynamical system written in different Darboux coordinates, related with each other by
appropriate canonical transformations. We further specify these results for the case of
monomial Poisson structures (with c(A;, p;) = )\f‘,u? ), see formulas (37)) yielding explicit
transformation to Darboux coordinates in this case.
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In Section ] we consider separable systems generated by algebraic curves depending
on a set of n + n rather than n parameters. Each such curve leads then to two distinct
integrable Hamiltonian systems. Using the known theory ([I5] 8]) we prove that these
systems are related by a Stéckel transform and we also show how solutions of these two
systems are related by a reciprocal (multi-time) transformations. We also specify these
results to the case of Stickel systems. These results are new.

In the final Section [6] we investigate yet another possibility of generating integrable and
separable Hamiltonian systems from algebraic curves. We consider algebraic curves (0]
with the block-type structure given by (7I]) and (72]), leading to families of integrable and
separable Hamiltonian systems that can be related (due to Theorem [IT]) with each other by
a finite-dimensional analogue of Miura maps. These finite-dimensional Miura maps yield
in turn multi-Hamiltonian formulation of the obtained integrable systems, as presented in
Theorem These are new results that generalize the particular results obtained earlier
in [6] and in [14]. The section is concluded by some examples. Theorem [I1] is proven in
Appendix, due to a rather technical nature of the proof.

2 Poisson tensors on 2-dimensional phase space

In this section we consider Poisson structures in 2 dimensions (on a A-p plane) of a
monomial type and find all their Darboux coordinates that can be obtained from the
coordinates (A, x) by monomial transformations. We also find a general map between
arbitrary Darboux coordinate systems of monomial type.

Let us thus consider a (A, ) plane P. A Poisson tensor m on P is a bi-vector with
vanishing Schouten-Nijenhuis bracket. The Poisson tensor @ must be of co-rank zero since
dim P = 2 . It defines a Poisson bracket on the plane:

{f,9}x :=m(df,dg),  f,g€CF(P). (3)

Lemma 1. The most general Poisson tensor m on P is of the form

B o 0 _ _ : _ 0 c(\, ) 2
T = c()\,u)a/\@, with matriz representation ™ = < e ) 0 , c€C?(P).
(4)

Proof. The necessary and sufficient condition for being Poisson tensor is a Jacobi identity

{fv{g7h}7r}ﬂ+{gv{h7f}ﬂ}ﬂ'+{h7{f7.g}7r}7r:0' (5)

By a direct computation one can verify the identity (Bl) for tensor (@), where

_(9f9g 0fdyg
{f g} = <5@—@5> C.

Now, let us change the parametrization of the plane (\, ) — (), i) given by

A =a( p), f= b\, ) (7)
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and such that new coordinates are Darboux (canonical) coordinates for 7, i.e. ¢c(\, i) = 1.
It means that following condition

Oa Ob Oa Ob
<ﬁ@ - a?ﬁ) c=1 ®)

has to be fulfilled for a pair of unknown functions a and b.

Consider a particular but relevant subclass of Poisson tensors (@) defined by functions
¢ in the monomial form ¢ = X\*? for fixed o, 8 € R. Let us now search for transformations
to Darboux coordinates of ({@l) within the following ansatz

A=2Tpt = A (9)
where &, @s, 51, 2 € R. This ansatz has the following inverse

_ B2 _ ag __ B1 ay
A= \a1Be—azBi j a1B—azp1 =\ S1Ba—axfy ga1fa—asfy (10)

A direct calculation using the condition (&) shows that the transformation (@) turns 7 into
canonical form if and only if

ar+ fita=1 a+ f+p=1 af-aph =1, (11)
which leads to the following lemma.

Lemma 2. The coordinates ( A, ,a) given by (@) are Darbouz (canonical) coordinates for
w if and only if the parameters a1, &9, b1, P2 are given by, for o # 1

ap =01, Qg = _071(11— & _—1= fr=1-a-a, fBa= 1-pl—a-a)+ 17 (12)
- 1l -«

and for B # 1

Gy = (1- a)(ll—_ﬁﬂ— Ba) + 17 Gy = 1-f— By, Py = @(%‘?—17 By = Bo. (13)

For a = 8 = 1 there is no transformations to Darboux coordinates of () within the
ansatz (@). An example of transformation that leads to Darboux coordinates in this case
is A\ =In|\,z=1In|y|.

Notice that the solutions (I2)) are one-parameter, parametrized by a;; similarly, the
solutions (I3]) are one-parameter, and parametrized by (2. Note also that the last equation
in (II]) means that not only the map (@) but also its inverse (I0) are in this case polynomial
maps.

In the special case that & = 8 = 0, (that is if the original variables (A, u) are already
canonical for 7) the transformation (@) given by (I2]) represents a one-parameter family
of canonical transformations

5\ — Adl ,Ual_l, /] _ )\1—5[1M2—541’ (14)
(parametrized by &;) with the inverse
= 5\2—&1/]1—651’ = 5\6&1—1/]651 . (15)

Applying Lemma[2] to two different sets of Darboux coordinates: ( A, /Z) and (5\, i), given
by ([I2]) with @jand &; respectively, we arrive at the following lemma.
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Lemma 3. Assume, that (\,[i) and (X, i) are two different sets of Darboux coordinates
for the same Poisson tensor ({j)) with ¢ = NP related to (\, ) by two different solutions
(12) given by &1 and by &, respectively. Then the map (N, i) — (X, i) is canonical and
takes the form

a1 —

N TS T (16)
A=t = N pren, a2=1+af:§2’ B # 1L (17)

The proof is again obtained by direct calculations. The inverse of ([I6]) is of the form

A= N = AT, (18)
while the inverse of (7)) is

x — X2_a2/._£1_a2, /_1/ — XC‘Q_I/]OQ.

