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Abstract

We propose a Hamiltonian formalism for N periodic dressing chain with the even
number N. The formalism is based on Dirac reduction applied to the N + 1 periodic
dressing chain with the odd number N + 1 for which the Hamiltonian formalism is well
known. The Hamilton dressing chain equations in the N even case depend explicitly on
a pair of conjugated Dirac constraints and are equivalent to Ag\})_l invariant symmetric
Painlevé equations.

1 Introduction

The N periodic dressing chain has emerged in a study of Schrédinger operators inter-
connected by Darboux transformations [12]. Its equivalence to Ag\lf)_l invariant Painlevé
equations has been subject of a number of papers, see e.g. [Il, 9, 10} 11}, 13]. The system
can naturally be realized as a self-similarity limit of the ¢5 flow equations of several two-
dimensional integrable models, e.g. (1) the integrable mKdV hierarchy on the loop algebra
of sl(N) = Any_1 endowed with a principal gradation [8, 2], (2) a class of constrained KP
hierarchy referred to as 2n-boson integrable models generalizing AKNS hierarchy [5] 4]
that in a self-similarity limit are equivalent to the N = 2n + 1 periodic dressing chain
equations.

The Hamiltonian formalism for N periodic dressing chain [12] is straightforward as
long as N is odd. However the same structure for even N requires for consistency an
additional relation [I0]. Here, we propose a coherent formalism based on Dirac approach
where the consistency condition naturally emerges as a secondary constraint for even N
and does not need to be set to zero. We illustrate our formalism by explicitly employing
the reduction from the Hamiltonian formalism of N = 5 to IV = 4 dressing chains. We
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show equivalence between the N = 4 dressing chain equations with explicit dependence
on two Dirac constraints and the Az(,)l) symmetric Painlevé V equations.

Furthermore, we observe in this paper that generalization of the method to 2n+1 — 2n
reductions for n integer and n > 2 follows the same steps and we provide a formula
describing all such Hamilton equations. We establish the invariance of the two Dirac

constraints under extended affine ASL)_I Weyl symmetry that ensures invariance of the

dressing chain equations. Moreover the A;l)_l basic Weyl algebra relations hold despite
the presence of additional (Dirac) terms in fundamental brackets between currents j;,i =
1,...,2n and the Hamiltonian.

The paper starts by revisiting basic facts about periodic dressing chain equations and
the corresponding Hamiltonian formalism in section 2l We stress a different nature of
commutation relations satisfied by the quantity sz\i 1 Ji with respect to the basic Poisson
bracket {-,-} for N odd and even.

The main results of the paper are presented in section [3l and derived from Dirac reduc-
tion procedure in subsection Bl The subsection is devoted to proving that despite
explicit presence of Dirac constraints in Hamilton equation of N periodic dressing chain
equations they remain invariant under extended affine Weyl symmetry group Ag\l,)_l.

We describe a mechanism to deform the Afll) symmetric Painlevé equations in section

[ The reduction formalism Ail) — Agl) we have introduced offers new ways to explore

how the Agl) Weyl symmetry can be broken down to a partial Backlund symmetry by
addition of quadratic terms to the Hamiltonian of N = 5 symmetric Painlevé equations.
In the case of 2n-boson constrained KP hierarchy [5], 4] the self-similarity reduction
yields Hamiltonians of the Agln) Painlevé models expressed in terms of n canonical pairs
e, Yi, i = 1,2,...,n satisfying brackets {e;,Y;} = 6;;, ¢ = 1,...,n. The Dirac formalism
was defined in [4] to further reduce this system to A;l)_l Painlevé models by setting Y,, = 0.
This construction was illustrated by reduction of Ail) Painlevé equations down to the Aél)
symmetric Painlevé V equations. Although the reference [4] employed a different set of
variables than the conventional periodic dressing chain variables j;,¢ = 1,...,2n+1 of this
paper in section [§l we are able to show that the reduction of [4] is in complete agreement
with the framework put forward in this paper. The advantage of the current formalism is
that is more intuitive and therefore simpler to generalize from the n = 2 four boson model

to higher n models.

