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Abstract

In this paper we develop a bilinearisation-reduction approach to derive solutions to
the classical and nonlocal nonlinear Schrédinger (NLS) equations with nonzero back-
grounds. We start from the second order Ablowitz-Kaup-Newell-Segur coupled equa-
tions as an unreduced system. With a pair of solutions (qg,r9) we bilinearize the
unreduced system and obtain solutions in terms of quasi double Wronskians. Then we
implement reductions by introducing constraints on the column vectors of the Wron-
skians and finally obtain solutions to the reduced equations, including the classical
NLS equation and the nonlocal NLS equations with reverse-space, reverse-time and
reverse-space-time, respectively. With a set of plane wave solution (gg,7) as a back-
ground solution, we present explicit formulae for these column vectors. As examples,
we analyze and illustrate solutions to the focusing NLS equation and the reverse-
space nonlocal NLS equation. In particular, we present formulae for the rouge waves
of arbitrary order for the focusing NLS equation.

1 Introduction

It is common knowledge that the nonlinear Schrédinger-type equations admit carrier waves
and solitons, and that breathers and other solutions (e.g. rogue waves) are the modulations
of carrier waves. Meanwhile, many (1+1)-dimensional soliton equations admit solitons
with either zero or nonzero asymptotic behaviours as |z| — co. As for the one of the most
popular nonlinear integrable models, the focusing nonlinear Schréodinger (NLS) equation,

iQt = Qgz + 2|Q|2Qa (1)

where i is the imaginary unit, |¢|?> = ¢¢* and ¢* stands for the complex conjugate of ¢, early
investigations of the solutions of this equation with nonzero boundary conditions were due
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to Kuznetsov [40], Kawata and Inoue [38] 39] and Ma [47]. They solved the NLS equation
(1) with nonzero boundary conditions, i.e., |¢(z,t)| — const. as * — £o00, by means of
the inverse scattering transform. Faddeev and Takhtajan have also done important work
in this area (see for instance the monograph Ref.[25] and references therein). Besides, the
NLS equation with different asymmetric nonzero boundary conditions has been studied in
[20, 37, 4], 21], 59]. The defocusing NLS equation,

iqt + quz — 2|q?q =0, (2)

has dark solitons with nonzero boundary condition (|g| goes to a positive constant as
|x| = 00). Zakharov and Shabat are pioneers who studied the two NLS equations using
tools of integrability [67, 68]. Hirota derived bright soliton solution for the equation
and dark soliton solution for by using bilinear method, respectively in [34] and [36].
For more references about the integrability of NLS equations one can refer to [§] and the
references therein.

From the point of view of the Darboux transformation, for any seed solution ¢ of the
NLS equation (1)) (i.e. go satisfies ), the envelope of the solution g generated from the
Darboux transformation has a form (see equation (4.3.10) in [48])

lal* = laol* + 07 In £. (3)

In this context, when g9 # 0, we say the resulting solution ¢ is a solution with a nonzero
background ¢y. Various methods for the systematic construction of solutions of equation
(1) with a plane wave background gy = /ae 2 have been established, where « is a
positive constant. One can replace ¢ with ge=2" in equation (J), which leads it to the
form

Iqt = Quz + 2(‘Q|2 - a)q‘ (4)

Mathematically, this implies, compared with , that the envelope |g| gains a positive
lift \/a such that |¢] — /o as |z|] — oco. However, the plane wave background does
bring interesting behavior of |g| more than that. The simplest solution (corresponding
to one-soliton) of the equation is a breather [39, 40l [47], not the usual soliton. In
a special limit the breather yields a localized rational solution [52], which is nowadays
used to describe a rogue wave. The rational solution was also derived by Matveev and
Salle via the Darboux transformation (see §4.3 in [48], where the rogue wave is called
“exulton” solution). The second order rational solution of equation was derived in
1985 in [10], using a similar way as in [52]. The rational solution of arbitrary order of
the NLS equation was first constructed in 1986 in [24], where explicit formula of the
solution was presented in an elegant way and nonsingular property of the solution was
proved as well (see also [23] for an alternative proof). “Rogue waves” is the name given
by oceanographers to isolated large amplitude waves, which occur more frequently than
expected for normal, Gaussian distributed, statistical events (cf.[51]). After rogue waves
was observed in optic experiment in 2007 [57], it started to draw new attention and the
research on rogue waves has become a hot topic. One can refer to the review [51] for more
references. Mathematically, higher order rational solutions of the NLS equation can
be obtained using the Darboux transformation via a special limit procedure [29] [32], from
a bilinear approach using reduction of the Kadomtsev-Petviashvili 7 functions [50], and



]OCI’] m p[ The nonlinear Schrodinger equation with nonzero backgrounds 25

from inverse scattering transform [I3]. There are also some research of the NLS equation
on the elliptic function background, e.g. [17, 26].

In this paper, we will derive solutions with a plane wave background for the NLS equa-
tion and and their nonlocal versions by using bilinear method but in a completely
different way from [50].

Our idea is to solve the second order Ablowitz-Kaup-Newell-Segur (AKNS) coupled
equations

1t =qua — 2q27‘a (5a)
ity = — Tgp + 212%q (5b)

as an unreduced system, which, for instance, yields the NLS equation via reduction
r = —¢*. We can bilinearize this unreduced system and present solutions of the bilinear
equations in terms of double Wronskians. Then, we impose constraints on the column
vectors of the double Wronskians so that the desired reduction holds and thus we get
solutions to the reduced equation. Such an idea was first proposed in [I8, [19] for obtaining
solutions for the nonlocal integrable equations. Nonlocal integrable systems were first
systematically proposed by Ablowitz and Musslimani in 2013 [5] and have drawn intensive
attention (e.g.[72} [, 63] 65, [7, [45], [15] 4, 53] 30} 46, 54, [55]). The bilinearisation-reduction
approach has proved effective in deriving solutions not only to the nonlocal systems but
also to the classical equations (e.g. [22],[42] [43], [44], [56], [60} [61]). In this paper, we introduce
transformation

g h

q qo—l-f, r r0+f (6)
for the unreduced system (f)). Here (go,70) are an arbitrary set of solution of (5). It will
be seen that for the NLS equation , lgo| does act as a background of the envelope |q|,
see equation (4.3.10) in [48] and equation in this paper). In this context we also call
(go,70) a set of background solution of the system . We will employ @ to bilinearize
the unreduced system and present (quasi) double Wronskian solutions to the bilinear
equations. Then we will implement reduction technique to obtain solutions to the reduced
equations listed in @-.

The paper is organized as follows. In Sec[2] we recall the classical and nonlocal reduc-
tions of the unreduced AKNS system . In Sec we derive the bilinear form of with
a set of background solution (go,ro) and derive (quasi) double Wronskian solutions to the
bilinear equations. In Sec[d] the reduction technique is implemented and explicit form of
solutions with plane wave background solutions are obtained for the reduced equations.
Then in Seclh| we investigate dynamics of some obtained solutions for the classical NLS
equation and the nonlocal NLS equations with nonzero backgrounds. Finally, Sec[f] serves
for presenting conclusions.

2 The second order AKNS system and its reductions

The second order coupled AKNS equations (f]), where ¢ = ¢(z,t) and r = r(z,t) are
functions of (x,t) € R?, has been studied as a classical coupled system in past decades.
Recently it was found that this system is related to the cubic nonlinear Klein-Gordon
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equation, see [7]. Its Lax pairs consist of the well known AKNS (or Zakharov-Shabat
(ZS)-AKNS) spectral problem [67) 2] 3],

(v ), =) = (0 5), "

and the corresponding time evolution part

AK:: _ ) (2N —qr 2X\q+ g
Z(\Ii>t_N<\IJ>’ N_<2)\r—rx —2X2 4 qr )’ (8)
in which A is spectral parameter, Ay = 0, ® and ¥ are wave functions.
In the following we list possible one-component equations reduced from equation .

These equations will be considered in this paper. KEquation admits the following
reductions (see [6] and reference therein)

iQ = Gue — 20¢°¢", T =10q", (9)

i = Quw — 204°¢" (—), T =0q"(—x), (10)
iq = quw — 20q°q(—t), v =dq(—t), (11)

iqr = Qez — 26¢°q(—x,—t), T =6q(—x,—1), (12)

where § = +1, ¢(—x) = ¢(—=z,t), q¢(—t) = q(z,—t) and g(—z,—t) indicate the reverse-
space, reverse-time and reverse-space-time, respectively.

3 Bilinearisation and solutions of the AKNS system

In this section, we develop the double Wronskian technique to construct exact solutions
of the second order AKNS system ({5 with nonzero background solution (go, 7).

3.1 Bilinearisation

Suppose that (qo,79) are a set of solution to the second order AKNS system . To
introduce nonzero backgrounds, we consider the dependent variable transformation (i.e.

@)
h

q:CIO‘f‘%v TZTO+?7 (13)

with which the system can be decoupled into the following bilinear form of f, g and h,

D2f - f = —2gh — 2qohf — 2rogf, (14a)
(D% —iDy — 2qor0)g - f + qoD2f - f =0, (14b)
(D2 +iDy — 2qoro)h - f +roD2f - f =0, (14c)

where D, and D; are the well known Hirota bilinear operators defined as [35]

DD} f - g = (0x — 0u)™(0r — Ou)" f (, ) (', ) o=t
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Note that when gy = rg = 0 the above bilinear form degenerates to the case of zero
background (cf. equations (1.5.1)-(1.5.3) in [16]).
To have solutions of , we expanding f, g and h as the series

h(z,t) = hWe + B 4. pEIFD2H (15¢)

where ¢ is an arbitrary number, {f@), g®) A0} are functions to be determined. Consider
a special case,

12 o2
qo = Ape® M0t 1y = Age” 24, (16)

where Ag is an arbitrary constant. By calculation we can find out 1-, 2- and 3-soliton
solutions, which agree with the following general expressions,

N N
i 2
g= A0€2 Agt Z exp |:Z ,uj(gj —l—aj) + Z ui,ujBij], (17&)
1=0,1 =1 1<i<j
. N N
h= Age™ 48 3" exp {Z i€ +b) = Y uiusz‘j} (17b)
1=0,1 j=1 1<i<j
N N
f=> exp {Z pi&i+ > Mi,uinj:|, (17c)
1=0,1 j=1 1<i<j
where
—2k% — 2ik2w; —ok4 k2w
i 2k; 221{:]1037 b 2k + QZkaJ’ (17d)

1 2 1 2
k:j+wj kj+wj

fj = kijl‘ + w]'t + 5](0), Wi = :|:1/4A3]€]2 - k‘;l, (176)

k2 243 (K2 k2) — \J4ARR2 — k44302 — ]

ij — 17f

’ 2A5 (ki + k;)? ’ (%)
(B — ) (k20 J24AZE2 — kh 4 k2 J4A2R2 _ gt

eBij:z(kZ kj)( K2\ JAAZK2 — kX 4 K2, 44212 k:]> -

the summation of ;x means to take all possible p; = {0,1} for j =1,2,--- , N.
Note that in [41] the system was also bilinearized via the following transformation

G . _n
— ==
and the bilinear form is
(D2 —iDy — NG - F =0,
(D +iDy — \)H - F =0,
(D2 —\)F-F = —2GH,
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where A € R. One-soliton and two-soliton solutions they derived (see equation (58) and
(82) in [41]) are shown to be associated with a more general plane wave background (see
, which degenerates to when a = 0 and Ay = By).