3 From algebraic curves to Liouville integrable and separa-
ble Hamiltonian systems

3.1 Liouville integrability

Here we show how to construct n-dimensional Liouville integrable Hamiltonian systems
starting from a single n-parameter algebraic curve on a (A, u)-plane of the form

oA\ p,aq,...,ay) = 0. (19)

Taking n copies of ([I9]) with (A, 1) consecutively substituted by the pair of variables (\;, 1;)
we obtain the system of n equations

(;0()\2'7/’Li7al7"'7an) 207 1= 17"'7” (20)

that is assumed to be solvable with respect to the parameters aj (at least in some open
domain). In result, we obtain n functions (Hamiltonians) ay = hg (A, i) on 2n-dimensional
manifold M, parametrized by coordinates A = (A1, ..., A\p), po = (41, -y fin)-

In order to turn manifold M into Poisson manifold we take n copies of the Poisson
operator () on the plane and construct the Poisson tensor m on M as follows:

= 0 0
ﬂ:Zc(Ai,ui)ﬁ/\ o (21)
i—1 % %

so that its matrix representation is

1= < Onxn c(A, )

—eA ) Opn > ¢(A ) = diag(c(Ar, 1), s s ). (22)

Below we prove h; generated by (2.2) commute with respect to = given by (2II), which is
a natural generalization of the result with ¢ = 1 that can be found for example in [9].
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Theorem 4. Hamiltonian functions h; are in involution with respect to Poisson tensors

(1)
{hihj}e =0, d,j=1,..,n. (23)

Proof. The Hamiltonian functions h; (A, p) Poisson commute as a consequence of relations
[20). Indeed, differentiating equations (20) with respect to (X, p) coordinates we get

Doy Oy Oh, Doy Oy Oh,
O\ Z da, O\ 0, O Z Oa, am 0,

SO

Oh, . ra(pk a@k
N ZAS@AZ am Zl SOp;

where (A7) is a matrix being the inverse of the matrix (9dps/0a,). In consequence
Ohy, Ohg  Oh, Ohs
hyyhs
{ )= Z (3/\k Our O 5>\k> *

" " 00 0; " 0P 0P
= AT AS=IL A” AS=IL
z_:l Z “ONe Y O Z o N, |

k= 1,j=1 4,7=1
- Opi Do i Dp;
— AT AS J J
wz‘z:l ' Z <5>\k o O oxe) "
ij=1
where ¢, = e( Mg, pig)- |

In result, the system of n evolution equations on M
&, =mdh; =X;, i=1,..,n, (24)

where ¢ = (A, )7, is Liouville integrable.

3.2 Separability

Liouville integrable systems generated by algebraic curves (I9]) and the Poisson tensor (4))
with ¢ = 1 are separable in the sense of Hamilton-Jacobi theory, (A, u) are then their
separation coordinates and equations (20) are called separation relations. Indeed, the
Hamiltonian system (24]) is in this case linearized through a canonical transformation

A pn) — (B, @), (25)

generated by a generating function W (A, ), such that it satisfies all the Hamilton-Jacobi
equations h; = «; of the system. Then, the transformation (25]) is given implicitly by
ow ow

B’l = aa27 Nz = a—)\i7 1= ].7 ...7n. (26)
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In the variables (8, ) the n evolution equations (24)) linearize

oh; Oh;
B, = — =08ij, (), =—=+=0, 4,j=1,..n, (27)
J 80éj J J 85]
so that
ow
J

The existence of separation relations (20]) means that there always exists an additively
separable solution

WA a)=Y Wi, a), (29)
i=1

for the generating function W (A, ), where functions W;(\;, &) are solutions of the system
of n decoupled ordinary differential equations

dW;(Ai, .
©; ()\i, %,a) =0, i=1,..,n. (30)

In literature, Liouville integrable systems, linearizable according to Hamilton-Jacobi
theory by additively separable generating function (29]) are known as (generalized) Stéckel
systems. A particularly interesting case of such systems (a proper Stéckel system) is
generated by ¢ being of hyperelliptic type

o) = o(\) + ;:j M — S F ) =0, (31)

where o(A\) and f()\) are Laurent polynomials in A, 7, € N and are such that v > ... >
Yn = 0. Then,

1 o
hkziuAkGfuT—l-Vk( ), k=1,...,n (32)

and some additional geometric structure can be related with the dynamical systems (24]).
The Hamiltonians h; are considered as functions on the phase space M = T*(), where
A are local coordinates on a n-dimensional configuration space @ and p are the (fibre)
momentum coordinates, Gy is treated as a contravariant metric on (), defined by the first
Hamiltonian hy, Ay (A1 = I) are (1,1)- Killing tensors for the metric Gy (for any f) and

Vk(a) are respective potentials on (). The quadratic in momenta g Hamiltonians ([32) are
in involution with respect to the Poisson operator m = >_" | 6%2_ A 8%1-’ in accordance with
the general Theorem Ml in the subsection above. By construction, the variables (X, ) are
separation variables for all the Stickel Hamiltonians hy in (32).

If we further assume that v, = n — k then the Hamiltonians hj in ([B2]) become the

so-called Stéckel Hamiltonians of Benenti type [I 2, [5] and in this case

fA) f(>m)>
A A )

A =TT = M)

Gf = diag (
J#i
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Further, Aj are given by

0s 0s
Ay = (—1)Fdiag ( =2k 2k —1.....n.