2 Background
Our starting point is the set of N periodic dressing chain equations:

(i + Jit1), = — Ui — Jiw1) Ui + Jix1) + i, i=1,...,N, (1)
where periodicity implies that jyi; = ji,an+i = a4,i=1,..., N — 1.

Let us first work with the odd number N = 2n+1 and recall the Hamiltonian formalism
for such case [12]. Note that for the odd N one can invert the relation

fi = Ji + Jiv1, (2)
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by providing j; in terms of fi,k=1,...,N :

N-1

Ji = % S (=D fisn (3)

k=0

For example for N = 3:

J1= %(fl — fa+ f3), jo = %(f2 —fs+ f1), ja= %(f?) - fi+ f2).

Thus as long as N is odd one is able to invert relation (2] and pass effortlessly from
fi-formalism to j;-formalism establishing full equivalence between the bracket structure

0 k#i+1LEk+1#4
{fi, fit=41 k=i+1 (4)
-1 k+1=1,
and the bracket structure:
(ige} = (D) 1<i<k<N. (5)
For a sum Y0, j; it holds from (&) that
(—1)i ! N even

. 6
0 N odd (6)

{Jisji+de+iz+ja+is+...+in} = {

Thus setting the quantity ® = Eszl Jx to be equal to a constant is consistent with the
underlying Poisson bracket structure for N-odd but for N-even it will be imposed below
through the Dirac system of primary/secondary constraints.

Defining, like Shabat and Veselov in [12], the cubic Hamiltonian

1 N N
o .3 .
HN—gZ]k‘f‘Zﬁk]k’ (7)
k=1 k=1
one obtains

(i +dis1,s HNy = jig — 52+ Bis1 — By, i=1,2,.. ,N=2n+1, (8)

using the bracket (@) for N being odd. We recognize in equations (8) the dressing chain
equations (II) with

aZ:BZ-i-l_/BH 12177N (9)

The above relation implies that Zé\le oy = 0.

Identifying in the Hamilton equations the expression {f, H} with f, makes it possible
to allow for Eszl ay # 0 by redefining j; by e.g. J; = j; — %z (see e.g. [12,12]) and working
with the corresponding Hamiltonian :

N N N
1 z
H :—E;ﬁ —Ejﬂ Ej i . 10
" 3k:1 k+4k—1 k+k:1ﬁkk ( )

For simplicity we will continue to work here with the Hamiltonian (7).
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3 Reduction from N + 1 periodic dressing chain to even N
periodic dressing chain

The main result of the paper is development of the Hamiltonian formalism for even N =
2n case of equation (), which in general case enters the Hamiltonian formalism in the
following form :

7 ’l+ 7 .
{]z+jz+17H}—jz+l ]z +/8Z+1_/8Z ( )+1WTJMW7 i=1,2,...,N =2n, (11)

with @ # 0, ¥ # 0, where ® and ¥ are defined as

N=2n N=2n
o= i, U= (“DMGE+ 8. (12)
k=1 k=1

The Hamiltonian H in relation (II]) will be derived below from the Dirac formulation and
the bracket {-,-} always refers to the Poisson bracket (&]).
(1)

We can cast the equations ([LI]) into symmetric A’ ; Painlevé equations. In particular

for N = 4 we obtain Agl) symmetric Painlevé V equations:

Q{f1,H} = fifs(fo— fa) = (a1 +a3) f +a1(f1 + f3),
O {fo, H} = fafa (f3 — f1) + (1 + a3) fo + aa(fo + f4), (13)
O{f3,H} = fifs (fa— f2) — (1 + a3) fs + a3(f1 + f3),
O{f1, H} = fafo (f1 — f3) + (1 + a3) fa + cu(fo + fa),

as follows by verification after substitution of f;, «; from equations (2)), ([@). Remarkably
after inserting values ®, U from the definition (I2]) the right hand sides of equations (ITI)
can be expressed entirely by variables f;, 7 = 1,..., N without any need to invert relations
([2)). This observation is crucial for consistency of the proposed Hamiltonian formalism for
even N and arbitrary non-zero W.

3.1 Defining Hamiltonian formalism in terms of Dirac reduction

In section 2] we have been working with the Hamiltonian system (8) for odd N = 2n + 1
with ¢ = ZN n+l Jr that commutes with all j; and Hy and can naturally be chosen to
be a constant. We will show how to obtain the same result for ® = Z]kvzl Jr with N even
by working with Dirac formalism.

