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Abstract: We report a class of symmetry-intergable third-order evolution equations in
141 dimensions under the condition that the equations admit a second-order recursion
operator that contains an adjoint symmetry (integrating factor) of order six. The recursion
operators are given explicitly.

1 Introduction

We recently reported four fully-nonlinear Mébius-invariant and symmetry-integrable third-
order evolution equations, namely [2]

Uy
up = OESER b#0 (1.1a)
Uy
w =5 (1.1b)
wy = _2% (1.1c)
up = Uz(ar — ) a? + 3as # 0, (1.1d)

(CL% + 3&2)(52 - 20,15 - 3&2)1/27

where S denotes the Schwarzian Derivative

2
S = oz g <@> . (1.2)

Ug Ug
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This classification was achieved by matching quasi-linear auxiliary symmetry-integrable
evolution equations in S for each equation (LIa) — (LId). In [3] we propose a method to
compute the higher members of the hierarchies of (ILIal) — (LId]) without the knowledge
of the equations’ recursion operators. In particular, the proposed method makes use of
the recursion operators of the auxiliary quasi-linear evolution equations in the variable S.
This is an essential point since it is in general rather complicated and tedious to compute
recursion operators, especially for fully-nonlinear equations. It is important to point out
that the method to compute the higher-order members of the hierarchies as proposed in [3],
only applies to evolution equations that are Mobius-invariant and symmetry-integrable.
Furthermore we point out that it is not possible to extend the idea of Md&bius-invariant
evolution equation to systems of evolution equations in a direct sense. This has been
investigated in [4].

Inspired by the above mentioned results, we address here the problem of identifying
fully-nonlinear symmetry-integrable evolution equations beyond the Mobius-invariant class
and we do so by requiring the equations to admit a recursion operator of a certain form.
In particular, we restrict ourselves to evolution equations that contain rational functions
in Uzpze. Moreover, we assume a recursion operator of order two with an integrating factor
of maximum order six. This of course restricts us to a special class of equations, namely
equations that admit those type of recursion operators. Nevertheless, we believe that our
findings are of interest and that the results reported here are new.

We would like to point out that Herndndez Heredero [6] classified a type of third-order
integrable fully-nonlinear evolution equations that does not include equations with rational
functions in ..

2 Notations and conditions

To fix the notation and to recall the conditions that are needed in this paper, we consider
the general nth-order autonomous evolution equation in 1+1 dimensions

E :=u — F(u, Uy, Ugg, Uggas - - -, Ung) = 0. (2.1)

The subscripts of u denote partial derivatives, where partial derivatives of order 4 and
higher are indicated by .., n > 4.

Equation (2.1]) is said to be symmetry-integrable if it admits a recursion operator R[u]
that generates an infinite number of local Lie-Bécklund (or generalized) symmetries for
the equation. In this paper we consider recursion operators of the following form

Rlu] ==Y Gi[u)DE + Go[u] + > _ Li[u]D; " o Ajful. (2.2)
k=1 Jj=1

The notation R[u] and Gj[u| indicates that the operator R and functions G; depend
on u, Ug, Ugg,... up to an order that is ab initio not fixed. Here I; are Lie-Béacklund
symmetry coefficients for (2.I)), i.e. the coefficients of a symmetry generator

0

Z:[j[u]%

(2.3)
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which satisfies the condition

LeluL;[u]] =0, (2.4)

E=0

where Lp[u] denoted the linear operator

OE OF oFE OF OF
Lglu] = — 4+ —D;+ -——D, D2+ Dy, 2.
mlu] ou + out et Oug + Ougy ° Tt Otny ° (2:5)
Aj[u] are integrating factors for conservation laws
Dy®'[u] + D, ®*[u] =0, (2.6)
E=0
of [2.10), where
Au] = E[u]®*[u] (2.7)
and A must satisfy the condition
Elu] (A[u]E) =0 (2.8)
E=0
Here E[u] is the Euler operator
~ 0 0 0 0 0
El]:= ——Djo~—— —Dyo——+ D — D} 2.9
[u] ou te Ouy ° Oty T Oy @ © Ousy + (2.9)
Note that condition (2.8]) is equivalent to
L% [u|Alu] =0 (2.10a)
E=0
and Lp[u]E = L)[u]E. (2.10b)

The first condition (ZI0al) requires A to be an adjoint symmetry for (2Z1]), whereas the
second condition (2.I0D) requires A to be a self-adjoint function (for scalar evolution
equations this means even-order). Here L7;[u] denotes the adjoint operator of Lg[ul,
namely