They all are (1,1)-Killing tensors for all the metrics G¢. The function sy, is the elementary
o)

symmetric polynomial in A; of degree k. The potential functions Vk( are given by

Osy o
k+l k _
Vi = (— E 8)\ k=1,2,... (33)

and for o(\) = Y, a;\" take the form V, = Y, aiV,gi), where the so-called elementary
i)

separable potentials Vli can be explicitly constructed from the recursion formula [7]

Vi = gy©@ oy — (p@ oy 0 —(0,...0,-1)7, (34)
where
1
—q 1 0 0 00 0 -k
R= R T R L= (D (35)
0 0 1 0 .0
—gn 0 0 0 0 0 1 -~

4 Equivalence classes of algebraic curves

From results of Section 2] it follows that without loss of generality we can restrict our
construction to Poisson tensors for which coordinates (A, p) are canonical coordinates, i.e.
when ¢(A, p) = I, where I is n-dimensional identity matrix. It follows from the fact that
for fixed ¢(, p) we have the whole family of transformations

)\i - a()‘iaui)7 lal = b()\lnul)7 1= 17 ey 1y (36)

where (A, f1) are canonical coordinates for Poisson tensor (ZI)), i.e. they fulfil the condition
[®) for each pair (A, p;) of coordinates. Thus, each Liouville integrable Hamiltonian
system (24]), generated by an algebraic curve (I9]) and by the Poisson tensor (2I]) with a
given c¢(\, i), can in fact be generated by a whole family (equivalence class) of algebraic
curves @(\, i, by, ..., hp) = 0 and the corresponding Poisson tensors with ¢(), fi) = 1. Each
class represents thus the same dynamical system written in different Darboux coordinates,
related by appropriate canonical transformations.

Let us specify these considerations to the monomial case, following the case considered
in Section 2 Consider thus the 2n-dimensional Hamiltonian system (24]) generated by the
algebraic curve (I9) and by the Poisson tensor ([2I) with c(A;, u) = )\f‘uf , with fixed real
a and 8. Then, the transformation to its canonical (Darboux) coordinates on M and its
inverse are of the form (cf. (I4]) and (IH))

/_\i = /\?11‘?27 Hi = /\iﬁ_lluz'527 Ai = 5\1'52/27;_&27 = 5\ S a1 t=1,..,n, (37)
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where @1, s, B1, B2 are given either by (I2)) (for o # 1, parameterized by a1) or by (I3)
(for B # 1, parametrized by [2). As a result, our system can be equivalently obtained by
either one of the equivalent curves

o0 i, Bty oo Frn) = 0 (38)

expressed in coordinates (), i) parametrized by a; (in case a # 1) or by [ (in case
B #1). A canonical transformation and its inverse between coordinates (X, &) and (X, ft)
associated with two curves from the class ([B8]) parametrized by @; and by &; respectively,

is given by (cf. (I8) and (I8))

)‘ = 5‘ qu 17 lal = S‘g_alﬂ2_a17 )‘ - )‘2 051 1 0617 lal = 5‘?1_1/17;&17 = 17 ey Ty
(39)
where

o] — 0
a1:1—|—

1—a

Example 5. Let us consider dynamical system (27)), generated by the algebraic curve
(37) but in the more general case when the Poisson tensor () is given by the monomial
c(Apu) = X", m € Z (so that « = m and = 0) on the (A, u)-plane. Such system
has one-parameter family of canonical representations in new coordinates, induced by the
transformation

2—m—a

A= Apitm,  p= AT, G eR, (40)

with the inverse

)\ = )\ 1n'ma ﬂll:na’b, Iu = 5\(1-‘1—777,—1/1(1

(where we now denote a1by a). Notice that for the distinguished choice a = 1 we have
A=)\ =Xy (s0othat \=X p=N"[i) and the algebraic curve (3) in the new

variables (X, ) 1is still of hyperelliptic type

) + Z hp ATk =

where f(X) = f(MN)A?™, with the canonical Poisson tensor as c(\, i) = 1 and thus generates
a Stackel system with all Hamiltonians that are again quadratic in momenta

FOR?, (41)

N —

_ 1 o) <

hkzipTAkGf—nJrv,j YN, k=1,....n (42)
For the choice a =0

N=pmT, p=ATTuR, A =AFRpTe, = A (43)

so for the particular case m = 2

A=p, ﬂ:)‘_lv )\:,a_la p= A (44)
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we again obtained the hyperelliptic type curve, this time with interchanged roles of position
and momenta variables:

G(n) + Y hpi = %f(ﬂ)P,
k=1

where

op)=c@ ") g™, fR)=fEHE, w=n-—-m k=1,..,n (45)

and with the normalization 0 =51 < ... < p.

5 Stackel transform and reciprocal link

In this section we will assume that the algebraic curve defining Hamiltonian system de-
pends on a set of n+n, instead of just n, parameters. We show that solving this curve with
respect to either the first set of n parameters or the second set of n parameters leads to
two integrable systems that can be related by a Stéckel transform. We further show that
solutions of these two systems are related by a reciprocal (multi-time) transformation. We
further specify our results to Stéckel systems.

Consider thus a 2n-parameter algebraic curve

O s @1y eey Ay b1y oy b)) =0 (46)
and the corresponding separation relations
(70()‘1'7”%&17"'7an7b17"'7bn) :07 = 1,...,7’L. (47)

Solving these relations with respect to ay (we assume it is possible at least in some open
domain) we obtain n functions (Hamiltonians)

ag = hk(£7 b1, "'7bn)7 k=1,.,n, (48)

considered on a 2n-dimensional manifold M (parametrized by coordinates £ = (A, u)) and
depending on n parameters by, ..., b,. These Hamiltonians define n Hamiltonians systems
on M of the form

&i = 7Tdhl = XZ', 1= 1, ey T, (49)

where 7 is the canonical Poisson tensor of co-rank zero given by

"9 0
2% o

and where t1,. .., t, are respective evolution parameters. The system (47) (or equivalently
([“8)) is assumed to be also solvable (at least in some open domain) with respect to the
parameters by yielding

b = Bk(gvalv "'7an)7 k=1,..n, (50)
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i.e. new Hamiltonian functions hj; depending on n parameters ai,...,a,. The related
Hamiltonian systems take the form

& =mdh = X;, i=1,..,n, (51)

where 1, ..., t,, are respective evolution parameters.
Note that inserting the Hamiltonians hy into the separation curve (46]) yields the fol-
lowing identity with respect to all £ € M and all b,

WA, 1y B (E,b1, oo b)) ooy B (€, vy b ), b1, ey b)) = 0. (52)

Similarly, inserting the Hamiltonians Ay, into the separation curve (@8] yields the following
identity with respect to all £ € M and all ag,

O\, a1y ooy any h1 (€, a1, oy an), ooy hin (€501, .0y a0)) = 0. (53)

Definition 6. The n Stickel Hamiltonians hy and the n Stickel Hamiltonians hy are
called Stackel conjugate Hamiltonians and the procedure of mapping n Hamiltonians hy,
to n Hamiltonians hy, is called Stackel transform.