We now present the Dirac reduction formalism leading to the dressing chain equation
(). For illustration we perform all the steps for the N =5 — N = 4 case.

The first step is to eliminate j5 from equation the initial cubic Hamiltonian (7)) express-
ing it in terms of the remaining four objects j;,7 = 1,2,3,4. Elimination of js involves
setting the condition:

Y1 = js = —J1 — jo — J3 — ja ~ const. (14)
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In this limit the Hamiltonian Hpn—5 becomes

4
1 ) 1, . . . .
Hp = HN|js=-j1—jo—ja—is = 3 > ik 3012+ s +ja)°
=1

) (15)
+ Y Bidi = Bs(jr + Ga + ja + ) -
i=1
Condition (I4]) needs to be accompanied by secondary Dirac condition
4
Yo = W = {js, Hy=s} = {1, Hy=s} = = Y ((=1)"j2 + B(-1)F) . (16)
k=1
U can also be rewritten as
. ‘ : ‘ 1
‘If:(J%Jrjg—]%—.ﬁ)+§(—041+042—a3+044)= (17)
in terms of a’s. The Dirac constraints ¢¥; = —®, 19 = ¥ satisfy the bracket
{¥1, 2} = 2(j1 + j2 + Js + ja) = 29, (18)
that for ® # 0 gives rise to a regular matrix
3 (0 20 41 (0 -1
that will be used to calculate the Dirac bracket:
{Gisdiyp = i i} = {dis e} Dog s, i} - (20)

Let us calculate {j1,j2}p as illustration of the Dirac bracket technique in this context.
Using brackets:

Uy = =51, @) = =1, {2, o} = 201 =z —Ja)- {1, ¥2} = =202 73 +ja), {¥1, o} = —1,
we find
{j17j2}D =1- {j1’¢1}Df21{¢27j2} - {j1,¢2}D2_11{7/)17j2} =1- W

. . . . . . . 21
Jetgztga @ jitge g3tia_ f3 21

P P ) ) P

Proceeding in same manner with calculations for all the other non-vanishing brackets
{Ji,jj} 0 one obtains

{j1,da}p = —%, {J3,ja}p = %, {j1,72}p = %,
22)
L fa 3 . fa . f3 . fe (
{32734}D :_6—1_67 {]27]3}[)2 67 {]17]3}D :_6“‘5

and it follows indeed that {j;, ®}p = 0 for any .
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Takasaki in [I0] obtained the brackets (22]) by first assuming that the periodic dressing
chain equations (Il) hold for N = 4 and then inserting equations (I]) into the alternating
sum Z]kvzl(—l)k (Jk + Jr+1), that is identically zero as long as N is even. Imposing con-
sistency of those two equations amounts to setting W = 0. This in turn makes it possible
to invert equations (2)) and find expressions for j; in terms of f;. The brackets {j;,j;} can
in such way be derived from brackets () for f; leading to an alternative derivation of (22])
[10].

Here we will instead follow the Dirac procedure and use the original Poisson bracket
{ji, 51} = (=1)*="*1 with the Hamiltonian:

H = Hp + M1 + Ao, (23)

where Hp is given in ([I8]) and A,,a = 1,2 are Lagrange multipliers that can be derived
from

0= {ta, Hr} + 522:_1 Ag{¥a; ¥p}t = {¥a, Hr} +§:1Da5>\57 (24)
i = =
Ao = —iD;g{lpﬁ,HR} - A\ = %, Ay = —;%.
=1
Thus

2
{ji,H} = {Ji» Hr} + Ao {Jis Yo } = {Ji, Hr} — Z {jia¢a}D;é{¢6,HR} = {ji.Hr}p -
a,B=1
(25)
Especially, it follows that
2
{¢77H}:{¢“{7HR}_ Z {QpV)wa}D;é{qbﬁ)HR}:Ov /7:172
a,B=1
From equations (25]) we obtain
(i + Jivr, HY = {Ji + Jis1r, Hr} — {Gi + Jis1, 01 Do {tbo, Hr} — {ji + jis1, Y2} D31 {tb1, HR}