3.2 Quasi double Wronskian solutions of the AKNS system

We now derive double Wronskian solutions of the second order AKNS system .
We extend the Lax pair and to the following matrix system

¢ _ ¢ _ A qolom2
<¢)x_M<w>? M_<T012m+2 —A >7 (18)

o > N< ¢ ) N ( 24% — qorolam+2  2Aqo + qoglom2 )
= 5 == ’ 9 19
' < v/, (4 2470 — 1o lomra  —2A% 4 qorolam 2 (19)

where A € C(2,12)x (2m42) I8 an arbitrary complex matrix, lo;,42 is the (2m + 2)-th order
identity matrix, ¢ and ¢ are two (2m + 2)-th column vectors. Introduce vectors ¢y and

Py by

ox = AL, = (A, (20)
and define determinantdl]

f=10miUml, 9=20me13%ml, h=—20m-1;0msl, (21)
where ggm stands for the consecutive columns (¢g, 1, - ,dm). Then, solutions of the

bilinear system are described as the following.

Theorem 1. The bilinear system has solutions , where ¢ and 1 in satisfy
and , and (qo,70) are given solutions of the system . Furthermore, matrix A
and any matrix that is similar to it lead to the same solution of the AKNS system
through the transformation .

The proof will be sketched in Appendix[A] Later we only need to consider the canonical
forms of A, i.e. A being diagonal or a Jordan block.

Strictly speaking, the above f, g, h in are not double Wronskians that are defined
by arranging columns by increasing the order of derivatives of ¢ and . We may call them
quasi double Wronskians. Note that when A is diagonal the results in Theorem [I] are the
same as those derived from the Darboux transformation (cf. §4.2 in [48]). When A is a
Jordan block, the corresponding solutions can be obtained using a limit procedure from
those solutions which are derived from a diagonal matrix A (e.g. §4.3 in [48]). We also
note that when the background solution (go, ro) is independent of x, we may covert f, g, h
given in to double Wronskians.

Theorem 2. Suppose that the (2m + 2) x (2m + 2) double Wronskiansﬂ
f=D)"mml, g =—2m+ Lim— 1|, h=2m—Lm+1], (22)

"When m = 0 we have g = 2|0, ¢1], h = —2|vo, 1]
*When m = 0, g and h take the form g = —2|¢, 0., h = 2|v, DoY),
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where |n;m| denotes a (m + n + 2) double Wronskian defined as (see [49])
[m Gim =1 = 10,1, om0, 1, | = (6,000, O 900, 0, O,
¢ and 9 are (2m + 2)-th order column vectors. When ¢ and 1 meet the condition
$p = AP+ @b, it = 2020 — qor0® — 2q0¢s, (23a)
Yy =100 — AV, by = =2tgy + qoroV + 210 ¢, (23b)

where A is a (2m + 2) x (2m + 2) complex matrix, (qg, ro) satisfy (b)) but are independent
of x, then f, g, h defined in are solutions to the bilinear equations . Furthermore,
matrix A and any matrix that is similar to it lead to the same solution to the AKNS
system through the transformation .

The proof will be given in Appendix

4 Reduction and solutions

For convenience we call the unreduced system and @D— the reduced equations. In
the previous section we have already obtained solutions in terms of quasi double Wron-
skians (see Theorem (1| for the unreduced system ) In this section we implement
reductions by imposing constraints on A and v so that can provides solutions to the
reduced equations @-. Such a reduction technique was first introduced in [I8], [19].

4.1 Reduction of the Wronskian solution
Let us directly present results and then prove them.

Theorem 3. Let A and T be matrices in C2;,42)x(2m42)- Solutions of the reduced
equations @— are given in the following, respectively.
(1) The classical NLS equation ({9) has solution

g=a+7, (24a)
f
f=lom; Tonl, 9= 2|0m+1;Tdm_1l, (24b)

where g is a solution of equation @ such that rj = dqp, vector ¢ is a solution of matrix
equations

¢r = AP+ qoT'¢", (25a)

i = (2A4% = 6qoq5 Lam+2)® + (2Aq0 + GozTom+2)T", (25Db)
and A and T obey the relation

AT+ TA* =0, TT* =6lymis, 0=+l (26)
(2) For the reverse-space nonlocal NLS equation , its solution is given by

q=qo+ % (27a)

m(m+1) m(m—1)

F=CD"2 0w Ton(—a)|, g=2(-1)" 2 |dmi1; Th_y(—2), (27D)
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where g is a solution of equation (L0)) such that r§(x) = dgo(—x), vector ¢ is a solution
of matrix equations

¢z(x) = Ad(x) + qo(x)TP* (—x), (28a)
i (x) = (24% = 6qo(2) g5 (=) Iam12)9(x) + (2400 + qo.2(2) lom 12)T¢* (—z),  (28b)

and A and T obey the relation
AT —TA* =0, TT* = —6lspm42, 6= =1 (29)

(3) For the reverse-time nonlocal NLS equation , its solution is given by

qg=qo+ ? (30a)
F=10m: Tom(=1)], g = 2lbme1; Tom—1(~1)], (30b)

where ¢ is a solution of equation such that r¢(t) = dqo(—t), ¢ is a solution of matrix
equations

¢z (t) = Ad(t) + qo(t)T'p(-1), (31a)
iy (t) = (24% — 6qo(t)go(—t) Iam+2)(t) + (2Aq0(t) + qoa(t) Lamy2) TH(—t),  (31D)

and A and T obey the relation
AT +TA=0, T?=6lzyia, 6 ==+l (32)

(4) For the reverse-space-time nonlocal NLS equation , its solution is given by

q=qo+ %, (33a)
m(m+1) m(m—1)

F=C0" 2 |bm; Tom(—z,—t), 9=2(-1)" 2 |$mi1; Tm_1(—z, —t)|, (33b)

where qg is a solution of equation such that ro(x,t) = dqo(—x,—t), vector ¢ is a
solution of matrix equations

wa(x? t) = A¢($, t) + QO(x> t)T¢(_$a _t)’ (34&)
i(;ﬁt(l‘, t) = (2A2 - 6QO($’ t)qo(_$’ _t))¢(x’ t) + (2AQO(J:’ t) + (Io,x(% t))TQZ)(_xv ?t% )
34b

and A and T obey the relation
AT —TA=0, T? = —6lm2, 0 ==l (35)

Proof. We employ the classical NLS equation @D as an illustrating example. Introduce
constraint on 1,

Y =T¢", (36)
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where 7' is a certain matrix in C(g,,4.2)x (2m+2)- First, it can be verified that when ro = dgg

and A and T satisfy , the constraint reduces and to . In fact, taking
as an example, under and ro = dq;, we rewrite as

$r = AP+ qoT'¢", (37a)
Tz = dqgp — AT, (37b)

where (37al) is nothing but (25al). Making use of , equation (37b|) multiplied by 67
from the left gives rise to the complex conjugate of (37al). This indicates reduces to

(25al). In a similar way one can find reduces to (25b)) in this case.
Next, with the constraint , we can rewrite the quasi double Wronskians as

Fo= |bm;m| = |bm; TR, (38a)
g = 2|ém+1;Vm-1] = 2|Omi1; Tor, 1], (38b)
h = —2¢m—1:Vms1] = =2[dm-1;T 5 1] (38c)

Making use of we find that
[ =1m: Tép| = T[0T b dr |-

Then, switching the first (m + 1) columns and the last (m + 1) columns and picking the
parameter § out yield

f = (=)™ T\ T ] = (=0)™ | T .
In a similar way we can prove
h=—(=3)"|Tlg"

Thus we have
T _ roth/f _dg+6g"/f"
T @qt+g/fr @+ g /T

i.e. = d¢*, which is the reduction by which we get @ from .

The proof of nonlocal cases is similar to the classical one. For the reverse-space nonlocal
NLS equation , the reduction is implemented by taking

Y =T¢"(—x) (39)

together with . Here and below we note that we do not write out independent variables
unless the inverse of them are involved. Relations between Wronskians are

f=0" T (~a), h=0"T|g"(~x),

which yield

, ro+ h/f _daj(—) + 89" () (=) _

¢*(—z)  ¢§(=2) +g*(~2)/f*(~2)  q5(-z) +g*(~2)/f*(~2)
i.e. 7 = d¢*(—x), which reduces the unreduced system to equation .
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For the reverse-time nonlocal NLS equation , the reduction is implemented by
taking

¥ =To¢(-1) (40)
together with . Relations between Wronskians are
f= ()" T f(=t), h=—(=6)"|T|g(~1),
which yield
P rkhff Sa() 0/t
a(=t)  qo(=t) +g(=t)/f(=t)  qo(=t) +g(=t)/f(=1) ’
i.e. 7 = dq(—t), which reduces (5 to (11)).
For the reverse-space-time nonlocal NLS equation , we start from
Y =To(—z, 1) (41)
and . Relations between Wronskians are
f=8" T f(=a,—t), h=06mT|g(—x,—t),
which yield
P ro+h/f _ bl 1) + g, )/ f(=r, ) _
g(—z,—t)  qo(-z,—t) +g(-z,—)/f(-z,—t)  qo(—=z,—t) + g(—z,—t)/f(-2,~t)
i.e. r = dq(—x,—t), which reduces to (12)).

4.2 Matrices A and T

We look for explicit forms of A and T in Theorem Equations and can be
unified to be

AT +0TA* =0, TT"=o0d0l, 0,6 ==+l1, (42)
and equations and can be unified to be
AT +0TA=0, T?=00l, 0,6 ==l. (43)

Consider special solutions to these matrix equations, i.e. A and T are block matrices

Ky 0 Ty Ty
A= () t=(5 8 (14)
where T; and K; are (m + 1) x (m + 1) matrices. Then solutions to equations and
can be listed out as in the Table [1] and [2} cf.[I8§].