Below we remind a theorem explaining the mutual geometric relations between the
Stéckel conjugate Hamiltonians.

Theorem 7. [8] For a given 2n-tuple (a,b) = (a1, ...,an,b1,...,by) of real constants, on
the n-dimensional submanifold

Ma,b = {g € M: @(Aknuk’ay b) = 07 k= 17 7”} (54)

the following relations hold

Oh;

dh = Adh, X =AX, Aijz—a—b,
J

ij=1,...,n, (55)

where dh = (dhy, ..., dh,)T, dh = (dhy,...,dh,)T, X = (X1, ... Xo)T, X = (X1,..., X0)T.
Note that M, can equivalently be defined as

Ma,b = {f eM: hk(f, b1, ,bn) =ay, k= 1,...,n}
= {f eEM: Bk(f,al,...,an) =bg, k=1, ,n}

and that through each point of M there pass infinitely many manifolds M, ;. In fact,
fixing all the parameters b, in M,; and letting a; vary we obtain a particular foliation
of M and, likewise, fixing all the parameters aj in M,; and letting b, vary we obtain
another particular foliation of M. Note also that each of the manifolds M, is invariant
with respect to all n systems ([{9]) and all n systems (BIl) which also means that all the
vector fields X; and all the vector fields X; are tangent to each manifold M, . Note that
no relation exists between the vector fields X and X on the whole manifold M. Let us
also remark that the transformations (B5) on M, can be inverted, yielding
T —1 - —1 . -1 ahz ..
dh = A= dh, X =A""X, with (A )ij:_aa-’ ,j=1,...,n. (56)
J
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The second relation in (B3]) can be reformulated in the dual language, that of the reciprocal
multi-time transformations. The reciprocal transformation

t_i :t_i(tla”'7tn7§0)7 i = 17"‘7n7
given on M, , by
di = ATdt, (57)

where dt = (dty,...,dt,) and dt = (dty,...,dt,), transforms the n-parameter solutions
E(t1,y .y tn, &o) of the system (9] (where &y is the initial condition) to the n-parameter
solutions &(f1, ..., tn, &) of the system (5I)). Transformation (57)) is well defined as its r.h.s
is an exact differential.

Definition 8. The transformation (57) between dynamical systems ([{9) and (21) on My
is called a n-parameter reciprocal transform.

In the remaining part of this section, we will restrict ourselves to the case of curves
(6)) that are affine in all the parameters a; and b;. In this case the relations (48]) take the
form

ar, = hi(€,b1,...,bp) = Hy, + ZH;ij)ij k=1,..,n, (58)
j=1

while the relations (B0 attain the form

bk:ﬁk(ﬁ,al,...,an) :Hk—l-zglgj)aj, k=1,..,n. (59)
j=1

The Stéckel transform between the Hamiltonians hj, and hy, takes the explicit matrix form

h=AH—b)or h=A"YH — a), (60)

where h = (hi,....,h,)T, b = (by,....,00)", H = (Hy,...., H))T, b = (hy,...,hy)T, a =
(a1, ...,an)T and A;; = —% = —HZ-(]). Note that after setting all the a; and b; equal to

zero we obtain the following matrix formula relating Hamiltonians Hj, and Hj,
H = AH, (61)

where H = (Hy, ..., H,)", valid on the whole M. Formula (BI]) is the parameter-independent
part of the Stéckel transform between h; and hy.

Consider now a specification of the above affine case when the separation curve (46])
attains the following hyperelliptic-type form

a(A) + D bNT ) apA T = 5 FNp?, (62)
j=1 k=1

where o(\) and f(A) are Laurent polynomials in A\, 41 > ... > =, are natural numbers.
Solving the corresponding separation relations with respect to ai yields the separable
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systems belonging to the Benenti subclass of Stédckel systems. Explicitly, we obtain n
quadratic in momenta Stéckel Hamiltonians

n n

_ () _ 1 7 (o) (7)) _

hy, _Hk+ijVkJ = Su AGru+ V. +ijka . k=1,....n. (63
j=1 7=1

The structure and geometric meaning of the Hamiltonians hj is as those described in

subsection [3.21

Performing the Stéickel transform on the set of n Hamiltonians (63)) we obtain the set
of n Hamiltonians h; of the form

— — n —(n—1 1 T~ c (o = H(n—J
hi, = Hy + E ajVIE j)zi,uTAkGf,u+Vk( )—I- E ajv,g ]), k=1,...,n, (64)
J=1 J=1

(where G 7 s defined by H, with A; =1 ) generated by the separation curve
n . no 1
o(\) + z; aj\"" + ; B Xk = FN 2. (65)
‘]_ =

The Hamiltonians hj define the Hamiltonian evolution equations (5I). Then, on n-
dimensional submanifold (54]) the relations (55]) hold with

Ohy,

9 ()
o, Uk (66)

Apj =
and the relations (56 hold with

— al_lk = (n—3j)
Ay =——==-V""7.
( )kj aaj k
Remark 9. From the above considerations it follows that systems generated by algebraic

curves ([6A) can always be transformed, by an appropriate reciprocal transformation, to
systems from Benenti class, generated by algebraic curves (63).

The Stéckel systems generated by curves of the type (G5)) have been thoroughly studied
in [4].