= (i + Jix1, H} — {Ji + jix1, 102} Dyt {e1, HR}
(26)

where we used that
{ji + Jivr, 1} = —{Ji + jir1, @} =0,

ensuring that the cubic term {9, Hg} never appears in the dressing chain formulas.
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After some algebra (and use of equation (I7)) in the bottom equation below) we obtain:

) . . ) i1+ j2)¥
{]1+]27H}:_J%+]22_51+62+%7
) D
{j2+j3,H}=—j§+j§—52+53—%,
o ) . 3+ J4)V
HY — _q2 2 (Js
{J3 + J4, } J3 + J4 53 + 54 + o ) (27)

{Ga+ 1, HY = =31 + 3 + 245 — 25 — B1 +2B2 — 253
J1+ 2j2 + 2j3 + Ja

\\J
+ B4+ >

i
- S B A q)]l)‘

The above results ([27) can be summarized as the result (II) for N = 4. Summing over
1 =1,...,4 gives

{¢7H}:07

which of course does not contradict {®, Hr} = ¥ found earlier.
Also, one can form an alternating sum of expressions of both sides of (IIl) to obtain

4 4 4
S0 i+ HY = =0 (D8R4 B=1F) + 30 (D5 + Bra (1))
i=1 k=1 k=1

B f1+f2$f3+f4\1,:2\11_2\1,207

(28)

consistently with that the left hand side is identically zero for N even! Thus the system
of equations (1) does not need imposition of the condition ¥ = 0 for consistency.
Moreover, one can alternatively calculate

4 4
L 1 3 ‘ .
{ji+]i+17 g;jz +ZZ:;BZJZ}D7 Z:17273747

with the Dirac bracket {-,-}p as given in equations (22]) instead of using bracket (&) and
Hamiltonian H to reproduce the same result as in (27]).

We now present a simple observation on how to explicitly transform any dressing chain
of even cyclicity to the one with ¥ = 0 by shifting j;,7 = 1,...,2n by terms proportional
to U/®. Let us namely introduce

(—1)'w
2

Ji=Ji+ (29)

and notice that quantities f; = j; + jiz1 = Jji + ji+1 remain invariant under the shift in
[29). Accordingly, we can rewrite equation (II]) (and its particular case in equation (27]))
as

{jz+§z+1,H}:§Z2+1_53+51+1_ﬁ27 221,2,,N:27'L, (30)
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removing explicit dependence on ¥ and ® in the commutation relations. One can indeed
check that ¥ = j? + 52 — j2 — j% + %(—al + ag — ag + ay) is identically zero for j; defined
in relation (29) and so the system of equations (30) is consistent.

Since {ji, U} p = 0 for any i the new quantities j; will satisfy the same Dirac brackets
[22) as the original quantities j;.

3.2 Invariance under the AE\l,)_l transformations

In this subsection we show that equations ([I]) exhibit invariance under the Ag\l,)_l trans-

formations. For illustration we here consider the N = 4 example and s;, i = 1,2,3,4
transformations of Ai(,)l) [1:

R
Ji + Jit1
gk -5 g kA ik #i+1,

R

. Si 0~ .
s Jitl = Jitl = Ji+l + ———
i+ i+ i+ i + Jis1 (31)

Ji = i = i —

for k; = oy = Bi+1 — B;, when it is accompanied by transformations of coefficients a; —
—q;, 041 — 41 + «;. This is accomplished by the following s; transformation:

Bi 25 Biv1, Biv1 - Bi, (32)

Explicit calculations show that the system of equations (II]) is invariant under the
transformations ([BI) and (32]). The proof utilizes the fact that the objects ¥, ® (and obvi-
ously also f; with the same index i as in equation (31])) are invariant under transformations
BI) and [B2). For ¥ this requires a small calculation which for e.g. s1 goes as follows:

2 2

. . . K1 . K1 > > . . > >

Ji =3+ B — B> (]1 - E) - <J2+—1> + B —Pa=ji —j5 — 261+ B — Ba
=i =43 =282 = B1) + B2 — Bi = ji — 5 + B — B2

Obviously the i—th component of equations (II]) is invariant as f; remains unchanged.