OF OF OF OFE OF
Lylu] == — = D;o—— — D, D? - D} 2.11
rlul ou Lo Ouy ° Ouy oo Oy @ © Ousy + ( )
The condition on the recursion operator R[u] for (2] is
[Lr[u], Rlulle = (DiR[u])e, (2.12)
where [, ] denotes the commutator (or Lie bracket). Condition (ZI2]) is evaluated on the

equation (2.I). Moreover, the recursion operator of (2.I]) should generate a hierarchy of
symmetries coefficients n for (2.1]), i.e. symmetry generators of the form
0

7 — 77[“]%7 (2.13)
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by acting R[u] repeatedly on 7. That is
RFu)m [u] = mes1[u], k=1,2,.... (2.14)

For a symmetry-integrable evolution equation we require that all symmetries coefficients
n generated by R are local, so a recursion operator for that equation would generate a
hierarchy of local evolution equations

uy, = R*u]Flu],  k=1,2,.... (2.15)

Each evolution equation in the hierarchy (2.I5]) should share the same set of symmetries
that are generated by acting the recursion operator on the first (or seed) member for the
hierarchy of (2.I]). Those symmetries then span an Abelian Lie algebra and the recursion
operator is hereditary for each member of the hierarchy (see [5] and [7] for more details).

3 Recursion operators for a class of third-order symmetry-
integrable equations

Our starting point is the general class of third-order autonomous evolution equations of
the form

E = uy — F(Ug, Uy, Ugzs) = 0. (3.1)

For the symmetry-integrability of (8.I]) we need to establish a recursion operator for the
equation. In this paper we consider second-order recursion operators R[u] of the form

R[u] = Go[u]D2 + G1[u] Dy + Go[u] + Li[ulD; ' o Ajfu] + L[u]Dy ' o Asfu].  (3.2)
The explicit conditions on G, I;, Aj and F for ([8.I]) are given in Appendix A.

In order to find equations of the form (BI) that may admit a recursion operator of the
form (B.2]), we first establish the most general form of F' in terms of it highest derivative
Uzze- Lhis is achieved by solving the first three equations in the split commutator condition
(212), namely those conditions on G, and F' that do not involve the conditions on the
integrating factors A; or the symmetries I;. These are the conditions (A2al), (A.2b)) and

([A2d) given in Appendix A.

Proposition 1. In terms of the variable ugy,, the most general form of F(ugz, Uz, Ugzra)
for which (31)) admits a recursion operator of the form (3.2) is given by the following four
cases:

Q3 (u:c: uxx) [uxxx + Q2 (u:ca u:c:c)]

F= 172 + Qa(ug, Uzy) (3.3a)
Ql(uxa u:c:c) [Ql(ul‘7 uxx) + (uxxx + Q2(uxa u:c:c))z]

F= Ql(uma umm) Ugrr + Q2(u$7 umm) (33b)

= Ql(uxyuxw) - + Q3(ux7uww) (33(3)

[umvx + Q2 (uma umm)]
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Ql (ul‘a u:c:c) (ux:c:c + Q2 (ul‘7 uzx))

The functions Q1, Q2, Q3 and Q4 are arbitrary in their indicated arguments.

F =

1/2 + Q3(ux7 uxx) (33(1)

Proof: Solving (A2al), (A2D) and (A.2d) we obtain the following condition on F(u,, tsy,

u:c:c:c):
F9(F)2F® — 457 F'F" + 40(F”)3] =0, (3.4)
where the primes denote partial derivatives with repect to ugqy and F® the fourth partial

derivative with repect to uyz,. The general solution of (8.4 is given by (B.3al), whereby
B.3Dh), (33d) and (B8.3d]) are singular solutions. O

Remark 1. We remark that the conditions given in Proposition [ are consistent with the
conditions (2.83), (2.4) and (2.5) reported in [6].

The functions Q1, @2, Q3 and (4 should now be determined to gain recursion operators of
the form (2.2) for the equation (B.I]) for each case F' listed in Proposition 1. This identifies
the exact form of F for the symmetry-integrability of ([B.I]), which is achieved by solving
the remaining conditions (A2d), (A2¢), (A2f) and given in Appendix A.