Example 10. Consider the algebraic curve (63) of the form
1
A2+ ai A+ by +ag = §Au2 + A% (67)

Solving the corresponding separation relations with respect to ap we obtain Hamiltonians
hi and hy as in (38). In Viéte coordinates (q,p), associated with separable coordinates
(X, ) through the point transformation

g1 = —A1 — Az, g2 = A2,

1 1
p1 = A (Mg — Aop2), p2 = . (1 — p2),
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the Hamiltonians hy attain the form

1 1
hn = opt = 5aps — i + 200 + b,
ho — — 1 2 2 2 hiao—b
2 = —q2p1p2 2<]1Q2p2 4192 + g5 + 0192 — 02.
Passing to flat coordinates [Jl] (x,y) defined through the point transformation
1 2
Q=71 Q= —ng, P1=—Y1, P2 = ——"Y2, (68)
T2
we obtain hy in the form
1 1 1
hy = §y% + 593 +zi + §$1$§ — bz, (69)
1 1 1 1 1
hg = §x2y1y2 — §x1y§ + Zx%x% + 1—61'3 — Zblx% — bg.

Note that for by = bs = 0 the Hamiltonians hy and ho represent one of the integrable
cases of Hénon-Heiles systems [12]. The matriz A in (60) and its inverse attain in the
(x,y)-variables the form

0 L 0
A:<m1 ) A‘1:< o >
%‘T% 1 —4;‘1‘T% 1

Solving the separation relations corresponding to (07) with respect to by, yields the Hamil-
tonians hi, he that in the flat coordinates (68) attain the form

2 2 2

- x 1 1z 1 1 1 =
ho = ——2 42 T 22,2, _ 4, = 2 .
2 1y1 +< x1 Yy + 2:132y1y2 16:132+ 4a1x1 a9

The Hamiltonians hi, he and the Hamiltonians hi, ho are Stackel conjugate. Note that the
variables (68) are only conformally flat for the Hamiltonians hy, ha. The manifolds M,
are given by

Map = {(z,y) - ha(x,y,b1,b2) = a1, ha(x,y,b1,b2) = as}
or by
Moy ={(z,y) : hi(z,y,a1,a2) = b1, ho(z,y,a1,a2) =bo}

and one can verify by a direct computation that on Mgy we have X = AX as well as X =
A7'X. The corresponding reciprocal transformation (57) between the evolution parameters
takes the form

_ 1 _
dt; = x1dt] + Z:E%dtQ, dty = dto.

Stéckel transform was first described by J. Hietarinta et al in [I3] (where it was called
the coupling-constant metamorphosis) and in [I0]. In this early approach this transform
was only one-parameter. In its most general form Stéckel transform has been introduced
in [I5] and then intensively studied in [, 9].
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6 Miura maps

In this section we investigate yet another possibility of generating integrable and separable
Hamiltonian systems from algebraic curves. We will consider algebraic curves depending
on n + N parameters having a certain block-type structure. These curves generate inte-
grable and separable Hamiltonian systems that can be connected by a finite-dimensional
analogue of Miura maps, known from soliton theory (Theorem [II] see also its proof in the
Appendix). These finite-dimensional Miura maps yield in turn multi-Hamiltonian formu-
lation of the obtained integrable systems (Theorem [I2)). Results of this section generalize
the results for the one-block case, obtained earlier in [14] as well as the results obtained
in [6].
Consider thus the (n + N)-parameter algebraic curve

O\ s @1y ooy Gy €1y ey oN) = 0, (70)
with 1 < N < mn, in the following form

gpo()\,u)—kzcpk()\,u)qbk()\,agk),...,agl?,cgk),...,cgk)):O, ni+..+n, =n, am=N,
k=1

where 1 < a < min(ny) and where

ng
wk(/\’ agk) a(k) Cgk), . C((xk)) — C((xk)/\nk—l—i-a 4.+ Cgk))\nk + Z agk))\nk—i (72)

y ooy Ayl
1=1

with the normalization ¢,,(\, u) = 1. The curve (7)) consists thus of m blocks of Benenti
(k)

type. Solving the related separation relations with respect to a; ~ we obtain n Hamiltonian

functions

agk) = hz(k)(f,cgl), ..-7C(m))7 1= 17 sy Ny k= 17 ey T (73)

«

on a 2n-dimensional open submanifold M C R?" parametrized by & = (A, ). Assume now
that ¢ = (cgl), e ,c((ll), e ,cgm), e ,c((lm)> are additional coordinates on the (2n + N)-

dimensional open submanifold M C R?*"*%™ parametrized by (X, u, ¢). The Hamiltonians
h

by

in (73) generate n dynamical Hamiltonian systems (a Stéckel system) on M, given

o = Wodhl(-k)(A, psc) = XZ-(k), i1=1,.,n,, k=1,...,m, (74)

where £ € M, 7 is the canonical Poisson tensor

"9 0
FO_;a)\i/\aﬂi

of co-rank am = N on M and cgl), v c&m) are its Casimir functions.
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The goal of this section is to construct a Miura map between the Stéckel system (74]),
generated by the curve (71)), (72), and the Stéckel system

§o = 7dh (X, i, €) = XZ.(k), i=1,.,ng k=1, ..m, (75)
where
0 0
T=> 10— A — 76
™ Zz:l 6)\@ 8/17,’ ( )

generated by the curve

(100(5‘7 5\8/])5‘_8 + Z (pk(j‘v ﬂj‘s)qbk(j\a }_lgk)7 [ }_lgzi)7égk)a [aS) 5&“) = 07 (77)
k=1

with nq1 + ... + n,, = n, - m = N, where

O I L GOl (78)
ng
=g xmrams=l oy g®) Jme 3T R m p d®X P,
i=1
s is an integer such that 1 < s < o and where the coordinates (X, i, €) = (\;, fis, Egl), . ,58),
el Egm), e ,E&m))izl,m,n on M are some functions of coordinates (A, i, c).
Consider the following map in R?:
A=) =\ "*pu (79)