Explicitly, the transformation of the right hand side of the i—th component of equation
(I is as follows:

(33)

— G 4321 = Bi+ Birs = filGinr — i) — Bi + Bina
=5 (i1 + 5i) Gir — i) + 2/‘%‘f = Biv1+ Bi = (i1 +Ji) Uit — Ji) + Bivr — Bi-
7

However since f;—1 (and f;;+1) is are not invariant under the transformation (31I) we need
to separately consider the (i + 1)—th (and the similar case of the (i — 1)—th) component
of equations (1) in order to explicitly prove their invariance. The left hand side becomes

after s; transformation:
LHS = {jix1 + Jixo, H} — ki———={Jix1 + Jino, H} =
{]H—l Ji+2 } % (]2 + ]i+1)2 {]H—l Ji+2 }

_ —Z(jz'+1 — i) + ’@(@f;fﬂﬂrl) . (_1)if/j;)

. ‘  fiv1
= —ji1 + o — Bis1 + Biz + (—1)2%‘1’
Kj \I’,
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while the right hand side becomes

) Ki ) ; Ki U . . Ky
RHS = —(jir1 + ) + Jire — $i(Bix1) + si(Bir2) + (1) (fis1 + —%)5 = —ji — 2]i+1f
1 1 (3

Hz ] i J 1 +/€i i
- f_l2 +Jz'2+2 — Bi + Bita + (_1)1%\%

One can now easily show that the above two equations are equal to each other using that
ki = Biy1 — B so that
2
ki k(B — Biv1) . Kg Ki, . )
—s = —2jit15 =~ Gi+1 — Ji) — Bit1 + B
fZQ fZQ ) ) fz fz ( ) z) i R
etc.
This establishes that the equations (1) are invariant under Backlund transformations
st =1,...,4.
Note that the automorphism 7 such that 7(j;) = ji+1,7(;) = 41 transforms @, U as
follows

(D) = P, m(¥) = -0

and thus the equations (II]) are invariant under the automorphism 7 as well, which com-
pletes the proof of the Agl) invariance. Due to invariance of ®, ¥ under Backlund symme-
tries it follows easily that system of j;,7 = 1,...,4 defined in relation (29) will transform
under s;, w1 =1,...,4 exactly as j;, 1 =1,...,4.

The above result is consistent with the fact that the dressing equations (III) can be
cast in form of the Noumi-Yamada equations (I3]) and these equations are known to be
invariant under the extended affine Weyl group. However for the dressing chain of even
cyclicity there is no equivalent expression (3] that would give variables j; in terms of
variables f; of the Noumi-Yamada system. Thus the necessity to establish separately the
invariance under Ag\l,)_l transformations for even dressing chains even more so because the
invariance would not held for the dressing chain (IJ) with NV even but only for the equation
() augmented by the ¥/® terms.

4 Deformation of the N = 4 periodic dressing chain

Having established the reduction from N = 5 to N = 4 periodic dressing chains we
will take advantage of the formalism to explore how to break the extended affine Weyl

symmetry Agl) symmetry by explicit addition of extra terms in the Hamiltonian. We first
perform a deformation of N = 5 symmetric Painlevé equations

fie = [ilfix1 + fica — figzo — fic1) + oy, 1=1,2,3,4,5. (34)

Equations (B4) are invariant under s;,i = 1,2,3,4,5 and 7 transformations of the ex-

tended affine AS) Weyl group [1} [7]. Equations (34]) are also invariant under additional
automorphisms

i fi = —fi, fici = —fixr, fivr,— —fic1, fice = —fir2, fire = —fioo, (35)
L0y =0, 01 > — 0G4, Oyl > —OG—1, OG—2 —> — 042, O —> —O0G—2,
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with i = 1,2,3, 4, 5.
As the next step we augment the Hamiltonian Hs = 22:1(j,?;/3 + Brjr) by additional
quadratic term:

Hgaetorm = 1771(f2 +fa+ fat f5)? + 1772(,)"1 +fa+ fat f5)? + %773(f1 + fot fa+ f5)?