In the current paper we restrict ourselves to the case where F'(uy, Uz, Uz 1S a rational
functions in gy, namely case ([3.3d). This leads to the following

Proposition 2. The following equations, in the class uy = F(ug,Uyzy,Upzy) with F a
rational function in Uzz:, are symmetry-integrable:

e Case I
Ugs
Qo+ P, O (%5
where {a, B} are arbitrary constants, not simultaneously zero, and Q(uy) needs to
satisfy
(aug + B) *Q + 5ad4Q =0 (3.5b)
* du dut '

which admits for a # 0 the general solution

3 2
Q(uz) = c5 (u;p - é) + ¢y (u;p - é) +c3 (u;p + é)
(6% (6% (6%

8\
+co <ux + E) + cy. (3.5¢)

For a = 0, the general solution of (3.58) is
Q(ug) = csuy + cqus + caud + coug + c1. (3.5d)

Here c; are constants of integration.
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e Case 11
30 1+ Aotgn)”
up = Ve (1 dota)” (3.6)
ufE"E"E
where {A1, Ao} are arbitrary constants but not simultaneously zero.
e Case III
11
U = (Oﬁux t /8) 5 (37)
[(auy + B)uges — 302, ]
where {a, B} are arbitrary constants but not simultaneously zero.
e Case IV
4 5
w = e = Yo (3.8)

(2bu2 — 2upugyy + 3u,)? — (b—S)%’

where b is an arbitrary constant and S is the Schwarzian derivative (I.2).

The recursion operators for each equation listed in Proposition [2] have been computed and
are given in Appendix B. Note that equation (3.8]) is identical to the Mobius-invariant
equation ([Ia)). This recursion operator for equation (LID)) is obtained by setting b = 0
in the recursion operator (B.1) of (3.8).

For each equation listed in Proposition 2] one can easily remove the nonlinearity in the
third derivative by a simple substitution u, = W (x,t) which, in a sense, “unpotentialises”
the equations of Proposition 2l For completeness, we list the so obtained equations here:

e Case I: With u, = W(z,t), (B5al) takes the form

W, — — WiWeee  3aW] N 6W;
(aW + BPW3,  (aW + B)IW2,  (aW + B)3 W,
+Q' (W)Wy, (3.9a)
where
(aW +B)Q® +5aQ™W =0, Q=Q(W). (3.9b)

e Case II: With u, = Wi(z,t), we obtain for ([3:6) the following equation:

2W137x()\1 + Agwl,x)?’Wl,xm N 3)‘2WE:(:()‘1 + )\2W17x)2
ng Wl,mm

XX

Wip=—

N 3W12’x()\1 + )\QWL;E)?)

1
Wl,:c:c (3 O)
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With W, , = Wa(z,t), we obtain for (3] the following equation:

2W22()\1 + >\2W2)3W2,mpx + 6W23()‘1 + )‘2W2)3W22,mv

Wy = —
2.t Wzg’x W24’x
9W22()\1 + )\2W2)3(W2 + 1)W2,xx 9)\2W22()\1 + )\2W2)2(W2,x + 1)
_ 5 +
W27x W2,:c
—6ASWE (A1 + AoWa) + 6Wa (A + Ao Wa)3. (3.11)

o Case III: With u, = W(z,t), we obtain for (87) the following equation:

10
Wt = — (OéW i B) [QQWWMM (OéW + 25) + 252Wmmm

[(av + B) Wy — 30(W§]3

— 21aW,Wop (aW + ) + 33a2W3] . (3.12)

e Case IV: With u, = W (x,t), we obtain for (3.8) the following equation:

4w 5
W, = 3 | AW Waae — 18W W, W
(26W2 — 2W W, + 3W2)

+ 15W32 + 26W2Wx> . (3.13)

4 Concluding remarks

Our aim has been to construct fully-nonlinear third-order evolution equations in the class
uy = F(ug, Ugy, Uzyy ), namely to identify those equations in this class that admit a second-
order recursion operator with a sixth-order integrating factor, which are then symmetry-
integrable equations. Note that that exists no fully-nonlinear evolution equation in this
class that admits a recursion operator of order two where both integrating factors, A; and
As, are of order less than six.