This map transforms (algebraically) the curve (1) into the curve (7)), provided that for
allk=1,....m

¢ : np—itlr E= L8
EZ(.IQ):CZ(.]C)7 z’:s—i—l,...,a (80)
Egk):cgk:—)z-}-l? iZl,...,S
p{k) = k) i=s+1,...,n,
The relations (80) can be inverted to
Cgk):_z(.k)’ ’L':S—Fl,...,()é
(k) _ 7(k) L
Cik_lzszi"'l’ 1=1,...,s (81)
hﬁ’:hﬁ%, i=1,...,np —s
hz(k)zéqu—i—l-l’ t=nEg—s+1,...,ng.
The maps ([9) and (80) induce the following Miura maps 9t : M — M
5\22)\27 i:1,...,n
ﬂz:)\:sﬂu izlu"'an
_(k k , 82
Cz(' ):hgk)—i—l-l()‘nu'vc)? z:l,...,s ( )

Egk):cgk), 1=s+1,...,¢q,



]OCI’] m p[ Algebraic curves and separable multi-Hamiltonian systems 17

with the inverse 9t~ : M — M

)\’izé\’ia z':l,...,n

i = A g, i=1,...,n

k 7 (k 3 = = . 83
RO, B, i=1s )
Cz(k):(_jzk)’ ’L':S—Fl,...,()é

Let us now present the main theorem of this section.

Theorem 11. For any s € {1,...,a} the n Hamiltonian vector fields X in (74)) and the

n Hamiltonian vector fields XZ-( ) in (79) pairwise coincide, provided that the coordinates
(X, 1, €) and (A, py€) are connected by the Miura map (82):

X®P=xX® =1 ng k=1,....m.

The proof of this theorem can be found in Appendix. This theorem means that all the
Stéckel systems (70)), generated by the curves (7)) (one for each value of s between 1 and «),
represent on the extended phase space M the same Stéckel system as the Stéckel system
([74)), (the one generated by the curve ([71])), written in different coordinates, connected by
the corresponding invertible Miura maps (82]). We can thus call the Stéckel system (75]) an
s-representation of the Stéckel system (74]), with s =0, ..., «a (where s = O-representation
means simply the original Stéckel system (74)). Since all the Miura maps (82)) are invertible
it also means that there exists direct Miura maps (appropriate compositions of (82 and
([B3)) between different s-representations of our Stéckel system, see [14].

An important consequence of the above construction is the following theorem, that
generalizes the corresponding one-block theorem from [14].

Theorem 12. The Stickel system (74)) is (o + 1)-Hamiltonian, i.e. for all s =0,...,«
(and for allk=1,...,m)

Xl(k) = Fodhgk) = Wsd(k)cs i+1, 7= 1, ... 8, (84)
X® = rodb® = 7o dh™ | i=s+1,...n
where
N ) , 0 _
WS_ZAla—AAM +ZZX I s=0,..,a. (85)
=1 k=1j=1 s—j+1

Thus, the matrix representation of 75 in the variables (A, u, €) is given by the following
(n 4+ am) x (n 4+ am) matrix:

a—s a—s

0 AS N m m)
o) = | _pe oo X x) 00 x™ o xi™ 0.0 (s6)
*
where A = diag(A1,...,\n), Xi(k) denote here the columns consisting of components of

the vector field Xi(k) in the coordinates (A, p, ¢) and where * denotes transpositions of the
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corresponding Xi(k). The proof of this theorem is obtained by a direct computation of the
Poisson operator m = Z?:laxi A Op,, for each and every case s = 1,...,a, in the variables
(A, py ) associated with the s = 0 representation (for the proof of the one-block version
of this theorem, see [14]).

Using the notation

W =M for j=0,-1,...,—a+1,

we can write the formulas (84]) in the more compact form

x® =z

1—S)

s=0,...,a. (87)

Using this notation, we can formulate the following corollary.

Corollary 13. The multi-Hamiltonian representations (87) generate, for each

ke{l,...,m}, (O‘;rl) bi- Hamiltonian chains
mdh®) =0
”idh(—l?H = ny) = Wjdh(—k]?-i-l
mdh®) = X" =man™), (88)
k ok k
ridh®, = x® = man®),
0= 7Tjdhgcy?+nk+1

for0<i<j<a.

There are two limit cases of the above construction. The first one is the case when
m = n (so that all blocks have length one: ny =1 for all k = 1,...,m). Then, the vector

fields XZ.(k) in (74) on M are only bi-Hamiltonian, forming n one-field chains

Wodcgk) =0
modh{®) = x® = 1@ |, k=1,..n,
0 =mdn
where
- ) =, 0 ) o 0
Wo—;a)\l/\am, m ;)\za)\ Aauz -I-Z 1A §’f>

This particular situation was considered in [6]. The opposite limit case takes place when
m =1 (i.e. when there is only one block in the curve (71])). Then, the considered Stéckel
system is (n + 1)-Hamiltonian

Xi:ﬁsdhi_s, SZO,...,’I’L,
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with

WO:Z;&?\Z-AO Z)‘fﬁAam*ZX/\ 0 ., s=0,..n

= Ocs— —j+1

(and with the notation Xl.(l) = X;, i = 1,...,n). In this case there is in total (NH) bi-
Hamiltonian chains of the form (88]), where 1 < N < n. This situation was considered in
[14].