In addition, equation admits real solution in the form for the case § = —1,
where

K1 =Kpi1, Ko = Hyg1, K1, Hing1 € Ry s (m1) (45a)

Ty =Ty =T, To=T5 =01, (45b)
or T1 == T4 == Im+1, T2 == T3 = 0m+1- (450)
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Table 1. T and A for equation
(0,9) T A
(1, 1) T1 = T4 = Om+1,T2 = T3 == Im+l
26
(29) (1,-1) | Ty =T4 =041, 10 = T3 =L, 1
(29) (L1 | Tt =T1=0m1,To = T3 = Lnia
(—=1,-1) | ' =Ty =0pp1, T =T3 =111

Ky =K1, Ky = -K;,

Ki =K1, Ko = K5

Table 2. T and A for equation
(0,0) T A
" (1, 1) T, =Ty = Om+1,T2 = T3 = Im+1
(1,=-1) | T' =Ty =0py1, Tp = T3 =1L 41
59 (-1,1) |Th=-Ty=1ily11,To =T5 = 0pt1
(=1L, -1) | T' =Ty =Lp1, 15 =T3 = 0y 1

Ki =Kpt1, Ky = Ko

K1 =K1, Ky = Hpp

Besides, equation with § = 1 can have pure imaginary solution and where

in Km+1, Hmt1 € iR(pq1)x(mt1)-

Due to the fact that A and any matrix that is similar to it generate same solutions to
the system (5)) (see Theorem , we only need to consider the canonical formdﬂ of A. That
is, K,,+1 can either be

K, +1 = Diag(k1, k2, - , km+1), ki € C, (46)

or K1 = Jnt1(k), k € C, where

k0 0 ... 0 0
1 kK 0 ... 0 0

Im+1(k) = (47)
0 0 0 ... 1 k

(m+1)x(m+1)

4.3 Plane wave background solution ¢

Considering the expression (and also ([73])) we can call gp and 79 to be background
solutions of ¢ and 7, respectively. The unreduced system admits a set of plane wave
solutions

qo = Aoei[az+(a2+2AoBo)t] . To = Boe—i[aw+(a2+2AoBo)t] ’ (48)

3A general case for K, is the block diagonal form
Km+1 = Diag (Jhl (k‘l)7 th(kg), ey, Jhs (ks), Diag(k5+1, s 7k5+n)) s

where each J,; (k;) is an h; x h; Jordon block matrix defined as (@7), Diag(ksy1, - s ksyn) isann xn
diagonal matrix and n + Z;:l h; = m+ 1. In this case, ¢ is just composed accordingly since (|18]) and
(19) are linear system of ¢ and ¢. Thus, we will only consider two limiting cases, and (47). Note that
matrix A corresponds to the eigenvalues of the AKNS spectral problem @, which means is for the
case of simple distinct eigenvalues and is for the case of one eigenvalue of geometric multiplicity one
and algebraic multiplicity m + 1.
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where Ay, By and a are arbitrary complex constants. It is easy to find that the reduced
classical and nonlocal NLS equations @— admit the following solutions, respectively,

Qo = Agellort(@+201 4 (A e C, q € R), (49a)
Qo = Age~ @ Hi=a® 4214 (40 e C, q eR), (49b)
go = Age® A8t (4 € ©), (49¢)
G0 = Aoei[ax+(a2+26Ag)t]’ (Ag,a € C). (49d)

Our purpose is to write out explicit Wronskian vectors ¢ that respectively satisfy the
conditions , , and for given background solutions gg. We are going to
consider the simple case where g are given in . If making use of some symmetries, we
may start from a simpler background solution

g0 = €20t (50)

instead of .

Proposition 1. The classical and nonlocal NLS equations @— admit the following
symmetries.

(1) Classical NLS equation (9):

e Galilean symmetry: if ¢(z,t) solves the NLS equation @ with the background
solution gy given in ([49a)), then Q(X,Y) = ¢(z,t)e "> *t where X = z + 2at and
Y = ¢, solves the NLS equation (9) with Q(X,Y), i..

iQy = Qxx —26Q°Q", (51)
of which Qo(X,Y) = qoe_w“_i“zt = Aoe%‘s'AO‘ZY is a solution.

e Scaling symmetry: if ¢(x,t) solves the N LS equation @D with a background solution
qo(z,t) = Age2¥14l’t then Q(X V)= 4 L g(z,t), where X = |Ag|z and Y = |Ap|?t,
also solves the NLS equation (5 , of which Qo(X,Y) = Aioqo = %Y is a solution.

(2) Reverse-space nonlocal NLS equation ([L0):

e Galilean symmetry: if g(x,t) solves the reverse-space NLS equation with the
background solution go(x,t) given in , then Q(X,Y) = q(x,t)eax”“%, where
X = x + 2iat and Y = t, also solves the reverse-space NLS equation with
Q(X,Y), ie

iQy = Qxx — 26Q°Q*(—X), (52)
of which Qo(X,Y) = qoeax”“% = Age0140l*Y ig 4 golution.

e Scaling symmetry: if g(z,t) solves the reverse-space NLS equation with a
background solution qg(x,t) = Aoezi‘S'AO'Qt, then Q(X,Y) = Aioq(x,t), where X =
| Ao|z, Y = |Ao|?t, also solves the reverse-space NLS equation of which Qo(X,Y) =

1500 = €2V ig a solution.
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(3) Reverse-time nonlocal NLS equation ([L1)):

e Scaling symmetry: if g(x,t) solves the reverse-time NLS equation with the
background solution go(z,t) given in (49d)), then Q(X,Y) = Aioq(x,t), where X =
Apz and Y = A3t, also solves the reverse-time NLS equation with Q(X,Y), i.e.

iQy = Qxx — 20Q°Q(~Y), (53)
of which Qo(X,Y) = Aioqo = 2% is a solution.
(4) Reverse-space-time nonlocal NLS equation (12)):

e Galilean symmetry: if g(z,t) solves the reverse-space-time NLS equation with
the background solution go(z,t) given in (49d)), then Q(X,Y) = q(:c,t)e_m’”_mgt,
where X = x + 2at and Y = ¢, also solves the reverse-space-time NLS equation
with Q(X,Y), i.e.

iQy = Qxx — 20Q°Q(-X,-Y), (54)
of which Qo(X,Y) = q()e*ia":*"a%e = AgeA3Y 5 a solution.

e Scaling symmetry: if g(x,t) solves the reverse-space-time NLS equation with
a background solution go(z,t) = Age2®43t then Q(X,Y) = Aioq(x,t), where X =
Agr and Y = A%t, also solves the reverse-space-time NLS equation , of which
Qu(X,Y) = Aioqo = 29V ig a solution.

Based on these symmetries of equations @—, we only need to consider the unified
background solution gy given in .
4.4 Wronskian column vectors ¢ and v
4.4.1 Vectors ¢ and ¢ for the unreduced system
We start with a pair of background solutions
qo = ¥ g =de 0 §=+1 (55)

of the unreduced system . Note that the background solution (qo,79) agrees with the
reductions used in the equations (9)-(12). Substituting (¢,7) = (go,70) into the matrix
equations and , we find the following solutions of wave functions,

S\, d) =0 {C ()\ VS 5) e~ VATFI(a—2ix) | g ()\ n m) eVIEFI(e-2iM)| it

(56a)
\I’()\, c, d) _ (Ce—\/AQ—&—é(z—Qi)\t)+de\/)\2+6(m—2i)\t)) 6—2’5157 (56b)

in which ¢ and d are constants (or functions of \). Define
¢ = (®(k1,c1,dr), ®(ka, c2,da), - - aq)(k2m+27c2m+27d2m+2))T7 (57a)

¢ = (V(ki,cr1,dr), U(ko,ca,da), - - - ,‘I’(k2m+2702m+2,d2m+2))T- (57b)
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Then, the quasi double Wronskians composed by the above ¢ and v provide solutions
to the unreduced system via the transformation where the background solutions

take . With regards to , the matrix A = Diag(k1, k2, , komy2) in and .

One can also take

2m—+1

T
¢ = < (k1,c1,d1), —- 8 O(k1,c1,dy), - (2;&1_’_1)!@(/{1,01,%)) ; (58a)

a 2m+1 T
1/} < (kl,Cl,dl) (k17617d1) @j;w‘y(kl)cludl)> 9 (58b)

to get multiple pole solutions corresponding to A = Jo,42(k1), defined as in .

4.4.2 Vector ¢ for the reduced equations

To present vector ¢ for the reduced equations @D—, let us define

6=(0" 07", 65 = (600 O s (59)
¢ = (w+7w_)Ta wi = (w(l)vw(z)a T 7¢E|,:71+1))T7 (59b)

where ¢ and ) are scalar functions. Note that a general form for the constraints ,
., i and 1s

v =TC¢(ax,Bt), a,f==%1, €=0,1, (60)

where C' stands for an operator for complex conjugation: C¢¢ = ¢* when ¢ = 1 and
C¢¢p = ¢ when ¢ = 0.