2 2
1 1
+ 5774(f1 + ot f3+ f5)2 + 5775(f1 + fa+ 3+ f1)?,
(36)
with n;,4 = 1,...,5 being deformation parameters.
Inserting H = Hs + Hgeform into Hamilton equations leads to :
fio = filfir1 + fica — fixa — fic1) + @i+ misa( D fr)
oy
F#i+1 (37)
+mica(Y L ) = mis( Y S = miea( Y Sk,
k#i—3 k#i+3 k#i—1

where e.g. >y o fk=fi+ fs+ fat+ frandi=1,...5.
Remarkably equations (37)) are still invariant under 7;,4 = 1,...,5 automorphisms (35])
now extended to also act on the parameters 7); as follows :

Tt M = =iy Miel — —Nit1, Nitl, = —Nie1, Nim2 = —7Nit2, Nit2 = —Ni—2.  (38)

Equations (B7) are also invariant under the extended automorphism 7 : f; — fiy1,; —
Q11,1 — Mi+1 such that mymsmem; = a1

However equations (B7) are not symmetric under Bécklund transformations s;,i =
1,...,5 BI). Setting some of the parameters n; = 0 will, as we will see, restore invariance
under some of the Backlund transformations s;.

We will use invariance under m; to guide us with regard to which 7; parameters to set to
zero and proceed by choosing a model that is invariant under 72 and 7. The 79 invariant

deformation is given by

Hﬁ%orm = %m(fz +f3+f4+f5)2+%nz(f1+f3+f4+f5)2+%?73(f1+f2+f4+f5)27 (39)

using the fact that mo : 91 — —n3,m3 = —n1,m2 — —n2. For N = 4 reduction this gives:
H(2) o 1 . ) 1 . ) 1 . . \2 40
deform = 2771(]1 + j2)” + 2772(]2 + j3)° + 2773(]3 + ja)*, (40)
which maintains its invariance under the reduction of ms:
T2t Jo — —J3, J1 — —Ja, J3 — —J2, Jja — —J1,
B2 — B3, B1 — Ba, B3 — P2, Ba— B, (41)

M2 — —M2, M— —N3, N3 — —N,

Note that H = Eizl(j};’/3 + Brjr) + Hdeform satisfies m;(H) = —H,i =1,...,5. Further,
setting 72 = 0 we get mo(H) = —H for H = Zizl(j,z’/3 + Brjr) + 2

deform rom which we
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obtain a system of equations (with {f, H} replaced by f.):

. . . . i1+ 7o)U
(]1‘1‘]2)2:—‘7%4-]22—51—1—524—%

(2 +J3)s = =43 + 45 — Ba+ By — m(j1 + f2) +13(js + ja) — %

. . . . ja + 74U

(3 +]4)z=—]32,+32—53+54+% (42)

(Ja+ 41)> = =45 + i + 255 — 255 — B1 + 22 — 283 + Ba
J1+ 252+ 253+ ja
0}

that will not only maintain the w9 symmetry from (4I]) but also be invariant under si, s3
transformations. It will also be invariant under 72 extended by 7% : 7 — 13 and under

7o from ([I]).

The symmetry operations of equations (42]) satisfy the relations

+m (1 +j2) — n3(j3 + ja) + v,

77'281 = 8373’2, 7T281 = 8371'2, 7T27AT2 = ﬁ'gﬂ'2

where s1, s3 were defined in equations (31]).
The constraint ¥ in equation ([42)) does not depend on 7n’s and will satisfy: 7o(¥) = —W
and 72(¥) = U. As in equation (I3) we can rewrite equations (@2)) in a compact way

D fi o= fifira (fixr — fic) + (=1 (o1 + a3) fitai(fit fire)+ (80— 06i4) (—m f1+ 73 f3)

fori=1,2,3,4.

We recognize in the above equations a model proposed earlier [3] within the framework
of Painlevé equations and shown to pass the Painlevé test due to the presence of the
remaining Backlund symmetries. Generally, the deformed models studied in the literature,
[2, B], pass the Painléve test if the deformation maintains invariance under at least one
of the s;,i =1,,2,...,N — 1 of the original Biacklund transformations but fail to pass the
test if all of s;,4 = 1,,2,..., N — 1 are broken. The model described by equations (42))
is invariant under the two Backlund symmetries s1, s3. Since it is fully equivalent to the
model considered in [2] in the setting of Painlevé equations it falls within a class of models
that pass the Painlevé test.