We report here four equations, listed in Proposition 2, namely (B.5al), (3.6]), B.7) and
B3). Due to the mentioned restrictions on the form of the recursion operator, this is
certainly not a complete classification of all fully-nonlinear third-order evolution equations
of this form that admit a recursion operator. Nevertheless, we do consider the equations
that we have obtained here to be of some interest and worthy of further study. It would, for
example, be interesting to find all the potentialisations of the four fully-nonlinear equations
B35al) to (B.8), as well as the equations (3.9al]) to (B:I3]). This can be investigated by using
the adjoint symmetries structure of the equations. Some preliminary calculations have
revealed a rich adjoint symmetry structure for these equations, so one can expect to obtain
interesting results. Furthermore, one could apply the multi-potentialisation method which
may lead to nonlocal symmetries for the equations (see [I] for details regarding multi-
potentialisations). One could also extend this study further, namely to include evolution
equations of third order that explicitly depend on u and allow algebraic functions in ...
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A Appendix: The general conditions for R[u] of (3.1

For the equation u; = F(ug, Uyy, Ugrr) We provide here the explicit general conditions on
the functions F', G;, I; and A; for the existence of a recursion operator R[u] of the form

R[u) = Go[u)D? + G4 [u] D, + Go[u] + Ii[u)D; Y o Aj[u] + L[u] Dt o Aslul. (A1)

T T

This is obtained from the commutator condition (2.12]) by equating to zero all the deriva-
tives of the free function ¢. For convenience we introduce the following notation:

oF oF oF
Ap = Ay = Az = .
! Ouy ’ 2 Oy ’ s OUgza
The conditions are as follows:

ot
— : —2G9D A3+ 3A3D, G5 =0 (A.2a)
Oxt
83
8—;§ £ 245D,Go — 2GoDy Ay — GoD2As — Gy Dy As + 3A3D2Go

+3A3D,G1 =0 (A.Qb)
82
8—;5 : 3A3D§G1 + AgDzGQ +249D,.Gq + AQD:%GQ + A1D,.Gs + 3A3DZG0

- 2G2DmA1 - GQD?CAQ — GlDwAg — DtGg =0 (AZC)

E=0

0
a_i . A3D3Gy + 3A3D%Go + AsD2Gy + 245D, Gy + A1 D, G,

2
+>° <3A3Ajpx1j + 3A31;D, A + IjAijAg,)
j=1

— GyD?A, — G1D, A, — DGy =0 (A.2d)

E=0

2
@ AngGO + AQD?CGO + A1D,.Gy + Z < — 2Ij(DxA])(DmA3) — IjAng,Ag
j=1

+IjAijA2 — IjDiA] + 3A3(Dmlj)(DxA]) + 3A3A]D£Ij
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+ 2A2AijIj + 2A2[ijAj> — DGy =0, (A.2e)
E=0
as well as the symmetry condition
Lglu) I; =0, j=12 (A.2f)
E=0
and the adjoint symmetry condition
L[ul A, =0, j=12 (A.2g)
E=0

B Appendix: The recursion operators for the symmetry-
integrable equations of Proposition [2]

Recursion operator for Case I: Equation ([335al) of Proposition [ viz.

6

e, Q)

Ut =

admits the recursion operator

R[u] = Gg[u]Dg + G1[u] Dy + Gou] + (au, + ﬁ)D;l o Aq[ul, (B.1)
where
Golu] = Uz (B.2a)
(ozuw + 5)2 u%xz
ut uy 4u3 aud
Gl = G e,  w s A e T ow T B (B-2b)
G [u] _ uimuﬁx 3uimué21x
0 B (aul‘ + 5)2 u%mm (aux + 5)2 u%xw
L[ Sul, n 6o, s + 60ub,
(OZ’LLI + 5)2U%mm (OZ’LLE + 5)3 u%mm e (ozuw + 5)4 u%xw
B 18au?, 12002, n l(au n ﬁ)dZQ _add (B.2¢)
(aug + B3 Upee  (qug +B)2 3 ° du? 3 du, '
Uy U6z 12u3, 9au3,
A = + - Uy
(Oé’LLm + 5)3 u%mm (Oé’LLm + 5)3 u%mm (Oé’LLm + 5)4 u%mm

T2aul, 36a%ub,

< 24au?,

(OZ’LLE + 5)4 u%mm

Uy,
(OZ’LLE + 5)5 u%mm) !