There are only two types of T' in Sec[4.2] block skew-diagonal or block diagonal. We
can present vector ¢ according to the type of T
Case 1: T being block skew-diagonal: In this case,

_ 0 Lt _
T—<wm+1 . ) Y= 41, (61)

which is for equation @, and , see Table |1|and Table |2l Vector ¢ takes the form
¢ = (¢",CU" (az, B1))T, (62)

where (€, o, 8) takes (1,1, 1) for (9)), (1,-1,1) for and (0,1, —1) for (11)). When K11
is diagonal as given in , we have

d)?;):q)(kpcpd])? w()_\p(k]acjad) .7_1 2 : 7m+1a (63)

where ® and ¥ are defined in (56)). When K,,,11 = J,11(k1) is the Jordan matrix as given
in (47), we take
j—1 j—1

oG = % O(ki,c,d), ¥ = %, U(ki,ed), j=1,2,-- ,m+1 (64)
(.7)_(]_1)[ 1,6 ) (])_(j_l)‘ 1L,6a), J=1,4 , M .
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Case 2: T being block diagonal: In this case,
L1 0 .
T=( "™ , y==lor~y=—i, 65
( 0 Ymt > 7 7 (65)

which is associated with equation , equation with § = —1 and equation @D with
6 =1, see Tableand .
To describe the relations between c; and d; in a more succinct and symmetric way, we

rewrite (b6al) and (56b)) as

(A + A2+ + d)e*/m(z%ikt) (=X + VAT 6 — d)e VI HIE=2ix)

d = o
2VA2 46
(66a)
o = AN+ AVATED 4 50)eV V20 4 (AN 4 dVAZ 6 — dejem VAT
= A 46 |
(66b)

where we have introduced ¢, d € C and taken in that

_ A +dVNT 4o -de  —dA+dVIT 1+ o
a WA+ 2V A2+ '

Then, consider diagonal case where

K1 = Diag(k1, k2, , kmy1), Hpmyr = Diag(hy, ho, -+ hpy). (67)

For the reverse-space-time NLS equation , we have
6=1: ¢ =®(kj,e].ief), o5 = ®(hy, ¢, —ie)), (68)
d=—-1: (])—<I>(kj, I j) gb()—fb(h],cj, c;), (69)

where @ is defined in (66a)), k;, h; € C, c and ¢ ¢; can be arbitrary complex functions of k;
and hj, respectively. For the classmal NLS equation @ with 6 = 1 and the reverse-space
NLS equation (10} with § = —1, we have

o) = bk, Aj, &), 85, = By i, —¢;"), when T is (I5D). (70)
¢+ = (I)( j» € ] ) ;_*)7 ¢(_j) = (I)(hyéj_:éj_*)a when T is (45¢), (71)

where k;, h; € iR for equation @ with 6 = 1 and k;, h; € R for equation with § = —
When

Kot = Jmy1(k1), Hppr = Jmp1(ha),

we have
s—1 s—1

)
P . N S L Sy NS B S
) = (3—1)!%)’ Pls) = (3_1)!%)’ s=12,--- ,m+1, (72)

where gi)?[l) are defined as in , , or , varying with the equation considered.
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5 Examples of dynamics of solutions

Nonzero background can bring new features for the classical and nonlocal NLS equations.
In this section we analyze some solutions and illustrate their dynamics. The classical NLS
equation and reverse-space nonlocal NLS equation with § = —1 will serve as main
models.

5.1 The classical focusing NLS equation

It follows from the transformation and the bilinear form that the envelope |¢|
of the solution to the focusing NLS equation with a background solution gy can be
expressed as (also see [12] 58])

la|* = lgo|* + 07 In f, (73)

where f = |<$m;T qAS’,;L\ is the quasi double Wronskian. For the focusing NLS equation
(1), A = Diag(Km+1,-K},,,), T is given by with v = —1, ¢ is given by
with (¢,a,8) = (1,1,1). In principle, solutions to equation can be determined by
the eigenvalue structure of K,, 1. One can investigate these solutions according to the
canonical form of K, 1.

5.1.1 Breathers

Case 1: K, ;1 being a complex diagonal matrix
When K,,;1 is a diagonal matrix , following we have ¢ = (¢, ¢7)T where
the entries in ¢T are

(ﬁz;) = (I)(kj,Cj,dj), (b(_j) = ,(/}E‘,.;)k, 1/1:;) = \Ij(kjacjadj)v

® and V¥ are given as . When the background solution takes gy = e~2¥, we have

96 = <(—kj + k2 — 1) VK -1kt (/cj + /K3 — 1) e\/’“?—l(f—%kﬂ>+5§o)> e ™,

(74a)

P Tkt o2k O
VG = <e EE AR >ezt (74b)

(0) (0)
where we have taken c¢; = e % dj = e with fj(.o) being an arbitrary functions of k;.
When m = 0 we have from (24b)) that

f=1¢,T¢"|, (75)

where

_ (% _( 01!
¢_<¢<+f§ ,T_<_1 O). (76)

Note that in this case we have

—f= ‘szrl)’Q + W}(JE)‘Q,
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which is positive definite when ¢a) and ¢<+1) are defined as in ([74]).
By calculation we find

f=—(A1cosh2X;(x,t)+ Agsinh 2X; (x,t) + Az cos 2Xo(x, t) — Ay sin 2Xo(x, t)), (77)
where

2(1 + af + b7 + ui, +uiy), A2 = 4(a1uir + bru),
2(1+ af + b7 + uiy +ufy), As=4(aruiz — brun),
) =
)

yt) = unx + 281t + §1R7 By = ajuiz + byuay,

/\/-\
8

o(z, t) = ujow + 2Bot + 511 , Be = biuig — aqu,

k1= aq + b1, \/k% — 1 =wuy1 +tuy2, do) = fg(l]%) +i§§(l)),

and a1, b1, u11, U192, 55(2, 59) € R. Since y/k? — 1 is a double-valued function of k, here we
consider the branch

1
Uy = </(a% — b2 —1)2 + (2a1b1)? cos (Q(arg(al +1+iby) +arg(a; — 1+ ib1)> ,

1
Uy = {‘/(a% — b2 —1)2 + (2a1b1)? sin (2(arg(a1 +1+iby) +arg(a; — 1+ ibl))

without loss of generality. Further we introduce

Ay

tan 6 = I37

such that is rewritten as
f= <A1 cosh 2X1(z,t) + Az sinh 2X; (z,t) + /A% + A% cos(2Xa(x, t) + 0)> . (78)

Noticing that A; > |As| > 0 for all k; # 0, from the above expression and (73), |q|?
behaves like a wave traveling along the line X; = 0 and oscillating periodically with a
period determined by 2X5 + 6 = 257, j € Z. Note that the case a; =0 ora; = +1,b; =0
yields |q|? = 1, which is trivial and we do not consider.

To see more details, we rewrite in terms of the following coordinates,

Uy 9
=t+—= ===t 79
T, z=thopatop | (79)
which gives rise to

f=- {Al cosh(4Byz + 255%) + Agsinh(4B 2 + 255(;;):)

2 2 (0) (0)
/A2 o A2 a1 (uf; + ufy) STARRSY:!
+ A3+A4COS<4BQ<Z+ 25,5, :E+2 . 3B, +6 .

(80)
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In terms of we can see that with provides a breather traveling along the
straight line z = constant and oscillating with a period with respect to =z,

27TBl

p— |0 |
a1 (u; + uiy)

(81)

An illustration is given in Fig(a), which describes a moving breather. Such a breather
is also known as the Tajiri-Watanabe breather (see Fig.4 in [58]). In 1998 Tajiri and
Watanabe derived and studied breathers of the focusing NLS equation using Hirota’s
bilinear method [58].

Back to the expression . Stationary breathers appear when b; = 0. More precisely,
when |a1| > 1 and by = 0, which leads to uj; = y/a? — 1 and uj2 = 0, we have By = 0 and
then X (x,t) = upiz + f’g. In this case we can have a breather stationary with respect
to x, where

Feo <2a§ cosh 2 (, [a2 — 12 +5§‘}§> + 4a14/a? — 1sinh 2 (\/a%ix +§§‘}§>
+4 cos2 (—2a1¢cﬁjt +§§(})>) .

It follows that a stationary breather oscillating in time with period P, = ﬁm, which
a1/ aj—
is known as the Kuznetsov-Ma breather [40, 47]. It is described in Fig[l{b). In another

case where |a1| < 1 and b; = 0, which leads to u;; = 0 and ujy = /1 — a%, from we

have
f=- <2 cosh 2 <2a“/1 — a3t +€1R> + 4a? cos <2(\/1 — a3z + {f})) + 0)> (83)

/12
with tanf = ! o

2a1
(0)
L and being periodic with respect to x with the period P, = —Z—. Such a

_2a1\/17a% \/17(1%

breather is known as the Akhmediev breather [I1], which was first studied by Akhmediev in
[11] and then bear his name. Stability of the Akhmediev and Kuznetsov-Ma breathers was
studied recently [28| [3T]. The Akhmediev breather is perpendicular to the Kuznetsov-Ma
breather, as depicted in Fig[l] (b) and (c).

The envelope of two-breather solution can be obtained via by taking m = 1 in
quasi double Wronskians , ie.

(82)

This will gives rise to a breather traveling along the line t =

f = ’(pa ¢1;¢7w1‘ (84&)
with
+ + T + + +* +-* T
d) = (¢(1), (2)7 w(l) 1/} ) ) ¢ = (¢(1)a ¢(2); - (1)? _¢(2)> ’ (84b)

in which ¢ and 1/16) are defined as in . There are various types of two-breather inter-
actions. As examples Fig2illustrates mteractlons between two Tajiri-Watanabe breathers,
interaction of the Akhmediev breather and Kuznetsov-Ma breather and interaction of two
Akhmediev breathers, in Figl2| (a), (b) and (c), respectively.
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Fig. 1. Shape and motion of one breather solution of the focusing NLS equation with a
background solution gy = e~?"*. The envelope is given by (73) where f is . (a) 3D-plot for
a moving breather associated with (| . ) for a; = 0.3,b; = —0.3 §1R) = 511) = 0. (b) 3D-plot for
the Kuznetsov-Ma breather associated with . for a; = 1.2 58%) = 51[ = ( ) 3D-plot for the
Akhmediev breather associated with ( . ) for a; = 0.5 §1R = 511 =

Case 2: K,,;1 being a Jordan matrix
Let gbzrl) and w(t) be defined as in ([74]), and we define

- ot
+ + + "k +
0= G-’ Yo T Gomlor
— 4 — .
(l)(])_w(J)? w ¢])7 ]_17277m+1

The corresponding f composed by the above elements yields breathers when K, is the
Jordan matrix Jy,1(k1) as given in . For the simplest Jordan block solution of the
focusing NLS equation with the background solution ¢g = e 2%, we have m = 1 and f
composed by

ENA A
6= (0f1) O 01 05 (0000) ) v = (00 Oy =075 — (9n0ly)) )+ (85)
Such a breather is described in Figf3]

5.1.2 Rational solutions and rogue waves

Rational solutions can be obtained as a limit case of breathers when taking £; — 1. This
can be seen from the expression . Since the Akhmediev breathers and Kuznetsov-Ma
breathers are generated when b; = 0, rational solutions can also be understood as a limit
of these two types of breathers. In principle, for getting rational solutions, in A we should
take K11 = Jmt1(1), but the limit procedure needs to be elaborated.