Example 14. Consider the special case of curve ([67) from Ezample with by = by =0
but in the space extended by the coordinates ¢y and co:

1
X3+ N+ i+ hy = §Au2 + A% (89)

This curve has a form of (71))-(73) with n =2,m =1 (so it is a one-block case),a =2 (so
that N =2), ¢g = —%)\/ﬂ — X4, @1 = 1. The Miura map (83) for s =1 attains the form

M=A, Aa=Xo, =Mt A=A lue, & =ho(\pie), & =c

and it transforms the Stdckel system generated by the curve (89) to the Stdckel system
generated by the curve

o _ 1. _
A"+ A+ by + e AT = SN+ AR (90)
Further, for s = 2 the Miura map (83) attains the form

Mo=A1L A= Ao, = AT, iz = Ay 2ue, @ = ha(\ pe), G = hi(\p,c)

(in this example we have to distinguish between the two set of “bar” variables, one for
s =1 and for s = 2 so in the latter case we use the variables ()\,[Z, E)) and it transforms

the Stdckel system generated by the curve ([89) to the Stdckel system generated by the curve
- o~ ~ ~ 1~ ~
M+ ho+ A T+ 2= §A3ﬁ2 + . (91)

All these three Stdickel systems are three different s-representations (with s = 0,1 and 2)
of the same three-Hamiltonian Stdckel system, with its three Poisson tensors (88) having
in the (A, p, c)-variables the form

0 I
WO(A7 s C) = -1 0 00 )
*
0 A
(A, p, €) = —-A 0 X110 ,
*
0 A2
7T2()‘7 K, C) = _A2 0 X2 K ’
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where I = diag(1,1), A = diag(A1,A2). Let us write these objects explicitly in the flat
coordinates (68). The two Stdickel Hamiltonians hy and he have in these coordinates the
form

1 1 1 1
hi = —yi + —y3 + 75 + s2175 — ¢ <x% + —x%) -y,

2 2 2 4
1 1 1 1 1
hy = 5T2Y1Y2 — §x1y§ + 195%33% + 1_696% - 10233135% - chl’%

while the matrix representations of the Poisson operators my, w1 and wo attain the explicit
form

0 I
00
71-O(may7 C) = -1 0 )
*
0 0 1 %xg
0 0 5 0
1 22 X1 0
ﬂl(J},y,C) = —T1 —357%2 0 392 )
—%IEQ 0 —%yg 0
*
0 0 23+ 12 Loy
0 0 5T1Ty T3 X2 Xy
7'('2(113, Y, C) = _‘T%l - %‘T% _%‘1%1:52 10 %551?42 )
—5T1T2 — %3 —5%1Y2 0
*

where the components of the vector fields X1 and Xo are given by

1 1 T
X1 = <y1,y2, —3a7 — 595% + 2cox1 + €1, —T172 + 502352,0, 0) ,

1 1 1 1 1
Xo = <—x2y2, ZT2Y1 — 21Y2, —y% - —l'lxg + —02117%7

2 2 2 2 4
1 1 1 1 1 T
—5Y1Y2 — 535%962 — gmg + 5C2T1T2 + 5011’270, 0) ,

while the corresponding bi-Hamiltonian chains are

7T0d61 =0 7T0d61 =0 7T1d62 =0

7T()dh1 :Xl :Fldcl 7T0dh1 :Xl :7T2d62 7T1d61 :Xl :7T2d02

Foth = X2 = 7T1dh1 7T0dh2 = X2 = 7T2d61 7T1dh1 = X2 = 7T2d61
0 = mdhs 0 = madhy 0 = madhy

Example 15. Consider now another specification of the curve (67) from Example[I0, this
time with a1 = as = 0 and in the space extended by the coordinates M and @ . More

specifically, we consider the curve

X (a4 ) + o nld = %A,ﬁ + AL
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This curve has the form of (71))-(73) with n = 2, m = 2. Thus, it is a two-block case, with
ngp=ny=1, a=1 (sothat N =2), o9 = —%)\/ﬂ — A o1 =1 and g3 = A2, To simplify
the notation, let us denote hy = h§2),h2 = hgl), c = 032)7 Cco = cgl) so that the curve is

A (1A + hy) + oA + hy = %Au2+A4. (92)
The Miura map (83) for s =1 attains the form

M=, Aa=Xo, fin=A"p1, fia =M e, ¢ =hi(\ ), G = ha(\ p,c)
and it transforms the Stdckel system generated by the curve [92) to the Stdckel system
generated by the curve

e _ _ _ 1- _
A (@A) 4 ha+ A7 = SAT 4 A (93)

Both Stdckel systems are two different s-representations (with s = 0,1) of the same bi-
Hamiltonian Stackel system. Two Poisson tensors (86) have in the (X, u, ¢)-variables the
form

ﬂo(lE,y,C) = -1 0 00 )
*
0 A
1 (A7l~l/7 C) = -A 0 Xl X2 ’

*

where X; denote here the components of the vector fields mydh;. Let us write down these
objects explicitly in the conformally flat coordinates (68). The Stickel Hamiltonians hy

and hs are

1 1 x2 co
hy — — L9 2, L 2 Ty )
1 Z/1+2x1y2 +$1+25E2 c1 $1+4x1 o
x 1 122 1 1 1 22 1 232
hg=—=2yi+(—zo1— -2 )93+ - — —xat —c1 -2+ -2,
2 Y1 1 - Ya B 2Y1Y2 16727 16 1:171 1 2371

while the matriz representations of the Poisson operators my and w1 attain the explicit
form

0 I
ﬂo(iﬁ,y,C): -1 0 00 )
*
0 0 T %ZEQ
0 0 iz o
X1 X
ﬂ-l(mvy7c) = —I1 _%$2 0 %y2 ! 2 )
—322 0 —%92 0
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1 1 1 3 1 x

2 2 3 2 2

- = - - - - = - - — _7070 .
1(y1 +y2) 2y1y2+ 1952 ]Cl . 262 . )

The two corresponding bi-Hamiltonian chains are

7T()d02 =0 7T()dcl =0
Foth = X2 = 7T1d62 s Fodhl = X1 = 7T1d61
0 =mdhy 0 =mdhy.
Appendix

We prove here Theorem [IIl Let us fix £ € {1,...,m} and then r € {1,...,n;}. We
want to show that the vector fields Xr(k) and X,(k) on M coincide. Obviously, X}(k) =
_atk) & (an® 9 o o
7Tdhr - Z < Ol O\; B oX; Of;