5 Connection to 2n boson models

In [5, [4] we proposed self-similarity reductions of the constrained KP hierarchy with sym-
metry structure defined by Béacklund transformations induced by a discrete structure of
Volterra type lattice. The models and their self-similarity reductions were referred to as
“2n boson models”.

The 2n boson models models were conveniently expressed in [4] in terms of n canonical
pairs e;,Y;, 1 = 1,2,...,n satisfying the bracket {e;,Y;} = d;j, i = 1,...,n, which enter
the Hamiltonian (here for simplicity given for n = 2):

2 2 2
H o = _;ej (Y; — 22) (Yj — e;) + 2e1 (Y1 — 22) (Ya — e3) +j§::1kjyj —;mjej
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The reference [4] presented an explicit symplectic map from canonical variables
i
pi = foi, G ZZfi, 1=1,2,...,n
k=1

from Agln) Noumi-Yamada system [7] in terms of f; to the 2n boson model represented
by e;,Y;, i = 1,2,...,n variables. This construction has established equivalence of 2n

boson model to symmetric Painlevé systems with Agln) Weyl symmetry and therefore also

equivalence to N = 2n + 1 periodic dressing chain systems.
To derive the reduced system invariant under Agg_l

adopted the Dirac technique with the primary constraint:

Weyl symmetry the paper [4]

Y1 =Yy =0. (43)

In what follows we compare the approach of [4] to the method proposed in this paper.
The Dirac procedure of [4] went as follows. Once we set the primary constraint (43]),
the secondary constraint o then follows from

AM

= 4xey + 261(Y1 — 2:17) + Ko . (44)
862

=

The fundamental bracket is

{Y1,v2} = —4x £ 0, (45)
and can be used to calculate the Dirac brackets:
€1 Y1 — 2x
= — Y; = — . 4
{e2,e1}p o’ {e2,Y1}p o7 (46)

The other bracket {e;,Y1} = {e1,Y1}p = 1 is unchanged. It follows from the Dirac
brackets (46]) that

{elv¢a}D = 07 {vawa}D =0 o = 17 2. (47)
We can therefore directly implement reduction by substituting
Yo =11, e2= (2 —2e1(Y1 —27) — K2) [4x

into ‘H 4 to obtain the reduced Hamiltonian :
4

20Hs = e1 (Y1 — 22) Y1 (€1 — 2x) + koe1 Y1 + k120Y7  — (k1 + K2) 22eq , (48)

where for simplicity we set 1 = 0,19 = 0, since they both commute with eq,Y;. The
corresponding Hamilton equations are :

_ - 1
{e1, Ho} = 2xe; — €3 — 2e1Y) + Ky + — (26%}/1 + 61/12)

_ 1
{Yl,HQ} = —2zY1 4+ 2e1 Y] + Y12 + K1+ Ko — % (2Y12€1 + Yllig) .
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In what follows we will show their complete equivalence to equations (III) for N = 4.
Mapping of N = 5 brackets for f; into the ey, Y7, e, Yo goes through the canonical p, g
system :

p=ryp=fna=h e@=Hh+/[s
such that {¢;,p;} = d;;. The symplectic map from p;,q; to e;,Y; is as follows:

Yo=q+p+2x=fi+fa+22, ea=q@+p+2x=Ffi+f3+f1+22

(50)
Yi=—@-p-p=—fi—fa—fo—fa, e1=—q=—f1.

We now impose the constraint 11 = Y5 followed by the secondary constraint ¢y = 4xes +
2e1(Y7 — 2z) + ko and show that this is equivalent to N = 4 model obtained by reducing
the Shabat-Veselov’s N = 5 dressing model.