Let us consider and rewrite them in the form

O (k,c,d) = (C(/i) (— K2+ 1+ /’i) e R(e=2iVRHIE) d(k) ( K2+ 1+ /<;> e”(x_zimt)) e ™

(86a)
/211 (0) T 0) .
\IJ(H7C, d) — (C(H)GH(JTQ’L I<L2+1t)*£j0 + d(ﬂ)elﬁ(m*Ql H2+1t)+§j0 > 6”7 (86b)
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Fig. 2. Shape and motion of two-breather interactions of the focusing NLS equation with
a background solution gy = e~2¥. The envelope is given by (73) where f is . (a) 3D-plot
for a; = 0.3,by = 0.5,a3 = 03,0, = —0.5,69 = ¢l — ¢ — 9 — 0. (b) 3D-plot for
ay = 1.2,b; = 0,ay = 0.8,by = 0,609 = 1,69 = 0,69 = 1,69 = 0. (c) 3D-plot for a; =
0.3,by = 0,05 = 0.5,y = 0,69 = 2,69 — 0,9 = —2.£{9 —0.
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Fig. 3. Shape and motion of Jordan block solution of the focusing NLS equation with a
background solution gy = e~2%. The envelope is given by where f is composed by . (a)
3D-plot for a; = 0.8,b; = —0.15,£9) = ¢9 = 0. (b) 3D-plot for a; = 1.2,b; = 0,9 = ¢V = 0.

where we have taken § = —1 and introduce k = Vk? — 1, and we take ¢(x) and d(k) to be
functions of k. Impose constraint ¢(k) = —d(—~k) and take formal expressions

(k) = sil, d(r) =Y (=1)"s;n/, (87)
7=0 J=0

where s; are arbitrary complex parameters. We denote the above ®(x, ¢,d) and ¥(k, ¢, d)
with by ®,qq and ¥,4q respectively. Expand them in terms of x as

oo o
_ 2j+1 _ 2j+1
Dodd = Y Rojp1™ M, Woga =Y Sojia s, (88)
=0 =0
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in which
Lot 1 g
(89)
Define
¢Odd (RlaR?n"' 7R2m+1aSik75§a"' 7‘S’§m+1)T7 (90&)
'LbOdd (Sl, 83, ce ,SQm—l-l’ - 1‘7 _R:‘;,: Ty _R;m—‘rl)T - T(¢Odd)*7 (90b)

where T takes the form with v = —1. It can be verified that ¢°% satisfies equation
where o = e, § = —1, T is given by with v = —1, and A = Diag(Ky,+1, — K}, 1)
with

g 0 o --- 0
(65 (7)) 0 s 0

Kpp=| @ o a - 0| (91)
Qom Qompm—2 -+ Q2 Qg

in which ag; = &l L 82] VK2 +1|x=0, (=0,1,2,---). Note also that A and T satisfy
with § = —1. Thus the quasi double Wronskians

— (3705 ), g = 21t ity (92)

provide rational solutions to the focusing NLS equation via and the envelope via

(73)-

The first order rational solution (for m = 0) is

where 7 = x + % with sg, s1 being coefficients of ¢(k). Here we take sg,s1 € R for

simplicity. We refer to it as the Peregrine soliton since it was first derived by Peregrine
n [52]. Its envelope |q| is localized in both space and time. It is also known as a rogue
wave of the focusing NLS equation. The maximum value of |g| is 3, occurring at (x,t) =
(=205 251 ,0), three times hight of the background |go| = 1. The envelope is depicted in

Flgl

The general second order rational solution can be obtained from

g O O o] O O O O O
4=+ g = 2|¢°%, @00, g1t M| f = |g0% g qpodd i) (94a)
where
¢°% = (Ry, Ry; S7,83)", 4% = (84,89 —R;, —R3)". (94b)

We skip explicit expression of ¢g. The envelope of a typical second order rational solution
is shown in Figb) with a symmetric shape and having a single maximum 5. In general,
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Fig. 4. Shape and motion of rational solutions of the focusing NLS equation . (a) Envelope of
the first order rational solution given by with sg = 1,87 = 0.5. (b) Envelope of the second
order rational solution given by with sg = 2,7 = 0.5. (c) Envelope of the second order
rational solution given by with sg = 1,81 = 0,59 = 10, s3 = —20.

the maximum amplitude of a nth-order rogue wave with one central main peak is 2n + 1
times of the height of the amplitude of the background plane wave [9] 62], (also see [62]
where rogue wave with such pattern is called a “fundamental rogue wave”). The envelope
of another typical second order rational solution has three peaks, as shown in Fig(c).

The third order rational solution is obtained by taking m = 2 in . Without pre-
senting formulae, we depict some different patterns of the envelope of these solutions in
Fig Fig (a) shows the pattern where there is only one central main peak, Fig (d) and
Fig (e) show the pattern consisting basically of 6 well-separated fundamental part on a
unit background, which are located on a triangle and a pentagon, respectively. Another
two interesting patterns are shown in Figlf] (b) and Figlf] (¢). Thus, it indicates that
higher-order rogue waves contain richer structures. Note that recently it was found the
pattern of rogue waves is related to the roots of Yablonskii-Vorob’ev polynomials [64] 66].

Apart from (90), one can also introduce Wronskian entries by imposing ¢(k) = d(—k),
ie.,

7=0
such that ®(k, ¢, d) and ¥(k, ¢, d) given in (denoted by Peyey and Weyep, respectively)
can be expanded as

c(k) = Z sik?, d(k) = Z(—l)jsj/ij, (95)
=0

00 00
q)even - Z R2j"12]7 \Ijeven - Z S2j"432]7 (96)
Jj=0 Jj=0
where
1 9% 1 9%
R2j — (Tj)!wq)evenhc:o’ S2j = (Tj)!w\peven’ﬁ:m .7 = O> 1’27 Tt . (97)

Then the vectors for the quasi double Wronskian are taken as
¢even — (Ro,RQ,"' ’R2m75’(’;75;’... ,Sé‘m)T’ (98&)
d}even = (507 52; e )SQWL) _RE;’ _Rga Tty _RSm)T = T(gbeven)*’ (98b)
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Fig. 5. Shape and motion of the envelope of the third order rational solution of the focusing
NLS equation . (a) 3D plot for s = 1,81 = 0,89 = 0,83 = 0,84 = 0,85 = 0. (b) 3D plot for
so=1,81 =1,80 =0,83 =0,84 = 0,55 = 0. (c) 3D plot for so = 1,81 = 0,82 = 0,83 = 1,84 =
0,85 = 0. (d) 3D plot for sp = —1,s1 = 0,82 = 0,83 = 100,84 = —200,s5 = 0. (e) 3D plot for
sop=1,81 = 0,590 = 100,53 = 1,54 = 0, 55 = 200.

where T is given by with v = —1. In this case m = 0 does not lead to a nontrivial
solution but the solutions obtained by taking m = 1 and m = 2 correspond to and
, which are the first order and second order rational solutions derived using ¢°% and
¢odd_

One may conjecture that the m-th order rational solution derived using ¢° and )°%
corresponds to the (m+1)-th order rational solution derived using ¢’ and ¥¥“". Similar
connection is proved in the rational solutions of the discrete KdV-type equations, see [69].
We also note that the parameters {s;} (or c(x)) play the same roles as the lower triangular
Toeplitz matrices, cf.[70, [71]. An (m + 1)-th order lower triangular Toeplitz matrix Py,41
is defined as

to 0 o --- 0
t1 to o --- 0

Poi1 =Tty =1 2t to - 0 | ¢ ecC, (99)
tm tmfl e tl tO

which commutes with K,,, 1 defied in . For the block diagonal matrix QQ = Diag(Py, 11, P, 1),
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when 7' is given by with v = —1, and A = Diag(Kp, 1, —K};, ;) with , we have

AQ =QA, QT =TQ".

This indicates that for any ¢ that satisfies with the above A and T, gg = Q¢ is also a
solution of . Moreover, if ¢°% in is derived with ¢(x) = 1, then in ¢ = Q¢, the
parameters {¢;} play the exactly same roles as {s;}. In [70], for the KdV equation, the
relation between P,,11 and ¢(k) is described, see Sec.2 of [70].

5.2 The defocusing reverse-space nonlocal NLS equation

In this section we investigate solutions of the defocusing reverse-space nonlocal NLS equa-
tion

G = Qux — 247" (—2) (100)

with the background solution gy = €?*. This is the equation with § = 1. Note that
the reverse-space nonlocal NLS equation is considered as a model with parity-time
symmetry (see [0]). Efforts of finding physical applications of NLS type nonlocal integrable
systems can also be found in [7, 146, [65], etc.

5.2.1 Solitons and doubly periodic solutions

Solution to equation (100 with a background solution ¢q is written as

g o~ o~ o~ o~
qzqo+?7 [ = |omi¥ml, 9 =2[bmi1:¥m-1], (101)

where we take gy = €2*. Consider the simplest case, m = 0. From the results in Table
and in Sec[4.4.2] we have

+ + . .
= ‘1”%((11@ —%%1()—96) » 9=2 ‘ zp(*?;((lim) k;:;;j;((lix) ’ (102a)
where
gba) = (ale\/’ﬂ?ﬁ(a:—mlt) I ﬁle—\/k;%ﬁ(x—mlt)) it (102b)
by = (O‘l <\/"‘7%i - /ﬁ) eVHH1a=2ikit) _ g/ (W - k1> e—\/k%?(x—ziklt)) it
(102¢)

and in ®(k,c,d) and V(k,c,d) defined in we have taken 0 = 1,

o(k) = —B <\/k%?+ kl) Cd(k) = (W - k1>

with o1 and B as arbitrary functions of k.

The envelope |g| of some solutions resulting from is depicted in F ig@, which
exhibits features of two-soliton interactions, although the solution is from the simplest
case, m = 0. In the following we implement asymptotic analysis so as to understand
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such features. To avoid singular and trivial solutions, we consider the special case where
k1 = ib, b € R. Tt turns out that the solution can be classified according to the sign of
102
Case 1: b <1

We write solution ¢ in terms of the following coordinates,

(X1 =a+2bt, t).

This gives rise to

q:Fv

where
G =2 {14 2ib (V1= 82 4 i)™V = g7 (V1= 12 — i) VI

+5(m + ib)e—Q\/l—b2X1+4b\/l—b2t _ 5*(m _ ib)€2\/WX1—4bmt}}
F =0V1-0 4 gre—tbV1-02t | g 3 /1 b2)6—2\/1—b2X1+4b\/@t

+ B*b(b + ivV1— b2)@2\/1_b2x1—4b\/1—b2t’

and we have taken § = % When keeping X7 to be constant, we find

1
2v/1 — 23,

lg|? — 1— , bt — +o0.
sgnlb] (\m cosh(2v1 — 02X, — In(|3bL])) + sgn[b) (VI — B28; + bﬁR)>
Similarly, in terms of the coordinate
(X9 =a —2bt, t),
we get,
2((2% — 1)Br — 2bv/1 — b2 1—b2
g2 = 1+ ( )61 = 2bv Br)V , bt — £00.

sgn|b] <\5\ cosh(2v1 — b2 X5 + In(|8b%1])) + sgn[b] (V1 — b6 + bﬂR))

Here we have taken 8 = Sr+ 105, Br, 81 € R. Note that here we do not have formula ,
which indicates the background |go| for the envelope |¢| in the classical case, however, since
the background solution is gg = €% which yields |go| = 1, the above asymptotic results
indicate that |g| has a background plane |¢| = 1, which is equal to |g|.