27au’, 28u3

4
g Uag sy <

(aux + 5)3 u%xw

(aux + 5)4 u%xw

. TT ) u2
(aux + /8)3 u%xw i
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N 2ug,ul, 24U 30au’, 108au3,
(aug + B)3ud,, (auz+B)3  (aug + B)0u2,,  (auz + B)4
108a%u3, 1d3Q
— - = . B.2d
(g + B)5 ugpe 2 dul Haz ( )
Here Q(u,) needs to satisfy the 5th-order ordinary differential equation (3.5B), viz.
d°Q d*Q
(ozum + ﬁ)d—@ + S du% = 0.
Recursion operator for Case II: Equation (B.6]) of Proposition 2] viz.
uix ()\1 + )\2umm)3
Ut 3
uZEZEZB
admits the recursion operator
Ru] = Ga[u] D2 + G1[u] D, + Golu] + D' o Aq[u], (B.3)
where
2 A by 2
Cfu] = Max(1 T A2tss) (B.4a)
uxxx
Giu] = u2, (M +;\2um)2u4x B Aou2 (A1 + Aotzy) (B.4b)
uxxx uSCSCSC
Golu] = w2, (A + Aotge)?us, N 3uZ, (A + Aougy)?u?,
2 2 (A + A A1+ 4\
R 2me)( L+ Wota)Us | 53300 L 6 g, (B.4c)
rxax
Al [u] _ u%m(/\l + /\2umv)2u6m + 4“:2:2()\1 + )\2umm)()\1 + 3)\2umm)u5x
g (s Aottge) usgtisy | 1205, (M + Motia)*uy
B U3 1 (A1 + Aotizs) (A1 + 14)\2um)uﬁx
uSsCSCSC
2(12X\3u2, + 10\ M
+ ( 2t i 1A2Uez + 1)U4m - 6/\2(/\1 + 4)\2um)umx. (B.4d)

Uggx
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Recursion operator for Case III: Equation (3.7) of Proposition [2] viz.

(au, + 5)
[(aug + B)uges — 3au2, | 2

Uy =

admits the recursion operator
Rlu] = Ga[u] DF + G1[u] D + Golu] + (au, + 8)D; ' o Ai[u] (B.5)

where

Golu] = (o + 5)° (B.6a)

[(auz + B)uges — 302, ] 2

(aux + 5)7 Udg

Gilu] = [(aux + ,8)2U4x — 13a(auy + Bugrtizes
[(auw + B)ugrs — 3au§x]3
+ 24a2uix] (B.6b)
9
Go[u] _ (auac + 5) U5y .
[(auw + B)Ugze — 3ozug2m]
6
z 4
+ 3(au + /8) 1 |:(au:c + 5)47//42195 - _6a(aux + B)guxxuxxxu4x
[(auw + B)ugrs — 3au§,x] 3
3.3 184 4 2.2 2
—|-3OZ(OZ’LLm + 5) Uy + Ta (ozuw + 5) UprUrre
— 1840 (auy + B)UbyUprs + 144a4u24 (B.6c)
(au:c + /8)8 Upx 9(au:c + /8)9 Ugg Uy

A = _
I[U] [(aum + ﬁ)uﬂbw - 30zu%x]3 [(aum + ﬁ)ummm - 304'“52050]4

7202 (g + B)7 ul us, N 8la(auy + B)® Upptizratise

- [(aug + B)tgzs — 3au:2m]4 [(aug + B)uges — 3au%x]4

12(auy + B)1° uix

+ 5
[(auw + B)ugrs — 3ozu92m]

450 (o + B)8 ugpu?,

- [(au + Bu — 3au2 ]5 (504uxumx + 5BUzzy — 3au92m)

Sa(auy + )5 ugy
[(auy + B)uges — 302, ]

= | 11(au, + B3ud .+ 291a(au, + B)*u2u,,
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— 50402 (auy + By Usrs + 216a3u24

2002 (ug + B)* tgy [_ 67 (attg + B) 4t it
[(aum + 5)ummm o 3OZ’LL:2L,1,]7 3 T :c:c Urzs

+1480° (ugy + 5) m xm + 288a° (ugy + 5)u 2 Uzza

1
—3060& (ozuw + 5) :c:c 9209096 + 27 (Oé’LLm + ﬁ) xxx

-§%g(aux4-5) uZ,ul,, — 108a8u ”]. (B.6d)

Recursion operator for Case VI: Equation (B.8]) of Proposition 2] viz.

5
4u?, Uy

(2bu2 — 2ugugyy + 3u2,)? — (b—S)%’

Ut =

admits the recursion operator

R[u] = Ga[u]D? + G1[u] Dy + Go[u] + uaD; " o A[u] + w D, o Agfu] (B.7)
where
Golu) = ——— (B.8a)
=4 - s) o
U Sm
Gilul =~ 57~ Ip-3p (B.8b)
u?, Uz Sy Sea 2052 — b?S — 352 — 83
Golvl = 520 — 52 Y T —9p T I0-9F 10— 9) (B.8c)
B Spwa 95, S0 S, (b + 39) 353
Afu] = Cdug(b—S)3  duy(b—S)t Buu(b—S5)3  uu(b—S)° (B-8d)
Sy

Here S is the Schwarzian derivative (L2)).
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