From the top equation of (B0]) and the fact that

=2z =fi+ fot fo+ fat+ f5 =201 +J2+J3s+Jja+Js5)
for the N = 5 system it follows that
Yo=fitfa—(itfotfastfatfs)=—1—J2—23—Ja—Js=—js+ax
Thus Yo = 0 is equivalent to j3 = x or
Yo=0 — ji+jetjatis=—2z. (51)
Based on this relation we now can define the N = 4 system as

fi=j1 472, fa=js+js=J3+ 74

~ o - (52)

fo=Je+ja=Ja+ 73, fa=Js+ 1 =Ja+,
where we have introduced

j3=Jja, Ja=1Js, (53)
such that

A+fs=-2z, fotf1=-2z, (54)
equivalent to

g1+ 2+ Js+ ja = —2a. (55)

To calculate the secondary constraint 19 we need to express e, es, Y7 in terms of N = 4
quantities that is as follows:
e1=—fi=—j—J2
eo=qa+p2+2x = fi+ fs+ fa+2x = j1 + jo + j3s + 2ju + j5 + 22
= —j1/2 = ja/2+ j3/2 — ja/2
Vi=—fi—fs—fo—fi=—j1— 22— 23— 2js —js = —jo — js = — 2.
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In the above equation we used identities that hold for Yo = 0.
We can now calculate the secondary constraint s:

9 = dxes+2e1 (Y1 —2x) + ko = 2[2xea+e1 (Y1 —2x)] + ko = —j%+j§—§'§+ﬁ+m2. (57)

Recovering our constraint ¥ from section [Bup to an overall sign. Thus the Dirac reduction
from [4] agrees with the Dirac reduction we have designed for the periodic dressing chain
equations.

On basis of identification (57)) we can rewrite the first of Hamilton equations (49)) as :

{e1,Ho} = 2ze; — €3 — 21 Y] + Ky + ;—1 (2e1Y1 + ko + dzeg — dxey — dxey + dxey)
o (58)

.9 2 7 €1
= — k e
Ji —J2 +R1+ 2x1/127

after we inserted values of e;,Y7, ey in terms of ji, j2, J3, j4 from equations (6.
Recalling from equation (B6]) that e; = —j; — jo and inserting it into the equation (G8])
we find
. . i1+ Jo
\112322—]%4—@1—1—%@, (59)

J1+ 72
—2x

{1 + jo, Hot = j5 — 53 — k1 +

where oy = —k;, —22 = ® and U = —1)y to agree with our convention. We recognize in
(B9) the first dressing equation of (27)).
Let us rewrite the second of Hamilton equations (@3] as :

_ 1
{V1,Ha} = —22Y7 + 261 Y1 + Y12 + K1+ Ko — o (2Y1261 + Yllig)

(60)
:j2—32+/€1+/€2—£7/)2
Recalling that Y; = —(ja 4 j3) we can rewrite the above as :
. ~ 47 ~ . j2 + 73 = . 2 + ~‘3
{2+ Js, Ho} = j5 — j5 — ka —@—j J ‘1’2332,—]§+042—j J v, (61)
—2x —2x
where we set as = —k1 — kg, —22 = ® and ¥ = —), to agree with our earlier convention.

We recognize in (61]) the second dressing equation of (27]).

Using relation (55]) we can similarly derive equations for {j; + ja, Hs} and {53 + Ja, Ho}
obtaining all the dressing equations (27) from the e-Y system.

Repeating almost verbatim what we have done in reference [4] we can cast equations
(#9) into into symmetric Agl) Painlevé V equations (I3]) using that from relation (56 it
follows that Y1 = — fy and e; = — f1. Subsequently fy = —22+ Y7 and f3 = —2x + €1 (we
we ignore tildes for simplicity). As defined above the constants are :

a1 = —ki, = —K1—Ka, a3z3=ky+ki, au=~rKy.
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6 Conclusion and outlook

We proposed a consistent and systematic approach based on Dirac reduction framework to
formulating dressing chain equations for even 2n periodicity. Such approach is naturally
obtained from the corresponding dressing chain equations of odd 2n + 1 periodicity by
reduction. Both chains of even or odd periodicity are equivalent to A;L)_l, A;l) Painlevé
systems, respectively. The formalism is in agreement with the previous result obtained
in a setup of 2n boson models [4] and facilitates further studies of deformations of the
original Backlund symmetry.

Among subjects deserving further investigation is establishing the bi-Hamiltonian na-
ture of the dressing chains with even periodicity. The bi-Hamiltonian character of the
dressing chains with odd periodicity is well known [12] and in further development sep-
aration of variables has been developed in such case [6]. Uncovering the bihamiltonian
structure for dressing chains of even cyclicity and related development of separation of
variables is a proposal to be studied elsewhere.
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