For convenience let us call the above two solitons X7-soliton and Xs-soliton, respec-
tively. We further impose restriction sgn[b](v/1 — b8 + bBr) > 0 so that the solution
has no singularity. Then we have the following results on the asymptotic behaviors of
Xj-solitons.

Theorem 4. Assume that sgn[b](v/1—b26; + bBr) > 0. In case |b|] < 1 and when
bt — 400, the envelope of Xi-soliton asymptotically travels on a background |¢|?> = 1 and
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with characteristics

trajectory : x(t) In |8 b+ — 20,

1
V12

velocity : o'(t) = —2b,
2v1 — b2, )
senlb] (18] + senlb)(VI =028 + b3r) )

amplitude : 1 —

when bt — 400, the |g|? of Xs-soliton asymptotically travels on a background |¢|? = 1
and with characteristics

top trace : x(t) = In |8 bE| + 20t,

1
C/1I-?
velocity : o/ (t) = 2b,

2((2b% — 1)Br — 2bv/1 — b2BR)V1 — b2

sgnlt] (18] + senlb)(VI—575; + b3r) )

amplitude : 1+

Each soliton gets a phase shift —21In |b| due to interaction.

The value of amplitude of each soliton can be either larger or less than the background
|go] = 1. This indicates various types of interactions. Fig@ exhibits three types of inter-
actions. It is also notable that the value of amplitude of each soliton can be even equal
to the background |go| = 1, which means the soliton can vanish on the background. This
happens when 87 = 0 for the X;-soliton and when (26> — 1)3; — 2bv/1 — b2 = 0 for the
Xo-soliton. Illustrations are given in Fig[7] Note that such a behavior usually appear in
some coupled system and known as “ghost soliton”, cf.[33].

Fig. 6. Interactions of the X;-X5 solitons for the defocusing reverse-space NLS equation :
shape and motion of the envelope |q|? resulting from . (a) 3D plot for b =0.3,6 = —1.6 —
0.4i. (b) 3D plot for b =10.3,8 = —0.5+0.1i. (c) 3D plot for b = —0.8,5 = 1.4 — 4. In (a) and
(b), Xs-soliton is the branch in up-right direction, and the other is X;j-soliton. In (¢) X;-soliton
is the branch in up-right direction, and the other is Xs-soliton.

Case 2: [b| > 1
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Fig. 7. Interactions of X;-X, solitons with degeneration: shape and motion of the envelope |g|?
resulting from (102). (a) 3D plot for b = 0.5,8 = 0.5 — ?z (b) 3D plot for b = 0.5,8 =
—0.5 + @z (¢) 3D plot for b = 0.5, = —0.5. (d) 3D plot for b = 0.5,8 = 0.5. In (a) and
(b), Xs-soliton vanishes in the background |g|> = 1. In (c) and (d), X;-soliton vanishes in the
background |g|? = 1.

In this case the one-soliton solution of equation (100) resulting from (102]) can be
written as

= % (103a)
where
=2t {1420 (V2 =1 b) - BB Jﬁw))cos(zmx)

(VB2 —1—b) + BB* (V2 — 1+ b)) sin(2V/0? — 1z)
+ (B(VB2 — 1 —b) — B*(V/b2 — 1 + b)) cos(4b\/b2 — 1¢t)

—i(B(VDR —1—b) +5* Vb2 =1+ b)) sin(4b )}} (103b)
b((Vb2—1—1b)— B8% \/1)27—1-6 cos(2v/b? — 1z)
—ib((V02 — 1 —b) + BB*(Vb2 — 1+ b)) sin( NW 1z)

4 (B + B) cos(4bv/b2 — 1t) + (8" — ) sin(4b 1t). (103c)
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Solution (103)) is doubly periodic with respect to both x and ¢ and the periods are

T s

P, = , Pb=—r——.

TR —1 T iR o1

The solution is plotted in Fig[§l Although there are some results on doubly periodic
solutions, which are constructed by Jacobi elliptic functions in general, to our knowledge,
the doubly periodic solution (103|) to the defocusing reverse-space NLS equation (100)) is

not reported before.

(104)

Fig. 8. Envelope of doubly periodic solution ((103)) for the defocusing reverse-space NLS equation

(100), for b = —1.25,8 = 1.

5.2.2 Rational solutions

According to Table for equation , we have A = Diag(K,11, K}, ;) and T' given by
with 7 = —1. In the following we consider solutions resulting from K, 11 = Jp41(7).
Consider ®(k, ¢, (j) and W(k,¢, ci) defined in where we take A = k and § =

Expanding them in terms of (k — i) yields

Z Rjy1(k Z Sit1(k (105)
j=0 7=0

where
1o L s 1o L5 ,
Rj+1 = ﬁ%q)(kv ¢, d)‘kz 7Sj+1 j‘%\lf(k‘,c, d) i J=0,1,2---. (106)
Define
¢ = (Ry, Ry, -+, Ry, ST (=), S5(—x), -+, S;%H(—ﬂ?))Ta (107a)
= (51,8, 1, —Ri (), —R3(=x), - , =Ry 1 (—2))" = T*(—z). (107b)

It can be verified that ¢ satisfies with the above mentioned A, T', § = 1 and ¢y = e?*.
This means, with such ¢ and 1 as basic column vectors, by the formula

=g+ =e4 (108)

9
f f
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the quasi double Wronskians
[ = |¢ma¢m|v g = 2‘¢m+1;7pm71|

provide rational solutions to defocusing reverse-space NLS equation (100)).
The first order rational solution (for m = 0) is provided by

R S R iR
f= Sf(ix) *RI(lfw) 9= 2‘ Sf(ix) fiSf(lfm) (109a)
with
Ry =(1+(i+d)(z+2t)e, Sy =(d+ (1 —id)(z+2t))e ™, (109b)

where we have taken é = 1 and d being a constant. Explicit form of the first order rational
solution is given by

q= %, (110a)
where
G =2t {1 + 4i [ci* + (i + d)d* (z + 2t) +i(—i 4+ d*) (—z + 2t)
+i|¢+d|2(x+2t)(—x+2t)}}, (110b)
F=1+d?+ (i +d)(1 —id*)(z + 2t) + (=i + d*)(1 + id)(—z + 2t)
+2/i 4+ d*(z + 2t)(—x + 2¢). (110c)

Some illustrations are given in Figl9 which exhibit soliton interactions. To understand
the dynamics we investigate asymptotic behaviors of the above rational solution. We
introduce a new coordinate

(X1:.15+2t, t),

then rewrite ((110]) in this coordinate, keep X; to be constant and let ¢ — +o0. It follows
that

8(1+d
g 14— 8 y 1) e T (111)
1 2 R 2 —
Ali +d* (X1 + |i+c2|2) T |i+d|2

where d = CZR + ici]. For convenience, we call it X;-soliton. It indicates that, asymp-
totically, this is a wave traveling on the background plane |g|> = 1, along the line

_ oy _dg : . 8li+d|2(14dy)
r = —2t rdp with amplitude 1 + N

teraction. The wave can be Aabove the background plane when 1 + dr > 0, or belqw the
background plane when 1+ d; < 0, or vanishes in the background plane when 1+ d; = 0.
We further introduce a second coordinate frame

and without phase shift due to in-

(XQZI—2t, t),
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in terms of which we rewrite (110)). Then keeping X to be constant and letting ¢t — 400,
we find

dr + |d|?
g(Xa, )2 — 1+ . il 12’ ) e L (112)
; 2 _ 2 -

This implies that, when ¢ — 400, there is a wave (Xs-soliton for short) traveling on the

dp : 8i+d|?(dr+|d|?)
AV E with amplitude 1+ (4212
and without phase shift due to interaction. The wave can be either above or below or
vanishes in the background plane, depending on the sign of d; + |d|?>. We summarize these

asymptotic behaviors in the follow theorem.

background plane |q|? = 1, along the line z = 2t +

Theorem 5. When ¢ — 400, the envelope |q|? of X;-soliton asymptotically travels on a
background |g|?> = 1 and with characteristics

trajectory : x(t) = —2t —

velocity : 2/(t) = -2,
8li + d*(1+dy)
(Jd? -1 -

amplitude : 1 +

when t — 400, the |g|? of Xa-soliton asymptotically travels on a background |q|?> = 1 and
with characteristics

~

dr

top trace : x(t) = 2t + —,
© i + d|?

velocity : 2/ (t) = 2,
8l + d|*(dr +|d|*)
(Jdf? —1)2

amplitude : 1 +

Asymptotically, no phase shift occurs for each soliton.

Various types of interactions are illustrated in Fig9] which coincide with the above
results of asymptotic analysis. Note that, considering the signs of 1 + dr and d; + |cﬂ2, it
is impossible to have both waves below the background plane, neither one wave below the
background plane and another vanishing.

5.3 The defocusing reverse-time nonlocal NLS equation

For the defocusing reverse-time NLS equation

iQt = Qzx — 2q2Q(_t) (113)

with nonzero background gy = €%, we can analyze solutions resulting from k; = ib, b € R,
as we have done in Sec for the reverse-space nonlocal NLS equation (100)). However, it
turns out that the analysis procedure of these solutions and their dynamics are all similar

to those in Sec for equation (100). Let us explain the statement below.
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Fig. 9. Interactions of the X;-X5 solitons for the defocusing reverse-space NLS equation :
shape and motion of the envelope |g|? resulting from (110). (a) 3D plot for d=0.5. (b) 3D plot for
d=—2i. (c) 3D plot for d = 0.2—0.5i. (d) 3D plot for d = 0.5—i. (e) 3D plot for d = 0.5—0.5i.
In (a), (b) and (c), the branch in up-right direction stands for the Xs-soliton, the other is for the
X;-soliton. In (d), X;-soliton vanishes in the background |g|?> = 1. In (e), Xa-soliton vanishes in
the background |g|? = 1.