). Let us write this vector field in the coordinates

i=1
(N s, cgl), . ,c((xl), . ,c&m), . ,c&m))i:17___7n connected with the coordinates
(Nifis, Egl) ... 75((11)7 .. ,Egm), . ,E&m))izl,m,n through the Miura map (83]). Components of
X,(k) in the non-bar coordinates will be given by
Rtk
Of
J| _a® |, (A1)
oA
Onx1

where

o (or® AP\ aR®  (or®  aR®\T
T o o

op  \ om1 7 Ofiy o\

and where J is the Jacobian of the map (83]), given explicitly by

ITL OTLXTL

O2nx N
sASTIU A
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with A =diag(A1, ..., \,), U =diag(fiy, . .., fin), and with B;, I = 1,...,m being the o x 2n
matrix given by
.8 on; i=1...s
Bl = j=1,..n ji=1l,..m
O(Q—S)Xn O(a—s)xn

while % represent some N x N matrix. Thus, (AJ]) has the form

ontH
op
Rtk B 7 (k) 7 (k)
i sA® 1Uag/g A 6}8‘3\
J _M = VAL
o\
0N><1
Zm,
where
{ARP}
Zy = : = Oax1,
() 7(k)
{01},
0(a—s)><1
since all the Hamiltonians A" mutually Poisson commute with respect to 7. So, (A1) is
given by
on®) onY
J gg(.k) — s—1 87;(’!)1 Saﬁ(“
o5 sAPT U S — A5
Onx1 Onx1
Therefore, Xﬁk) = Xﬁk) provided that
87 :ah 7p:17"'7n (A.2)
Ofip Oy
and provided that
_ aﬁ(k) _ 8B(k) 8h(k)
Mg, - M = =1,...,n.
S D Mp aﬂp D a)\p 8Ap I p 9 7n

Using (A.2) and the fact that A\, = Ay, fi, = A; " s, this last condition is equivalent to

antk)
Oy

Rtk ank)
— = \_°

A_S_l
o, P an, T

p=1,...,n. (A.3)



24 ]ocn m p[ M Btaszak and K Marciniak

We will now prove first (A.2]) and then (A.3]). The separation relations following from the
curve (71 yield the following n identities on M C R?"+om,

m

(100()\271u2) + Z@k()‘zaul)wk()‘l7hgk)7 . 7h£LIZ)7 (k )7 7c((;uk)) = 07 1= 17 BRI (2 (A4)
k=1

where now
ng b

N
O Y B B R I VI Y P VL B 0. W)
7j=1

Differentiating each of these identities with respect to y, yields (no summation over i) we

obtain
Nk (k)
9002()\2,,UZ zp+z<;0]g2 iy M ¢k zp+z(70k iy M Z 8,& nk J_O, i:1,...,n.
k=1 P
(A.6)
Let us note, for later purposes, that for ¢ # p the above identities attain the form
> e i Z 6 AT =0, 0. (A7)
k=1

Analogously, the separation relations following from the curve (77)) yield the following n
identities on M:

2o, MDA+ on(Ny mx) e, B, h® R Py =0, i=1,...,n, (A8)
k=1

where now

T/Jk(j‘za }_lgk)v (AR h( ) Egk)v AR Egzk)) :Egzk)j‘?k-i_a_s_l + tt + Egl—fi-)lj‘?k

ng ?

ng
+ 3R e dPN (A9)
j=1

Differentiating each of these identities with respect to fi, yields (again, no summation over
i)
(k)

002N N )0ip+ Y Doy MDA (7 )6ip+ Y r(Ni, A Z 8* —\
k=1 k=1 j=1

0,

(A.10)

i=1,...,n, where ¢;(.7.) is the short-hand notation for (A.9)). A simple identification
through (IE:I) shows that 1 (...) in (A5 and ¥ (.~.) in (A9) coincide as functions on M.
Thus, the Miura map (83]) maps the identities (A.10) exactly onto the corresponding (i.e.
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with the same 7) identities (AL6). That means that 7. and 677) satisfy the same set

of n linear equations, with the same non-degenerated system matrix, and thus they must
pairwise coincide. Thus, (A.2]) is proven.

Let us now prove (A.3). Differentiating all the identities (A.4]) with respect to A, we
obtain, for i = p

90/0,1()‘177 tp) + Z (10;6,1()‘137 1p) ¥k (Aps - - )

k=1
m (o] Nk
. k) ni ] — . ng—j— k
+Z¢k()\p7up) Z("k . 1)c§ ))\pk+] 2 +Z("’f — )N 1h§ )
k=1 j=1 Jj=1
v gpth)
_i_Z)\Zk_Jﬁ =0 (A.11)
j=1 P

and for ¢ # p

(k)

Emz Zﬂul Z)\nk J

k=1

(A.12)

Analogously, multiplying all the identities (A.8) by A{ and differentiating with respect to
Ap we obtain, for i =p

906,1(5‘1), ,ap;‘;)) + 906,2()‘1), ,up slup ' Z ‘Pk 1( Aps Np ¢k( o) (A.13)

3 Gha g A sTip A (N, .72

k=1
+ Zg@k(ﬂp,ﬂpﬂg) Z ng+j—1) (k))\"”] 24 Z (j—1 E(k)j\l;_z

=1 : j 1

ng+s—j—17p ng+s— —
+an+8—]))\k i= h; +Z)\k ]8)\ =0
Jj=1 J=1
and for ¢ # p

m h(k)
> or(Ni, A ZA”’““ = (A.14)
k=1 Ap

It is immediate to see that the Miura map (83]) transforms all the relations (A14]) to the
corresponding (i.e. with the same 7) relations (A.I2). Further, careful comparison of all

terms in (AIT]) and (A13) using (A7) shows that the Miura map (83)) transforms (A13])
onto (A1) if and only if the condition ([A.3]) holds. Thus, (A.3)) is proved.
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