Rewrite (|102b|i and l|102c|) as

d)?i) (1’, ta aq, Bl) = (aleﬂl(fﬂ,t) + 516_771(%7:)) eit7 (1143)
Uiy (@t on, Br) = (alcz(kl)em(x’t) - 515(k1)6_"1(x’t)> e, (114b)
where

m(z,t) = \/k? + 1(x — 2ikit), &(k1) = \/k? +1+ki, d(ki) = \/k? +1—ki. (114c)

According to Sec for the reverse-space NLS equation ([100)), the vectors ¢ and ¢ in
the 2 x 2 double Wronskians f and g are

+ 7t? 9
¢ = b (x,t,01,B1) = ( J;%)((_Z,;;l?ﬁ;) ) , U =Y.t ar, 1) = Top (-, t,on, Br),

(115)
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and for the reverse-time NLS equation (113)), we have

i 1 an,
¢ = ¢[t]<$,t,&1761) = ( wfé;)(:(;:_t:l;hﬁ;i) > ) ¢ = w[t}(ajataalaﬂl) = T¢[t]($7 _t7a1751)7

(116)

where T' = <2 (1)) with v = £1, the subscripts [z] and [¢] stand for the reverse-space and

reverse-time, respectively. It can be verified that, when k1 = ib, b € R (as we have taken

in Sec, we have
771(93,75) = Uf(l‘at), nl(_$at) = _77(1:7 _t)v 6*(k1) = J(kl) (117)

It then follows that

¢[x]($7t, 0(1761) :B¢[t](x7t7 ﬁT7OJT) (118)

and

w[x](x7t7 alaﬂl) = T¢Tx}(_$7t7al7ﬂl) - _BT(b[t} (x7 _t76>1k704>{) = _Bw[t](x7t7 Bikaait)a
(119)

where B = ((1) _01). These relations indicate that |¢|? resulting from the above ¢ and

1 for the reverse-time NLS equation (113 are similar to those of the reverse-space NLS
equation (100)). We skip presenting illustrations.

5.4 The defocusing reverse-space-time nonlocal NLS equation
For the solutions of the nonlocal defocusing reverse-space-time NLS equation (i.e. (12))

with 0 = 1),

iGt = Quw — 2q°q(—z, —t) (120)

with the plane wave background gy = €%, the matrices A and T take the form (see Table
2)
A ( Kint1 Omta > T < thnt1 Omga > ' (121)
Om+1 Hpgr )7 Omy1 —thnga

Solution to equation (120]) with the background solution gy = e is written as

g
q=q + 5.
f

For the case of m = 0, (i.e. one-soliton case), there are

_ | ¢y skt
¢(_1) —i¢(_1>(—$,—t)

Sy k1o
¢y heq)

f , g=2 ; (122)
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where in light of ,

(b?—l) = (I)(khéi‘raié—‘r)v ¢(_1) = (p(hhél_v _Zél_)a

® is defined in , k;, hj € C, é;r and é]_ can be arbitrary complex functions of £k; and
h;j, respectively. For the case of m =1, (i.e., two-soliton case), we have

Sy kot by (—a—t)  —ikigf (—2,—) Sy kol Kok (-2t il (—e—t)

f= ¢§2) kqu@ @@(—x,—t) —‘m2¢:(+2)(—x,—t) g ¢§) k2¢(+f) k§¢z§)(—x,—t) @@(—x,—t)
$ay Mény —iby(—z—t) gy (—e—t) |’ $ay mon) hien)(—e—t) —idg(-z,—1) |’

bz hadyy i (—at)  ihady (~z, 1) bz hadgy M (—et) —idgy (~2, 1)
(123)

where ki1, ko, h1,ho € C and

® is defined in , kj,hj,é;-t e C.

In the following, we list some solutions of reverse-space-time NLS equation for
the special form of H,,11.

When H,,, 11 = —K,,+1, one-soliton solution of equation reads

_ 124
4= 7 (124)

where

G =e* {1 — 2k [cosh(z, [E? +12) + /K2 + 1sin(dkiy/k? + 1t) + iky cos(dkyy/k2 + 1t)} } ,
F =ky cosh(24/k? + 1x) — i cos(4ky\/ kT + 1t),

and we have taken ¢/ = ¢ = 1. Nonsingular solution occurs when k; € R. In this case,
the envelope of (124)) describes a wave moving along the straight line x = 0 and oscillating
in time with a period P; = W Such a solution is depicted in Fig(a). Note

that the period tends to 0 when |k;| is large enough, and such a change is illustrated in

Fig[10[b).

When H;, 11 = —Kj, ;, by calculation, we get one-soliton solution which reads

. G
q= €2Zt + T (125)

B!

where

G=- 21'@1[(1 — CL% - b% + ’U%I + ’0%2 — 2ia1) COSh(2Bl) + 2(i(b1v11 — (Il’UlQ) + Ulg) Sinh(QBl)
+ (=14 a? + b3 + 0¥, + vl + 2ia1) cos(2Bs) + 2i((a1v11 + biviz) + iv11) sin(2By)]e**,
F =(=14 a2 4 b3 4+ v?, + vy + 2ia1) cosh(2By) + (1 — a} — b3 + v3] + vy — 2iay) cos(2Bs),
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Fig. 10. Shape and motion of stationary breather of |g|? resulting from (124]) for the nonlocal
defocusing reverse-space-time NLS equation (120). (a) 3D-plot for k&; = 0.3. (b) 3D-plot for
ki =1.

we take ¢ = ¢, = 1 and denote

ki =a1 4 iby, \/k¥ +1=w11 +iviz, a1,bi,v11,012 €R,
By =vi1z + 2(a1v12 + bivn)t, Ba = vigx + 2(bivia — ajvi)t.

The envelope of behaves like breather which travels along the line x = —W.
An illustration is given in Fig(a). Note that a; = 0 yields trivial solution and b; = 0
leads to the solution ([124]). We can also calculate two-soliton solution from of this
case, where we take h; = —k7,j = 1,2. Its envelope describes a head-on collision of two

breathers, as shown in Figb).

27 g
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Fig. 11. Shape and motion of the envelope |q|? of the nonlocal defocusing reverse-space-time NLS
equation (120). (a) 3D-plot for the one breather resulting (125) with &y = 0.3 —0.15i. (b) 3D-plot
for two breathers interaction resulting from (123|) with k1 = 0.540.3i, ko = 0.5—0.31, éli =¢éy = 1.

Finally, Hp,11 = K, ; with k; € C, we claim that dynamics of solutions are similar
to the reverse-space case. The explanation is similar to what we have done in Sec[5.3] In
fact, write the vectors ¢ and ¢ with h; = k] in the double Wronskians ((122) as

/quzrl)(_xa _t7 k17 éla Y’él)

_ZQSE[) (—l‘, _tv ki? éla _Zél)

¢?_1)(‘T7ta k;17 é172.61)

=Py = ¢(*1)(x’t’kf,él, —iéy)

=Yg = (126)
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where the subscript [z, t] stands for the reverse-space-time. We rewrite the vectors in ((115)
(for the reverse-space NLS equation ({100))) as

* +
= — (1)(.’13,t,k1,c,d) _ _ w(l)(w7t7klacad) 197
?= 9 <w(ﬁ’;<—x,t,k1,c,d> == g by ) 02D

In the special case ¢y = 1,dy =i, ¢1 = 1, the following relations hold:

Pla) = COt)y Vo) = CYle)s (128)

where C' = <(1) _02> Besides, the construction of f and g, the same A = <k01 ,%) is used.

This indicates that in the case H,, 1 = Kj, 1, the analysis of dynamics of solutions for the

revere-space-time NLS equation will be similar to those of the revere-space NLS equation
that has been investigated in Sec[5.2l We skip it.

6 Conclusions

In this paper, by means of the bilinearisation-reduction approach, solutions for classical
and nonlocal NLS equations with nonzero backgrounds were constructed in a systematical
way. Solutions are presented in terms of quasi double Wronskians. Asymptotic anal-
ysis and illustrations were provided to understand dynamics of solutions, in particular
breathers and rogue waves of the classical focusing NLS equation @ and solitons and
rational solutions of the reverse-space nonlocal NLS equation . One can see that the
nonzero backgrounds bring more interesting behaviors in the dynamics of solutions. In
addition, although the solutions are given in terms of quasi double Wronskians (not stan-
dard double Wronskians), the reduction technique is still effective. In light of Theorem
one can also use the double Wronskians given in Theorem [2]if ¢q is independent of x. This
bilinearisation-reduction technique can also be extended to the other integrable equations
with nonzero backgrounds, which will be investigated elsewhere.
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A Proof of Theorem [1

To prove Theorem [I} we first recall the following lemmas.

Lemma 1. [27] Suppose that D is an arbitrary s x (s — 2) matrix, and a, b, c and d are
column vectors of order s, then

|D,a,b||D,c,d| — |D,a,c||D,b,d| + |D,a,d||D,b,c| = 0. (129)
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Lemma 2. [70] [71] Suppose that = = (ajs) mxa is an M x M matrix with column vector
set {a;} and row vector set {3;}. P = (Pjs)mxm is an M x M operator matrix where
each Pj, is an operator. Then we have

b1
M M| Bi1
Z|O[1,.-- y Ns—1, CSOOés, (073 PR )aM‘:Z R]O/BJ ’ (130)
s=1 j=1 5j+1

By

where {C} and {R;} are respectively the column and row vector sets of P, and “o” denotes
T
Cs o ag = (Pisais, Pasass, -, Pysayms)” and Rjo B = (Pjiaj1, Pjajo,- -+, Piyrajr).

Proof of Theorem[]]
Direct calculation yields

fo =1bm—1, Sms1; Oml + | Gm; D1, Yma1 |,
fow =lbm—2, Gms b 13 Y| + |Gm—1, Dmr2; Y| + 2 bm—1, Gt 1 Y1, Vi1
+ G Y2, Yy Yt | + |G Y1, Yol
+ 20| dm—13 Ym-+1] — 2r0|Gm15 Ym—1],
ify =— 2|$m727 Om Pm+1; @/Z’\m’ + 2\$m,1, ¢m+2§{b\m|
+ 2| P2, Yy Yt | — 2| Prns Prm—1, V2]
+ 20| dm—1; Ym-s1] + 270|Gm13 Y1l
i91/2 = — 2 m-1, bmt1s Dmr2: V1] + 2| Gms Pmta; Yim—1]
+ 2G5 V3, Y1, il — 2|Gmes 1 Y2, V1]
+ 20 (|Bms; P15 Ymr2| + [Gm—1s St 1; D1, V1| + |2, Gy Gmes 13 Pim)
= qoT0g — 90z [z,
92/2 =lbm, bmr2; Y1) + |Gms1s Yim—2, Y| — G0 o,
Gr2/2 =|bm—1, Sm1, Dms2; V1| + [ Gms O 33 V1| + 2|Gm, Grns23 Y2, Yrm]
+ 15 U3, Vi1, Vil + [Pt 1; Y2, Yt
+ q0(|m; D1, Ymt2| — |Pm—1, mr2; |
— s D2, Y, Yt | + [ G2, s G 13 Yml) — G0 faw — Gou fa-

Next, using Lemma [2| we derive some relations of quasi double Wronskians. Taking = =
|pm; ¥m| and (for 1 < j < 2m + 2)

p = (=D)"wmodylo,  0<s<m,
T =0+ (“)™Mrogm o vpto, m+1<s<2m+2,



]OCI’] m p[ The nonlinear Schrodinger equation with nonzero backgrounds 59

where the “o” is defined as in Lemma [2| One can find from the relation (130]) that
(TrA) f = |pm—1, Pmt1; V| + |Pms Vm—1, Yt 1],

where TrA stands for the trace of matrix A. Similarly, we can get
(TrA)Zf :|$m—27 GOms Om+1; {ﬁ\m‘ + ’(Zm—ly Orm+2; {ﬁ\m’ - 2‘$m—17 Pm+1; {/;m—la wm-l—l’
+ 1&m3 Y2, Y, Yt ] + [dmi Y1, Yrms2]-
Substituting them into the left hand side of one obtains
Plow = fofe = Adm-1, $ms1i b1, bmsrlf = U1, b1 Yrml |63 D1, Yo
+2G0|0m—15 P11 = 2ro| b1 Y | f
= Abm—1; V1l Gm1; Cmo1] + 200|Gm—1; Cms1|f — 270l bmr1; Ym—1lf
= —gh—qohf —rog/,

where we have made use of

Fl(TrA) f] = [(TrA) f1?
and the identity
|1y Gt 13 Vi1, Y1 f = 4bm—1, s Vol Grs D1, Yrmer1 ]
+|$m71§ &m+1”$m+1? @Emfl‘ =0,
which is derived from Lemma (1 Thus, is proved.
For ([14b]), we first derive the following relations using Lemma

(TrA)|$m+1§1Zm—l‘ :’(;my(bm-i—%{ﬁ\m—l’ - ’am-l-l;{p\m—%wmh

(TrA)2|($m+1;1Zm—1| :|$m—17 ¢m+17 ¢m+2;$m—l‘ + @m, ¢m+3;$m—l‘ - 2|$m7 ¢m+2;$m—2a¢m|

+ [ Gmt1; Y3, Y1, im| + |13 V-2, Y1 .
Substituting the derivatives of f and ¢ into equation we have
(fawg + [z — 2fugs — igef +ifrg)/2
=(~|bm—2, s D15 Y| + 3ldm—1, Pm+2 Y| + 2/Gm—1, Sm1; Vm—1, Y1

+ 3’¢m3 wm—%wmawm+1| - ‘¢m§wm—1a ¢m+2’)|¢m+1;wm—1| + 4qo|¢m—1;¢m+1”¢m+1;wm—1‘

+ (31m—1, et 1, Omr2s Yim—1] = |Gm: Gmss Yim—1] + 2/ b, o Y2, Y|

— Gt 13 Vi3, Yim—1, Y| + 3| dm 13 Ym—2, Ymi1]) f

— 0(|Om=2, b, St Om| + [Pt Smt2; Piml + 2l Gm—1, P13 Yim—1, Y1
+ |G Yim—20 Oms Dt | + |0 Y1, Ymr2]) f — o faf + 20070 Gmest; Yrm1| f

- 2(|$m717¢m+1;72m| + |$m?72}\mfla¢m+1|)(|$m7¢m+2?"2}\m71‘ + |$m+1;72}\m727wm| - CJofz)

= — 4(1m—1, D13 Yl 6m: Sms2; V1] + |G Yrne1, Yt 1] St Pm—2, Yim)
+ 4(Gm—1, D1, Pimr2; D] + |Gt Y2y Y1) f
+ 4(|bm—1, Pimr2; D + |G P2, Yims Y1 )| Gt 13 Yt
—200(foaf — 2) + 268 |Gm—1; Yms1|f + 40l m—1: Vi1 |15 Y]

== 200(faaf — 1) = GGhf — qogh

= — qo(faef — f2) + Q0709
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in which the identity

FU(TrA)?g] = gl(TrA)* ] = [(TrA) f][(TrA)g]

and relations

|¢m717 Omt2; Ql)m|g/2 - |¢m717 Om+1; ¢m’|¢ma Omt2; ¢m71| + |¢m*17 Omt1s Pmt2; T;Z)m71|f =0,
’¢m;wm—2a'¢mv ¢m+1\g/2 - ‘(bma V-1, wm—i-lH(bm—i—l; wm—%wm’ + ’¢m+1;wm—27wm+l‘f =0

have also been used. Thus, has been proved. The third equation can be proved in
a similar way.

Suppose that A= P‘lJP, i.e. A is similar to J. We introduce ¢/ = P¢, ¢ = P,
which satisfy (18) and (19) with J in place of A. Then, for the quasi double Wronskians,
we have f(¢', v ) !PIf(qﬁ V), 9(¢',0') = |Plg($,7) and h(¢',)") = |P|h(¢, 1)), which

means A and any matrix that is similar to it can generate same ¢ and 7.

B Proof of Theorem [2

For simplicity we denote

Direct calculation yields
Fy =lm—1,m+ 1|+ |mym — 1,m+ 1],
Fm—|777—\2mm+1m\+]m—1m+2m|+2|nf—\1m+1m 1,m+1|
+]m;m—2,m,m+1|+\m;m—1,m+2\,
sx:|r?z,m+2;n7—\1|+\ﬂ7+\1;n7—\2,m|,
sm:|777—\1,m+1,m—|—2;m/—\1|+|ﬁz,m+3;n7—\1\+2|ﬁz,m+2;177—\2,m|
+]777—|—\1;n7_—\3,m—1,m\+\777+\1;177—\2,m+1|,
iF,=—2\m—2,m,m+ ;| +2/m — 1,m + 2;m| + 2|m;m — 2,m,m + 1
= 2l m — L m 42|+ 20 (=)™ | — 15 (m + 1) 4 2ro(~1)" |+ 1: (m — 1)1,
ist:—QqOTO\m—&—l;( —1)\—2|m—1m—i—1m+2m—1|+2lmm+3m 1]
+2|m'mm—1m|—2|m+1'm—2m+1\
+ 2qo(—1)™ (—|777—\2mm+1m\—|—|m I,m+1;m— 1m+1|
—\m+1;m—2,m+1\).

A~ o~

Taking Z = |m;m| and (for 1 < j <2m + 2)

p [ O @@)o@¢) to,  0<s<m,
P —0+10(050) 0 (95¢) o, mA1<s<2m+2,

using ((130)) we can have
(TrA)F = |m — 1,m+ L] — |[fum — 1,m + 1],
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and
(TrA)s =|m,m +2m — 1| — |m + 1;m — 2,m|
+qo(=1)"(jm —1,m+ 1;m| — |mym — 1,m + 1]),
(TrA)’F = \m 2,m,m+ 1, m|+|m71 m+ 2; m\f2|m71 m+1m—1 ,m+ 1]
+ |m;m — m—2,m ,m—+ 1|+ |m;m — m— 1 ,m~+ 2| + 2qo(—1 )m]m—l;nf—i—\ﬂ
— 2ro(— )m]m—i—l m— 1|
(TrA)2s =|m — 1,m+ 1,m + 2;m — 1| + |, m + 3;m — 1| — 2|, m + 2;m — 2,m)|
Flm+1;m—3,m—1,m|+|m+ L;m—2,m+1|
+2q0(=1)™(|m — 1,m + 2| + |sm — 2,m,m + 1| — [m— 1,m+ 1;m— 1,m+1|)
+2q0(qolm — 1ym + 1] — rolm + 1;m — 1).
Substituting the derivatives of f into the left-hand side of one obtains
ffoz— 2 (131)
= FF,, — F? (132)
= 4(|m; m||777—\1 m+1;m—1 ,m+ 1| — |777—\1 m+ 1;m||m;m — m— 1 ,m+ 1)
—~2q0(—1)" ;| [m — T3 70+ 1] + 2ro(—1)™ #3; 7| [ + T;m — 1|
= Afm—Tym+1[jm+ Lym — 1| — 2qo(—1)™ | | [m — 1;m + 1|
+2ro(—1)™ |7 7| fm + 1;m — 1| (133)
= 4Hs —2qoH f + 2rosf, (134)
where we have made use of the equality
F[(TrA)F] = [(TrA)F)?
and the relation
im—1;m+ 1||m+ L;m— 1| — [ m|lm — 1,m+ 1;m — 1, m+ 1|
Hlm = 1,m+ L[y m — 1,m + 1] = 0.

Meanwhile, a direct calculation of the right-hand side of ((14al) gives rise to 4(2Hs—qoH f+

rosf). Thus, equation (|14a) is proved.
For equation (14b)), let us first consider (D2 —iD;)s - F. We have

Spal’ — 28, Fy + sFyp — (51 F — sFy)

= (F(sgzx —15t) + $(Fyy +iFy) — 25, F))

= @m-1,m+1Lm+2%m—1|— \mm+3-n7—\1;+2ymm+2-n7_\2,my
—|nm;m,m 1,m| —|—3|m—|—1 m—2 m+1|)F+2q0rosF
+2g0(~1)"(Im — 2,m,m + L;m| — |m — L,m+ Lim — 1,m + 1| + |[m;m — 1,m + 2|)F
F(=jm =2, m,m+ L +3m—1,m+2;m|+2lm—1,m+1;m—1,m+1]|
3 m — 2, mym + 1| — \m-nf_\l m+ 2|)s + 2q0(—1 )m\rﬁ'nm]s+2ro(—l)m52
—(|lm —1,m+1;m| + [mym — 1,m+ 1)) (|, m + 2m — 1| + |m + 1;m — 2,m|).
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Utilizing identity
F[(TrA)%s] = s[(TrA)*>F] = [(TrA)F][(TrA)s],

(14b]) gives rise to

—4(lm — 1, m + 1;@/|m,m + 2;m — 1| + |m;m — 1,m + 1||m + 1;m — 2,m|)
FAF(fm —1,m+ Lm+2;m — 1|+ |m + Lim — 2,m + 1))
+4s(\n7—\1,m +2;m| + ]ﬁl;m,m,m +1])
—2¢2HF + 4qorosf + 4qo(—1)™Hs
= —2¢2HF + 4qorosf + 4qo(—1)"Hs.

Then we have
(Di — iDt)S . f
(—1)m(—2q8HF + 4qorosf + 4qo(—1)"Hs)
= —q@hf —2qr09f — qogh,
which proves (14b)). Equation (14c) can be verified similarly.
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